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IHUGH  PERCY, 

V 

Duke  and  Earl  of 

Northumberland. 

^  My  Lord, 

I AM  well  aware  how  prefumptive  the  world  will 
think  me  in  being  defirous  of  having  the  name 
of  one  of  Your  illuftrious  rank,  and  univerfally 
confefled  abilities  in  every  branch  of  literature, 
prefixed  to  the  performance  which  I  now  have  the 
honour  to  prefent  to  Your  Grace :  Yet  I  hope  it  will 
do  me  juftice,  and  not  think  that  I  am  weak  enough, 
in  fb  doing,  to  have  the  vanity  to  fuppofe  I  had 

any 


(  »  ) 

any  thing  to  offer  in  this  work  unknown  to  Your 
Grace.  But  if  the  work  have  any  merit  in  itfelf, 
and  may  be  of  any  ufe  to  thofe  left  converfant  in 
the  liberal  arts  and  fciences  than  Your  Grace,  my 
intention,  I  hope,  will  fully  apologize  for  my  am- 
bition. For  Your  name,  I  am  convinced,  will  at- 
tract the  attention  of  many,  who  might  not  other 
wife  look  into  the  work ;  and  mould  fuch  receive 
any  benefit  or  advantage  from  the  perufal  of  it,  I 
am  fure,  Your  Grace  will  feel  that  fatisfaclion 
which  none  but  the  real  Patrons  of  the  fcientific 
arts,  and  who  have  the  real  Interefl:  and  Love  of 
their  Country  truly  at  heart,  can  feel. 

To  acknowledge  Obligations  which  it  is  an  Ho- 
nour to  have  received,  would  ftill  carry  with  it  the 
appearance  of  Greater  Ambition  ;  and  an  attempt 
to  defcribe  thofe  Virtues  and  Perfections  which 
Your  Grace's  Public  Works  and  Public  Services 
have  rendered  fo  confpicuous,  would  be  a  Weak- 
nefs  indeed  \ 

Permit  me,  then,  humbly  to  aflure  Your  Grace, 
that  I  have  and  mail  ever  retain  the  mod  grateful 
fenfe  of  the  Favours  and  Honour  done  mej  and 
that  I  am, 

With  the  profoundeft  Refpecly 
Your  Grace's 
MgJI  obedient  and 
Mofl  devoted  humble  Servant , 
CHARLES  HUTTON. 
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P   R  E   F   A   C  E. 

BY  Menfuration  I  underftand  the  art  and  fcience  which  is  con- 
cerned about  the  meafure  of  extention,  or  the  magnitude  of 
figures;  and  it  is,  next  to  arithmetic,  a  fubjelt  of  the  greateft  ufe 
and  importance,  both  in  affairs  that  are  absolutely  neceflary  in  hu- 
man life,  and  in  every  branch  of  the,  mathematics :  A  fubject  by 
which  fciences  are  eftabVtShed,  and  commerce  is  conducted;  by  whofe 
aid  we  manage  our  bufinefs,  and  inform  ourfelves  of  the  wonderful 
operations  in  nature ;  by  which  we  meafure  the  heavens  and  the 
earth,  eftimate  the  capacities  of  all  veSfels-and  bulks  of  all  bodies, 
gauge  our  liquors,  build  edifices,  meafure  our  lands  and  the  works 
of  artificers,  buy  and  fell  an  infinite  variety  of  things  neceflary  in 
life,  and  are  fupplied  with  the  means  of  making  the  calculations 
which  are  neceflary  for  the  construction  of  almoft  all  machines. 

IT  is  evident  that  the  clofe  connection  of  this  fubject  with  the  affairs 
of  men  would  very  early  evince  its  importance  to  them;  and  accord- 
ingly the  greateft  among  them  have  paid  the  utmoft  attention  to  it ; 
and  the  chief  and  mod  cflential  difcoveries  in  geometry  in  all  ages, 
have  been  made  in  confequence  of  their  efforts  in  this  Subject.  Socrates 
thought  that  the  prime  ufe  of  geometry  was  to  meafure  the  ground, 
and  indeed  this  bufinefs  gave  name  to  the  fubject;  and  moil  of  the 
ancients  feem  to  have  had  no  other  end  befides  meafuration  in  view 
in  all  their  laboured  geometrical  difquifirions.  Euclid's  elements  are 
almoft  entirely  devoted  to  it;  and  although  there  be  -contained  in 
them  many  properties  of  geometrical  figures  which  may  be  applied 
to  other,  purpofes,  and  indeed  of  which  the  modems  have  made  the 
mod  material  ufes  in  various  difqoifitions  of  exceedingly  different 
kinds,  I  fay  notwithllanding  this,  yet  Euclid  himfelf  feems  to  have 
adapted  them  entirely  to  this  purpofe.  For,  if  it  be  considered  that 
his  elements  contain  a  continued  chain  of  reafoning  and  of  truths, 
of  which  the  former  are  fucceffively  applied  to  the  discovery  of 
the  latter,  one  proportion  depending  on  another,  and  the  fucceed- 
ing  propofitions  ftill  approximating  towards  fome  particular  object 
near  the  end  of  each  book ;  and  when  at  the  laft  we  find  that  object 
to  be  the  equality,  proportion,  or  relation  between  the  magnitudes 
of  figures  both  plane  and  folid ;  it  is  Scarcely  poffible  to  avoid  al- 
lowing this  to  have  been  Euclid's  grand  object.  And  accordingly 
he  determined  the  chief  properties  in  the  menfuration  of  rectilineal 

plane 
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plane  and  folid  figures ;  and  fqutred  all  fuch  planes,  and  cubed 
all  fuch  folids.  The  only  curve  figures  which  he  attempted  befides 
are  the  circle  and  fphere  ;  and  when  he  could  not  accurately  deter- 
mine their  meafures,  he  gave  an  excellent  method  of  approximating 
to  them,  by  (hewing  how  in  a  circle  to  inferibe  a  regular  polygon 
which  (hould  not  touch  another  circle,  concentric  with  the  former, 
although  their  circumferences  (hould  be  ever  fo  near  together ;  and, 
in  like  manner,  between  any  two  concentric  fpheres  to  defcribe  a 
polyhedron  which  (hould  not  any  where  touch  the  inner  one  :  And 
approximations  to  their  meafures  are  all  that  have  hitherto  been 
given.  But  although  he  could  not  fquarc  the  circle,  nor  cube  the 
fphere,  he  determined  the  proportion  of  one  Circle  to  another,  and 
of  one  fphere  to  another,  as  well  as  the  proportions  of  all  rectilineal 
fimilar  figures  to  one  another. 

Archimedes  took  up  menfuration  where  Euclid  left  it,  and 
carried  it  a  great  length.  He  was  the  firft  who  fquared  a  curvili- 
neal  fpace,  unlefs  Hypocrates  mod  be  excepted  on  account  of  hit 
lunes.  In  his  time  the  conic  fections  were  admitted  in  geometry, 
and  he  applied  himfelf  dofely  to  the  mcafuring  of  them  as  well  as 
other  figures.  Accordingly  he  determined  the  relations  of  fpheres, 
fpheroids,  and  conoids,  to  cylinders  and  cones ;  and  the  relations  of 
parabolas  to  rectilineal  planes  whofe  quadratures  had  long  before 
been  determined  by  Euclid. — He  hath  left  us  alfo  his  attempts  upon 
the  circle  :  He  proved  that  a  circle  is  equal  to  a  right-angled  tri- 
angle whofe  bafe  is  equal  to  the  circumference  and  its  altitude 
equal  to  the  radius;  and  confequently  that  its  area  is  found  by 
drawing  the  radius  into  half  the  circumference ;  and  fo  reduced  the 
quadrature  of  the  circle  to  the  determination  of  the  ratio  of  the 
diameter  to  the  circumference;  but  which  however  hath  not  yet 
been  done.  Being  difappointed  of  the  exaft  quadrature  of  the  cir- 
cle, for  want  of  the  rectification  of  its  circumference,  which  all  hia 
methods  would  not  effect,  he  proceeded  to  afijgn  an  ufeful  approx- 
imation to  it ;  this  he  effected  by  the  numerical  calCuIat  ion  of  the 
perimeters  of  the  inferibed  and  circumfcribed  polygons ;  from  which 
calculations  it  appears,  that  the  perimeter  of  the  circumfcribed 
regular  polygon  of  192  fides  is  to  the  diameter,  in  a  lefs  ratio  than 
that  of  34.  (34$)  to  1,  and  that  the  inferibed  polygon  of  96  fides 
is  to  the  diameter  in  a  greater  ratio  than  that  of  344  to  1 ;  and 
confequently  much  more  that  the  circumference  of  the  circle  is  to 
the  diameter  in  a  lefs  ratio  than  that  of  3}  to  1,  but  greater  than 
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that  of  3|£  to  i  :  The-firft  ratio  of  3^  to  1,  reduced  to  whole  num- 
bers, gives  that  of  it  to  7,  for  34  :  1  ::  22  :  7,  which  therefore 
will  be  nearly  the  ratio  of  the  circumference  to  the  diameter. 
From  this  ratio  of  the  circumference  to  the  diameter  he  computed 
-the  approximate  area  of  the  circle,  and  found  it  to  be  to  the 
fquare  of  the  diameter  as  11  is  to  14. —  He  iikewife  determined 
the  relation  between  the  circle  and  ellipfe,  with  that  of  their  fi- 
milar  parts. — The  hyperbola  too  in  all  probability  he  attempted* 
but  it  is  not  to  be  hoped  that  he  met .  with  any  fuccefs,  fince 
approximations  to  its  area  are  all  that  can  be  given  by  all  the 
methods  that  have  fince  been  invented. 

Beftdes  thefe  figures,  he  hath  left  us  a  treatife  on  the  fpira!  de- 
fcribed  by  a  point  moving  uniformly  along  a  right  line,  which  at 
the  fame  time  moves  with  an  uniform  angular  motion ;  and  de- 
termined the  proportion  of  its  area  to  that  of  its  circumfcribed 
circle,  as  alfo  the  proportion  of  their  fcflors. 

.Throughout  the  whole  works  of  this  great  man,  which  are 
chiefly  on  meafuration,  he  every  where  difcovers  the  deepeft  dc- 
ilgn  and  the  fined  invention;  and  feems  to  have  been  (with  Euclid) 
exceedingly  careful  of  admitting  into  his  demonftrations  nothing 
but  principles  perfectly  geometrical  and  unexceptionable  :  And  al- 
though his  mod  general  method  of  demonftrating  the  relations  of 
curved  figures  to  ftreight  ones,  be  by  inscribing  polygons  in  them ; 
yet  to  determine  thofe  relations,  he  does  not  increafe  the  number 
and  diminilh  the  magnitude  of  the  fides  of  the  polygon  in  infinitum-; 
but  from  this  plain  fundamental  principle,  allowed  in  Euclid's  ele- 
ments, viz.  that  any  quantity  may  be  fo  often  multiplied,  or  added 
to  itfelf,  as  that  the  refult  (hall  exceed  any  propofed  finite  quantity 
of  the  fame  kind,  he  proves  that  to  deny  his  figures  to  have  the 
propofed  relations,  would  involve  an  abfurdity. 

He  dcmonilrated  alfo  many  properties,  particularly  in  the  para- 
bola, by  means  of  certain  numerical  progrefilons  whofe  terms  are 
fimilar  to  the  inferibed  figures ;  but  without  confidering  fuch  feries 
to  be  continued  in  infinitum,  and  then  fumming  up  the  terms  of 
fuch  infinite  feries. 

He  had  another  very  curious  and  lingular  contrivance  for  de- 
termining the  mcafures  of  figures,  in  which  he  proceeds  as  it  were 
mechanically  by  weighing  them. 

Several  other  eminent  men  among  the  ancients  wrote  on  this 
fobjeft,  both. before  and  after  Euclid  and  Archimedes;  but  their 
attempts  were  ufually  upon  particular  parts  of  it,  and  according 
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to  methods  not  eflentially  different  from*  theirs.  Among  thefe  arc 
to  be  reckoned  Tbales,  Anaxagoras,  Pithagoras,  Bryfon,  Antiphoa, 
Hypocrates  of  Chios,  Plato,  Apollonius,  Philo,  and  Ptolomy  ;  moil 
of  whom  wrote  of  the  quadrature  of  the  circle,  and  thofe  after 
Archimedes,  by  his  method,  ufually  extended  the  approximation  to 
a  greater  degree  of  accuracy. 

Many  of  the  moderns  alio  have  profecnted  the  fame  problem 
of  the  quadrature  of  the  circle,  after  the  fame  methods,  to  greater 
lengths;  foch  are  Vieta,  and  Metius  whofe  proportion  between  the 
diameter  and  circumference  is  that  of  113  to  355,  which  is  within 
ahout  .oqoooob  °f  th*  true  w^*0 ;  but  abcn-e  all,  Ladolph  van 
Ceulen,  who  with  an  amazing  degree  of  induftry  and  patience,  by 
the  fame  methods  extended  the  ratio  to  30  places  of  figures,  making 
it  that  of  1  to  3-14159265358979323846-^. 

The  firft  material  deviation  from  the  principles  nfed  by  the 
ancients  in  geometrical  demon  fir  alio  ns  was  made  by  Cavalerius  : 
The  fides  of  their  inferibed  and  cireumfcribed  figures  they  always 
fuppofed  of  a  finite  and  aflignahlc  number  and  length;  he  intro- 
duced the  doctrine  of  indivifibles,  a  method  which  was  very  general 
and  extenfive,  and  which  with  great  cafe  and  expedition  ferved  to 
rneafure  and  compare  geometrical  figures.  Very  little  new  matter 
however  was  added  to  geometry  by  this  method,  its  facility  being 
its  chief  advantage.  But  there  was  great  danger  in  ufing  it,  and 
ic  loon  led  the  way  to  infinitely  fraall  elements,  and  infinitefimals  of 
endlefs  orders  ;  methods  which  were  very  ufeful  in  folving  difficult 
problems,  and  in  inveftigating  or  demonitrating  theories  that  are 
general  and  extenfive  ;  but  fometimes  led  their  incautious  followers 
into  errors  and  miftakes,  which  occafioned  difputes  and  animofities 
among  them.  There  were  now  however  many  excellent  things  per- 
formed in  this  fubject;  not  only  many  new  things  were  effected  con- 
cerning the  old  figures,  but  new  curves  were  meafiued ;  and  for  many 
things  which  could  not  be  exactly  fquared  or  cubed,  general  and 
infinite  approximating  feries  were  aifigned,  of  which  the  laws  of 
their  continuation  were  manifeft,  and,  of  fome  of  which  the  terms 
were  independent  on  each  other.  Mr  Wallis,  Mr  Huygens,  and 
Mr  James  Gregory  performed  wonders ;  Huygens  in  particular  muft 
be  admired  for  his  folid,  accurate,  and  very  mafterly  works. 

During  the  preceding  ftatc  of  things,  feveral  men,  whofe  vanity 
feemed  to  have  overcome  their  regard  for  truth,  afTerted  that  they 
had  difcovered  the  quadrature  of  the  circle,  and  publifhed  their 
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attempt!  in  the  form  of  drift  geometrical  demonftrations,  with  fuch 
aflurance  and  ambiguity  as  daggered  and  milled  many  who  could 
not  fo  well  judge  for  thcmfelves,  and  perceive  the  fallacy  of  their 
principles  and  arguments.  Among  thofe  were  Longomontanus,  and 
our  countryman  Hobbs,  who  obiUnatcly  refufed  ail  conviction  of 
his  errors. 

The  ufe  of  infinites  was  however  difliked  by  fcveral  people,  and 
particularly  by  Sir  Ifaac  Newton,  who  among  his  numerous  and 
great  difcoverics  hath  given  us  that  of  the  method  of  fluxions ;  a 
difcovery  of  the  greated  importance  both  in  philofophy  and  ma- 
thematics ;  it  being  a  method  fo  general  and  extenfive,  as  to  include 
all  investigations  concerning  magnitude,  diftance,  motion,  velocity, 
time,  &c.  with  wonderful  eafe  and  brevity ;  a  method  edabliihed  by 
its  great  author  upon  true  and  inconteftible  principles  ;  principles 
perfectly  confident  with  thofe  of  the  ancients,  and  which  were  free 
from  the  imperfections  and  abfurdities  attending  fome  that  had 
lately  been  introduced  by  the  modems :  he  rejected  no  quantities 
as  infinitely  fmail,  nor  fuppofed  any  parts  of  curves  to  coincide 
with  right  lines  ;  but  propofed  it  in  fuch  a  form  as  admits  of  a  Aria 
geometrical  demonstration.  Upon  the  introduction  of  this  method 
moll  fciences  a/Turned  a  different  appearance,  and  the  mod  abdrufc 
problems  became  eafy  and  familiar  to  every  one ;  things  which  be- 
fore feemed  to  be  infuperable,  became  eafy  examples  or  particular 
cafes  of  theories  dill  more  general  and  extenfive  ;  rectifications,  qua- 
dratures, cubatures,  tangencies,  cafes  d«  maxim/  6  minimis,  and 
many  other  fubjects  became  general  problems,  and  delivered  in  the 
form  of  general  theories  which  included  all  particular  cafes ;  thus,  in 
quadratures,  an  expreffion  would  be  invedigated  which  defined  the 
areas  of  all  poffible  corves  whatever,  both  known  and  unknown, 
and  which,  by  proper  fubditutions,  brought  out  the  area  for  any 
particular  cafe,  cither  in  finite  terms,  or  in  infinite  feries  of  which 
anv  term  or  any  number  of  terms  could  be  eafily  afllgned ;  and  the 
like  in  other  things.  And  although  no  curve  whofe  quadrature  was 
unfuccefsfully  attempted  by  the  ancients,  became  by  this  method 
perfectly  quadrable,  there  were  aifigned  many  general  methods  of 
approximating  to  their  areas,  of  which  in  all  probability  the  ancients 
had  not  the  lead  idea  or  hope,  and  innumerable  curves  were  fquarcd 
which  were  utterly  unknown  to  them. 

The  excellency  of  this  method  revived  fome  hopes  of  fquaring 
the  circle,  and  its  quadrature  was  attempted  with  eagernefs.  The 
quadrature  of  a  fpacc  was  now  reduced  to  the  finding  of  the  fluent 
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of  a  given  fluxion,  bu£  this  problem  however  was  found  to  be  in* 
capable  of  a  general  folution  in  finite  terms ;  the  fluxion  of  every 
fluent  was  always  aflignable,  but  the  reverfe  of  this  problem  could 
be  effected  only  in  particular  cafes ;  among  the  exceptions,  to  the 
great  grief  of  the  geometers,  was  included  the  cafe  of  the  circle, 
with  regard  to  all  the  forms  of  fluxions  attending  it.  Another  me- 
thod of  obtaining  the  area  was  tried  :  of  the  quantity  expreumg  the 
fluxion  of  any  area,  in  general,  could  be  afligned  the  fluent  in  the 
form  of  an  infinite  feries,  which  feries  therefore  defined  all  areas  in 
general,  and  which,  on  fubftituting  for  particular  cafes,  was  often 
found  to  break  off  and  terminate,  and  fo  afford  an  area  in  finite  terms  ; 
but  here  again  the  cafe  of  the  circle  failed,  its  area  dill  coming  out  an 
infinite  feries.— All  hopes  of  the  quadrature  of  the  circle  being  now 
at  an  end,  the  geometricians  employed  themferves  in  difcovering  and 
felcding  the  beft  forms  of  infinite  feries  for  determining  its  area,  a- 
mong  which  it  is  evident  that  thofe  were  to  be  preferred  which  were 
fimple  and  which  would  converge  quickly;  but  it  generally  happened 
that  thefe  two  properties  were  divided,  the  fame  feries  very  rarely 
including  them  both  :  the  mathematicians  in  mod  parts  of  Europe 
were  now  bufy,  and  many  feries  were  afligned  on  all  hands,  fome 
admired  for  their  fimplicity,  and  others  for  their  rate  of  conver- 
gency ;  thofe  which  converged  the  quickeft,  and  were  at  the  fame 
time  fimpleft,  which  therefore  were  moft  ufclul  in  computing  the 
area  of  the  circle  in  numbers,  were  thofe  in  which,  befides  the 
radius,  the  tangent  of  fome  certain  arc  of  the  circle,  was  the 
quantity  by  whofe  powers  the  feries  converged  ;  and  from  fome  of 
thefe  feriefes  the  area  hath  been  computed  to  a  great  extent  of  fi- 
gures :  Mr  Edmund  Hally  gave  a  remarkable  one  from  the  tangent 
of  30  degrees,  which  was  rendered  famous  by  the  very  indnftrious 
Mr  Abraham  Sharp,  who  by  means  of  it  extended  the  area  of  the 
circle  to  72  places  of  figures,  as  may  be  feen  in  Sherwin's  book  of 
logarithms ;  but  even  this  was  afterwards  outdone  by  Mr  John 
Machin,  who,  by  means  hereafter  defcribed  in  this  book,  compofc,d 
a  feries  fo  fimple  and  which  converged  fo  quickly,  that  by  it,  in  a 
very  little  time,  he  extended  the  quadrature  or  the  circle  to  109 
places  of  figures ;  from  which  it  appears,  that  if  the  diameter  be  1, 
the  circumference  will  be  3' 141 592653c,  8979323846,  2643383279, 
502884197 1,  6939937510,  5820974944,  ^923078 164,  0628620899, 
8628034825,  3421 170679  +,  and  confequently  the  area  will  be 
•7853981633,  9744830961,  5660845819,  8757210492,  9234984377, 
6455243736»  1480769541, 0157 1 55224, 9657008706,  3355292669+. 
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Whilst  I  have  been  giving  the  preceding  account  of  the  pro- 
grels  of  this  fubjecl,  I  have  at  the  fame  time  unawares  been  wri- 
ting its  panegyric ;  for,  from  hence  it  appears,  that  all  or  moft  of 
the  material  improvements  or  inventions  in  the  principles  or  method 
of  treating  of  geometry,  have  been  made  efpecially  for  the  improve- 
ment of  this  chief  part  of  it,  menfuration ;  which  abundantly  (hews, 
what  I  at  firft  undertook  to  declare,  the  dignity  of  this  fubject ;  a 
fubjeft  which,  as  Doaor  Barrow  Cits,  after  mentioning  fome  other 
things,  «•  deferves  to  be  more  curioufly  weighed,  becaufe  from  hence 
a  name  is  tmpofed  upon  that  mother  and  miftrefs  of  the  red  of  the 
mathematical  fciences,  which  is  employed  about  magnitudes,  and 
which  is  wont  to  be  called  geometry  (a  word  taken  from  ancient 
ufe,  becaufe  it  was  firft  applied  only  to  meafurmg  the  earth  and  fix- 
ing the  limits  of  pofleffions)  though  the  name  feemed  very  ridiculous 
to  Plato,  who  fubftitutes  in  its  place  that  more  extenfive  name  of 
Metrics  or  Menfuration  ;  and  others  after  him  give  it  the  title  of 
Pantomctry,  becaufe  it  teaches  the  method  of  meafuring  all  kinds  of 
magnitudes." 

But  notwithftanding  the  dignity  and  importance  of  this  fubjecT, 
the  books  which  have  lately  been  offered  to  the  public  under  the 
title  of  menfuration,  have  treated  it  in  a  very  unworthy  manner, 
and  have  brought  it  into  much  contempt.  My  defign  in  this  work 
therefore  is  to  place  the  fubjeft  in  a  more  favourable  light,  and 
in  fome  meafure  to  retrieve  its  reputation ;  and  of  which  I  (hail 
cow  give  fome  account. 

This  work  is  firft  divided  into  five  principal  parts,  each  part  be- 
ing cut  into  feveral  feftions,  each  of  which  feftions  contains  fcveral 
problems  or  propofitions.  The  problems  and  propofitions  are  all 
demonftrated  after  the  fimpleft  and  fhorteft  methods  that  could  be 
difcovered ;  I  having  proceeded  fometimes  by  pure  geometry,  and 
fometimes  by  algebra,  the  method  of  fluxions,  the  method  of  incre- 
ments, &c.  according  as  the  one  or  the  other  feemed  to  be  the  beft 
adapted  to  the  bufinefs  then  in  hand.  And  thus,  by  not  confining 
myfelf  to  one  mode  of  demonftrating,  1  was  enabled  to  make  my 
book  exceedingly  more  compleat  than  it  could  otherwife  be ;  not 
only  by  ufing  that  particular  method  which  would  perform  the 
bufinefs  in  the  (horteft  or  cleared  manner,  bat  which  alfo  would 
fcrve  to  extend  the  fubjeft  to  the  greateft  length.  However  I  had 
not  atvtayt  my  choice  of  my  method  of  demonftrating,  the  fub- 
}c&  fometimes  confining  to  one  method,  and  fbmetime*  to  another ; 
for  although  the  method  of  fluxions  be  generally  the  moft  con- 
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cife,  and,  in  other  refpe&s,  the  mod  proper  method  of  mveftigating 
the  mcafure  of  extenfions,  there  are  fome  things  in  this,  ^ufineis 
that  are  too  funpk  for  it,  as  well  as  fome  others  that  arife  above  its 
reach  :  Thus,  the  method  of  fluxions  cannot  determine  the  mcafure  of 
a  rcftangle,  that  determination  being  below  its  root,  by  being  prior 
to  the  fluxionary  method  of  determining  areas  ;  for  in  this  method, 
that  determination  is  fuppofed,  and  its  refult  afltimed  in  the  very 
notation  ;  for,  the  rectangle  which  is  conftdered  as  the  fluxion  of  a 
furface,  is  denoted  by  its  length  draTO  mlo~  it*  breadth  ijVnjijLpn 
this  account  thofe  fluxionifts  who,  in  their  chapter  of  quadratures, 
attempt  to  determine  the  meafure  of  a  rectangle,  argue  in  a  circle, 
or  deduce  as  a  conclufion  what  was  neccflarily  fuppofed  in  the 
premifes.  The  fame  may  be  faid  with  regard  to  prifms.  And, 
on  the  other  hand,  the  fame  method  alone  would  not  extend,  to 
the  determination  of  the  equality  of  a  triangle  and  hyperbola  of 
the  fame  bafe  and  of  an  infinite  length,  I  being  there  obliged  to 
call  in  the  affiftance  pf  the  method  of  increments. 

As  extenfions  are  of  three  kinds,  longitudinal,  fupcrficial,  and 
folid ;  accordingly  in  this  Work  the  fcience  is  treated  of  as  diftin- 
guilhed  by  nature  into  thefe  three  principal  parts  ;  that  is,  fo  far 
as  the  nature  of  geometrical  figures  would  conveniently  admit. 
With  regard  to  right  lines,  plane  furfaces,  and  folids,  the  diftinftaon 
is  general ;  but  it  does  not  obtain  with  regard  to  curved  linn  and 
furfaces.  For,,  by  preferving  this  diftinction  fo  entire,  as  to  de- 
termine the  meafure  of  all  kinds  of  lines  in  the  firft  part,  and  of  all 
kinds  of  furfaces  in  the  fecond ;  I  immediately  perceived  that  I  could 
not  fo  well  adapt  my  book  to  the  convenient  ftudy  of  the  generality 
of  readers  :  on  which  account,  in  the  firft  part  I  have  treated  only, 
of  the  meafure  of  right  lines  ;  and  in  the  fecond  part,  only  of  the 
meafure  of  planes  which  are  bounded  by  right  and  circular  lines, 
without  any  curve  furfaces  excepting  that  of  the.fphere.  In  the 
third  part,  which  treats  of  folids,  I  have  generally  placed  the  pro- 
blems which  relate  to  the  meafures  of  the  lines,  furfaces,  and  foli- 
dities  of  each  particular  .figure,  immediately  after  each  other,  be- 
caufe  that  generally  the  knowledge  of  the  one  of  them  led  to  that  of 
the  others.  The,  latter  parts  of  the  book  are  employed  chiefly  about 
the  applications  of  the  general  problems  to  feveral  intefeftihg  prac- 
tical fubjefls  in  life. 

So  much  for  the  diftribution  and  order  of  the  parts  m  general. 
I  {hall  now  proceed  to  defcribe  the  contents  of  the  parts  them- 
fclves  more  particularly. 
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The  whoje  work  confifts  of  c  parts.  - 

ot  the  definmoat  are  now,  a^d,  it  .s  prefomed,  rtor^acb^oftt-  and 

ft.tnted.  The  problems  will  prepare  the  .learner  for  makih*  the 
feveral  figures  which  afterwards  are  treated  of.  I 

flf*.  3.  Covins  plane  Trigonometry,  or  the  meafur.Wof  lines 
^f%M^cf^^omct^  both  right  anil  que 
angled  are  here  reduced  to  3  only 'J  by  which  meant  ft  is  eafier  to 
be  remembered,  and  more  clearly  uiiderftood.    Befits  thefe  cttfc 

fitSC\P/rn^t  b>TfS  3  the  CO?Bm0n  ^  »>y  means  of  the" 
T'        ™  J  havc  SlVcn  a  n**       ettenfi^e  method,  by 

which  all  the  cafes  of  tngonometry  are  performed  independent  of 
al!  fines,  tangents,  &t.  and  without  any  kind  of  tables   '  ' 
I         3.  Contains  the  application  of  trigonometry  to'  the  determi- 
nation  of  he.ghts  and  diftances  ;  in  which  a  great  Variety  of  caX 


meafur.7  of ^^f  ;uC.7nUraUon»  °^         »fcM  ^PPfoximations  to  the 
Huygcns  and  ,Su-  IiUac  Nejrton  without  dcn^nftratlon's.  1 
Sefl.  2.  Contains  a  curious,  and  ufeful  collcftioii  of.jaeftions  con 

ZTJfT5'  pr0m,YcUOufly  PIaccd'  ^  <a™l  by  the  rules  m  the 
former  fc^na,  .     •  : 

8  S(^™?  *C  m'^8  °f  **«  *>d;« ^Wded  iato  - 

x.Tr^u  ^.bodies  fJuu.are  bou»dcdby  right  or  by  circular 
viz.  pnfms,  pyramids,  the  fphere,  and  the'  circular  fpindle 
a.tT^pnzhe  conic  fe^  in  general  ;  and,  though  it  "be 
(hort  cpntawfev^  things  i*at  arc  «ew  and  of  great  importance,, 

fni ?  ^  %»r"  gqacrated  by  it, viz, 

fpheroids  an^eUiptjc  fpindlcs.:  7    '  * 

«*     On  kypcrbolic  lin,,  ieii',  furf»c«.  ad  foliditic,. 
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In  thefe  feclions  the  fever al  .figures  and  bodies  are  very  extcnflvely 
And  particularly  handled,  many  of  the  rules,  &c.  being  new  -(which 
indeed  is  the  cafe  throughout  the  whole  book)  and  uueredtng ;  and 
I  hate  given  throughout  many  pretty  approximations  of  the.  values 
of  fcveral  things  which  cannot  be- truly  expreflfed  otherwife  than  by 
an  infinite  feries,  which, approximations  are  jgenerally  new,  excepting 
two  or  three  formerly  ;givcn  by  Sir  I.  Newton,  and  which  1  have 
demonftrated.  — 

Seel.  6.  TrcajLs.oa  the  five  regular  folids  or  bodies.  And 

Sea.  7.  On  folid  rings.    And  then   ,  , 

Se.el.  8.  Or  theJad  of  this  part,  contains  a  promifcuocts  collection 
of  queftions  concerning  folids,  to  excrcifc  the  learner  in  the  fore- 
going rules.  ..; 

Part  IV.  Contains,  in  3  feclions,,  fcvcral  fubjefts  relating  to  men* 
Juration  in  general.    .     V*  *-,*'"'•  ' 

Seel.  1.  Contains  a  treat  ife  on  the  true  quadrature  and  cubature 
of  curves  in  general.  In  which  are  contained  force' -of  the  mod 
univerfal  and  mod  important  propofitions  that  can  be  made  in  the 
fubjecl. 

Seel.  2.  Contains  the  equidiftantordinate  method ;  or,  the  ap- 
proximate quadrature  and  cubature  of  curves  in  general,  by  means 
of  equididant  ordinates  or  fccVtons.  A  fubjefl,  by  which  general  and 
finite  rules  are  discovered  for  all  figures;  for  fome of  which  they 
are  accurately  true,  and  in  the  others  they  are  exceedingly  near 
approximations;  which  arc  often  the  mod  ufeful  rules  that  can  be 
applied  to  many  things  in  real  practice. 

Seel.  3.  Contains,  in  a  very  concifc  but  coploffs  treatifc,  the  rela- 
tions between  the  areas  and  folidities  of  figures,  and  the  centers  of 
gravity  of  their  generating  lines  and  planes. 

Then  the  1 

Vth  and  lad  Part,  in  4  fe&ions,  contains  the  application  of  the 
general  rules  to  the  mod  ufeful  fubjecls  of  meafuring  that  happen 
in  life.  In  thcfe  fubjetfs  very  materia]  improvements  are  almod 
every  where  made,  both  with  refpeft  to  the  matters  and  the  difpo- 
fition  of  them. 

Seel.  1 .  Contains  a  treatifc  of  land  rurveying ;  explaining  the  ufe 
of  the  indrnmcnts,  the  methods  of  furveying,  of  planning,  of  com- 
puting the  contents,  of  reducing  plans,  and  ot  divifion  of  ground. 

Seel.  2.  Contains  a  very  curious  and  compleat  treathe  on  gauging. 
As  in  like  manner  doth 

Seel.  3.  On  the  meafuring  of  artificers  works ;  via.  Bricklayers, 
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Mifoas,  Carpenter*  and  Joiners,  Slaters  and  Tilers,  Plafterers, 
Painters,  Glaziers,  Pavers,  and  Plumbers.  Containing  the  defcrip- 
tion  of  the  carpenters  rule,  the  feveral  meafures  ufed  by  each,  with 
the  methods  ot'  taking  the  dimenuons,  and  of  fqnaring  and  fum- 
ming  them  up.  The  whole  illuftrated  by  a  real  cafe  of  a  build- 
ing, in  which  are  (hewn  the  methods  of  entering  the  dimenfions 
and  contents  in  the  pocket  book,  of  drawing  out  the  abftra&s,  and 
from  them  drawing  out  the  forms  of  the  bills. 

Sefi.  4.  Contains  a  curious  treatife.on  timber  meafuring;  in 
which,  among  feveral  other  thing*,  is  given  a  new  rule  for  mea- 
furing round  timber,  which  not  only  brings  out  the  true  content 
Airticiently  exad,  but  is  full  as  eafy  in  the  operation  as  the  common 
falfe  one  either  by  the  pen  or  the  Aiding  rule ;  as  alfb  fome  curious 
rales  for  cutting  timber  to  the  mott  advantage. 

The  book  then  concludes  with  a  large  table  of  the  areas  of  circular 
fegments,.  extended  to  ten  times  the  ufual  length.  Other  tables  arc 
ruppreflcd  on  account  of  tile  great  fize  to  wbieh  the  book  hath  in- 
crcafed. 

It  may  may  be  necefiary  to  remark  that,  in  this  book,  where  a 
curve  or  a  fpace  is  faid  to  be  non-qnadrable,  or  it  is  faid  that  the 
value  of  a  thing  cannot  be  exprefled  but  by  an  infinite  feries,  or  any 
Aich-like  expreffion  is  ufed,  the  meaning  is  that  it  is  not  geometric 
cally  quadrable,  or  that  its  area  or  value  cannot  be  cxpreffed  in  a 
finite  number  of  terms  by  any  method  yet  known,  or  by  the  method 
there  ufed ;  and  not  that  it  is  a  thing  any  way  impoffible  in  itfelf. 
For,  although  a  fpace  be  not  quadrable  by  the  methods  yet  known, 
it  does  not  therefore  follow  that  its  quadrature  is  an  importable  thing* 
Or  that  fome  method  may  not  hereafter  be  difcovered  by  which  it 
may  be  fquared.  All  the  methods  ufed  by  the  geometers  before 
Archimedes  were  infuffictent  for  the  quadrature  of  any  curve  fpace 
■whatever  ;  but  were  they  therefore  to  infer  that  no  curve  could  by 
any  means  be  fquared  ?  What  have  fince  been  done  abundantly  (hew 
the  imprudence  and  fallhood  of  the  aflertion..  Archimedes  difco- 
vered a  method  by  which  he  fquared  the  parabola ;  and,  by  the 
lately -difcovered  method  of  fluxions,  we  can  find  as  many  quadrable 
curves  as  we  pleafe. — But  whilft  I  am  urging  the  poflibility  of  the 
quadrature  of  any  fpace,  I  am  not  ignorant  of  the  pretentions  of  feve- 
ral people  to  prove  the  impolfibility  of  that  of  the  circle  in  particular. 
There  are  attempts  to  demonftrate  this  impoffibility  in  the  Leipfic 
AcTs,  as  well  as  in  our  own  Philofophicai  Transactions  j  but  thofe 

g  demon- 
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demonftrations  are  far  from  being  fufficiently  general  to  afford  me 
any  conviction  of  it.  On  the  other  hand,  fcveral  confederations  may 
induce  us  to  believe  the  poffibility  of  its  quadrature :  This  quadrature 
is  known  to  depend  upon  the  rectification  of  the  circumference,  and 
that  a  right  line  may  be  of  the  exact  length  of  the  circumference, 
may  be  thus  conceived ;  In  the  defcription  of  a  circle  by  a  pair  of 
compares,  fuppofing  the  defcribing  point  or  leg  to  move  uniformly, 
the  defcription  will  be  performed  in  a  certain  time  and  with  a  certain 
velocity,  which  time  drawn  into  the  velocity  will  produce  a  certain 
length  for  the  circumference :  Again,  by  conceiving  the  circle  to 
roll  upon  a  right  line  at  the  fame  time  when  it  turns  round  its  own 
center,  after  the  manner  of  die  motion  of  a  wheel,  the  right  line  and 
circumference  will  be  congruous  and  equal  by  fucceffive  and  conti- 
nual application  ;  But  without  thefe  illuftrations,  the  circumference 
is  evidently  of  fome  certain  length  (for  it  is  not  infinitely  great)  and 
every  finite  length  in  nature  mud  have  a  meafure,  it  being  only  the 
fault  of  our  methods  of  notation  or  expreffion  that  we  have  not  de- 
termined it. — It  may  be  farther  added,  that  a  fpace  which  by  fome 
methods  hath  a  finite  expreuion,  is  by  others  exprefled  by  an  infinite 
feries,  as  appears  in  page  ji8  and  throughout  fed.  i  part  4.  Even 
a  number  is  the  fame  way  affected,  and  what  is  a  finite  exprcflion  in 
one  method  or  fcale,  is,  in  another,  exprefled  by  an  infinite  feries  j 
thue  -f  =:  *333  Sec.  £-  =  *i66  Sec.  and  thefe  infinite  decimals,  and 
many  others  in  the  prefent  decimal  fcale,  would  be  finite  exprefSons 
in  a  duodecimal,  and  innumerable  other  fcales ;  and,  again,  fome 
numbers  that  are  finite  in  the  prefent  fcale,  would  be  infinite  in  them* 
And  who  can  prove  that  even  the  root  of  2>  or  of  any  other  number 
whofe  root  in  the  prefent  fcale  is  an  infinite  feries,  may  not  be  a  ter- 
minate quantity  in  fome  fcale  whofe  root  is  a  fquare  number  (for 
fuch  an  one  it  mud  be)*  It  is  true  we  have  not  yet  found  the  area 
of  the  circle,  nor  the  root  of  t,  of  3*  Sec.  in  finite  terms,  yet  for  each 
of  thefe  we  can  afftgn  infinite  feries  whofe  laws  of  progreflion  are  vi- 
fible ;  which  is  more  than  the  ancients  could  do,  or  perhaps  ever 
expected  could  be  done,  if  they  even  at  all  thought  of  fuch  things. 
And  I  have  no  doubt  but  that  hereafter  will  be  discovered  a  method 
of  fquaring  any  figure  whatever.  Which  is  the  chief  problem  in 
geometry. 
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Ex  a  mple  I. 

What  is  the  area  of  a  fe&or  whofe  radius  is  10 
and  arc  20? 

By  the  rule,  ~i£=  IOO  ^  areat 

♦ 

Example  II. 

To  find  the  area  of  the  fec"lor  whofc  radius  is  9 
and  the  chord  of  whofe  arc  is  6. 

By  the  laft  problem  the  length  of  the  arc  is  6'  1 1 7  063 . 

Therefore  6,1  V°6w  =  2  7 -5 2  6  7 835  the  area  required. 

2  B  Rule 

r  =  the  verfed  fine  ofi  a ;  then,  by  multiplying  the  radius  by  half  the 
arc,  as  found  by  the  feveral  rules  of  the  lart  problem,  we  fliall  obtain 
the  following  values  of  the  area  of  the  fcftor. 

I.  S=  i  ar  =  -01.745320  Jrr. 

II.  A=r</dv%:  i  +  -V-+-¥:-+    >-f  &c, 

2.3d    2.4.5-/*     2.4.6. 7^' 

III.  yfss  rs  X :  I  +  ■■  +■  I'?'*  -  &c. 


3  3       '  "         3  2^"' 


v.  A  =       ^J~»  ncar'y« 


nearly. 


VI.  X  lds/~~  +  W^  nearly. 

It  is  evident  that  the  area  of  the  fe&or  might  be  exprcfled  in  feveral 
other  different  manners ;  fuch  as  by  the  tangent,  cofinc,  &c.  of  its 
femi-arc;  but  the  forms  above  given  are  the  raoft  ufeful  ones. 
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Rule  IL 

If  it  be  known  what  proportion  it  bears  to  the 
whole  circle,  or  what  part  it  is  of  it;  Take  the  like 
proportional  part  of  the  area  of  the  whole  circle  for 
that  of  the  feclor  * 

Note.  A  fetfor  bears  the  fame  proportion  to  the  whole  circle  as 
doth  the  degrees  iaits  arc  or  anglc/o  360,  or  as  its  arc  to.  the  whole 
circumference. 

Example  I. 

What  is  the  area  of  a  femicircle,  and  of  a  qua- 
drant, the  radius  being  10? 

Firft,  7 854x1 0x10= 78*54=  the  whole  circle. 
Then  78*54-5- 2 =3 9*27  =  the  femicircle. 
And  78*54-f-4=i9*635=the  quadrant. 

Example  II. 

To  find  the  area  of  a  fector  whofe  arc  or  angle 
contains  1 8  degrees,  to  a  radius  of  3  feet  ? 
Firft,  7854x3x3  =  7*0686:=  the  whole  circle. 

»tp»i  /        o  /«/   7"o686xi8  7*0686 

Then  360:  18  1:7*0686:2-^—=^-= -35343 
the  area  of  the  fector  required. 

Example  III. 

To  find  the  area  of  a  feclor  whofe  radius  is  9  and 
the  chord  of  whofe  arc  is  6. 

By  the  example  to  rule  1  of  prob.  6,  the  de- 
grees in  the  arc  were  found  to  be  38*9424412.  But 
7  853  98x9x9x4= the  area  of  the  circle. 

Therefore 


•  This  rule  is  too  evident  to  need  any  formal  proof. 
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Therefore  360  :  38*9424412  ::  '785398x9x9x4: 

3^il±I3^I398x9^  =  38-942441 2  X  '0785398  X  9  = 

27*52678388  the  area  of  the  fector  required. 
Problem  IX. 
To  find  the- area  of  the  fegment  of  a  circle. 

Rule  I. 

By  one  of  the  rules  of  the  laft 
problem*,  find  the  area  of  the  fector 
ACB  having  the  fame  arc  with  the 
fegment  ADB  required. 

Find  alfo  the  area  of  the  triangle 
ABC  formed  by  the  chord  of  the 
fegment  and  the  two  radiufes  of  the 
feaor. 

Then  the  fum  or  difference  of  thele  areas  will  be 
that  of  the  fegment,  according  as  it  is  greater  or  lefs 
than  a  femicircle. 

* 

Example  I. 

What  is  the  area  of  a  fegment  whofe  arc  is  a 
quadrant  or  contains  90  degrees,  the  diameter  be- 
ing 18  feet? 

Firft,  -7854x18x18  is  the  whole  circle.  A 

And  7111^!=  -7854x9x9=  the  qua-     j  \? 

drant  or  fector  CADB.   \i 

But^=2^=.5XOx9=thetriangle     C"  * 

ACB. 

Therefore  -7854x9x9-* 5x9x9=-2854xox9  s23*  1 1 74 
-the  area  of  the  fegment  required. 
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Example  II. 

What  is  the  area  of  a  fegment  of  a  circle  whofe 
arc  contains  28  0%  the  diameter  being  50? 

Firft,  -7854x50x50=  1 963-5  =  the 
-whole  circle. 

And36o:28o::  1963-5:^^?:=: 

=  1527-16666  =  the  fcclor 
CADBC 

Again,  the  angle  ACB- 360-280  =  8o°.«  And  the 
triangle  ACB=AC*CB* i fine L ACB- 25*2 5 x  js.  of  8o° 
=  25x25x-4924o39  =  3o7-7524375. 

Wherefore  the  fum  1834-9191  =thcfegment  ADBA 
required. 

Example  III. 
Required  the  area  of  the  fegmcnt  whofc  chord  is 
20,  and  height,  or  verfed  fine  of  half  its  arc,  2. 
Since  JD'^DCxDF,  therefore 

DF  -  ~~ =     = 5  o.    And  the  di- 
ameter CF=FD+l)C=  50+2=52. 
Alfo  DE  =  EC -CD  =  4-  CF-  CD  =    \  ;E 
26-2  m  24. 

Therefore  the  triangle  ABE-  \  ■■■ 

ADxDE^  10x24=240. 

Again,  by  trigonometry,  26=  AE:  10  =  AD  ::  1  = 
s.  =  tt  =  -3846 1538  =  s.LAED,  or  of  the  arc 

AC-  22-6198614  degrees,  the  double  of  which  or 
45-2397228  are  die  degrees  in  the  arc  ACB. 

But  -785398x52x52  =  the  whole  circle. 

Therefore  3&> :  45*2397228  ::  785398x52x52: 
AvJv^M**ii*«  =  266-8786995  =  the  fetor 
AEB.  Whence 
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Whence  266*8786995-240  mt  26*8786995  «  the 
fegment  ACS  A  required. 

Otherwife. 

Having  found  the  triangle  =  240,  as  above ;  we 
fliall  have,  by  rule  6  of  the  laft  problem,  the  lector  = 


r=-^r^635+2v'26x  -^±=266*87868. 

Then  the  difference  is  26*87868  =  the  fegment 
nearly  the  fame  as  before. 

'  KV  L  £  n. 

"Let  d  be  the  diameter,  and  1;  the  verfed  ^ine,  or 
the  height  of  the  fegment ; 

Then  2^^x:^-^-^~&c,  ov2-v</dv 

A,  B,  C,  &c.  being  the  firft,  fecond,  third,  &c.  terms.* 

2C  Ex- 

*  Ds  MOKlTtiTI'OH, 

By  the  laft  problem,  the  value  of  the  fe^or  CADB  (fig.  in  page  99) 

is  i  d </dv x  :  1  +  ~.+  -i^- -+-t&L-  &c.   But  =fc  i  d  qp  v  = 
n  3.$d    2.4.5*/*  2.4.6.7^ 

the  altitude  of  the  triangle  ABCy  and  its  bafe  ABs=.2  >/dv—zv  =r 

a  i/(/ox :  1  —  — .  ~  ^r—  &c  and,  therefore,  the  area  of  the 

2d    2.4a*  2.4.6** 

triangle  /ftfC  ^  x        x :  1-  J^- — &c. 

■which  being  added  to,  or  fobtrafied  from  the  fctfor,  gives  2v^dvx  : 

£  -  *  &c.  for  the  value  of  the  fcg- 

3     Sd    4.7</>     4.6.91/*     4.6.8.1  irf* 
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E  X  A  M  P  L  E. 

Take,  here,  the  laft  example,  in  which  ^=52  and. 
v=2  y  then  7  =  ^  >  and tne  procefs  will  be  thus: 

-   "  ^37858 

-  -D  =  C  =    -  -<*>°°3" 

-£  =  77X^=77^  =  "  •°0000°7 

die  fum  of  the  negative  terms  -    '31 597_3g 

taken  from  the  firft  term  leaves  afr&xS^tys  the- 

area  required.. 

1  Rule 


Putting/=  the  femi-chord  of  the  fegment,  and  the  other  letters  as 
before.-   We  have  the  fluxion. of  the  fegnicnt  y'v  =  v^/dv—vv^ 

va/Jv  x :  i  •—  — •. - -  ——-77  -  -^777  &c.  the  fluent  of  which  gives  v^dv 
r  2d    2.4^  2.4.6a1 

.Z  —'L  —  —  VtL-r  &c.,for  the  valus  of  half  the  fegment, 

•5     sd    4.7^  4-6.9</l 


x 

as  before.  QE.D. 


Corollary  I. 
Let  the  chord  of  half  the  arc  of  the  fegment  be  denoted  by  c ;  then 

rfssSl,  by  which  exterminating  d  out  of  the  above  fcries,  gives  cvx£ 


v 

.  'il   2l!  &c.  for  the  value  of  the  femi- 

5<l     4.7  c*     4.6.9^     4.6.8.1  u-8 

fegment. 

Corollary  II. 
Let  the  fupplemental  verfed  fine  be  denoted  by  V ,  viz.  V=d—v;  * 
then  </  s  f+v,  by  which  exterminating  </  out  of  the  fame  fcH«, 
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Rule  TIL 

If  v  denote  the  verfed  fine,  as  before,  and  V  the 
•verfed  fine  of  the  fupplcmcnt,  or  V—d^v,  Then 

^s/vV+±A-^B  +  ^C--^  D  &c.  will  be  =  the 

fegment ;  where  A,  B,  C,  &c.  denote  the  preceding 


E  x  A  M  P  L  E. 

Taking,  again,  the  fame  example  ;  we  have  v  =  2,. 
and  F=52-2  =  50.    Hence  ^-=^o  =  '04,  and 

A^ 


will  produce  ivt/Vvit.:  \  - — '■  —  H  ^-777  — 

v  1.1.3^1.3.5^    3-5-7^ x    S.7.9>' 1 

fee.  for  the  valne  of  the  faid  femi-fegment.   And  this  feries,  which  is 
wile  3,  converges  very  quickly  inimall  fegmcnts. 

Corollary  III. 

By  fuppofing  the  fevcral  indeterminate  quantities  in  thefc  feries  to 
be  cxpreficd  by  any  given  numbers,  we  may  obtain  an  endlefs  variety 
of  infinite  ferics  whofe  Aims  will  be  given.  And,  in  particular,  if 
the  diameter  be  1 ,  and  fuppofing  the  verfed  fines  to  be  equal  to  the 
radius  or  the  diameter,  we  (hall  obtain  the  following  feries,  in  which 
n  denotes  "785398  &c.  the  area  of  the  whole  circle  whofc  diameter  is 
I ,  or  £  of  the  circumference1,  of  the  fame  circle 

\,  n     v.fl x :  ^      y  a     4  ?         4.6.9.2'     4.6.8. ix.2*UC- 

it  2       1   ~J_       T'3         *-3-*  g. 

"•*-2X:  3      5     4.7     4.6.9    4.6.8. 11 

in.  +   — +  —  L_  &c. 

1.1.3^1.3.5    3.5.7     5.7.9  7-9-u 

Several  other  values  of  a  may  be  afiigncd  from  the  corollaries  in  ■. 
pages.  29  and  30,  and  from  pages  85,  &c. 
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^=JVvA>fr=+  2&66666666\ 
B=JPA  =  +  21333333T 
C=^B  =  -  121904K 

«  +   « 

fum  of  the  affir.  terms  +  26  88001626 
fum  of  the  negat.  terms  —  o'oo  1 21 934! 

the  difference  is  26*87879601*  =  the  area. 

required. 

Rule  IV. 

To  the  chord  of  the  whole  arc  add  y  of  the  chord 
of  half  the  arc,  multiply  the  fum  into  the  vcrfed  fine 
or  height  of  the  fegment,  and.  A  of  the  produd  will 
be  the  area  of  the  fegment  nearly. 

That  is,  C+lcx^v,  or  C+Wdv 

XrVt',  orC+Wf^+v*  x-:5i',  or 

y/dv-*v*v  +  x)v  =  the  area 
nearly ;  where  d  =  DE  the  diame- 
ter, C=  BA  the  chord  of  the  whole 
arc,  c  =  AD  the  chord  of  the  half 
arc,  and  v  =  DP  the  height  of  the  fegment  * 

Ex- 

*  Demonstration. 

The  fegment  is  s  2V*/Jvx:  j~  ~       &c.  by  the  laft  rule. 

Suppofe 
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Example. 
Taking,  ftill,  the  fame  example,  in  which  C=2o, 
and  v = 2. 

Then  C+T\/^C+in;  x-^v  =  26*877908  =  the  area 
nearly  the  fame  as  before. 

Rule  V. 

Draw  J^[fee  the  laft  figure]  fo  that  DP :  P$j :  5 : 
>v/io,  then  the  fegment  ADBA  will  be  nearlyequal  to 

Where  ^=  the  diameter,  v=DP,  c-DAt  and  C=^5, 
as  in  the  laft  rule.* 

2  D  Ex- 


Suppofc  it  =jDPxm)t/)^+»x^=2ox«^f-w+»^</c  = 

2tV^  x *V  1-  j  +  ir  =  2t-^x :  +  ^  -      __  &c. 
Then  let  the  coefficients  of  the  correfponding  terms  be  equated, 

and  we  (hall  have  «r+«  =  — ,  and  —  =  -7;  whence  w  s  and 

325  5 

3  3      5     « 5 " 

Then,  by  fubftituting  thefe  values  of  m  and  n  in  the  aflumcd  qnan- 

tity,  we  IhaU  have  *DP  <t»x  PA+nxAD  =.*DPx\P  A  r^AD  =s 
*y  DPx  7P7f+4^D,  which  is  the  rule.  Or  it  is  =  ^  DP*  3PA+2  AD. 

And  this  is  one  of  Sn  I.  Newton's  rules  publilhed  by  Jones, Wal- 
lis,  andCoLSON. 

•  Dbmon»taatiom      Rule  V. 


2  V  V 

By  rule  2  the  fegment  is  =  av  Jdv  x &c. 
Suppofe  it  equal  to  w  */mdv—nvv=.  wSdvxs/ m—^^v^/Jv 
x       —  ^^—icc.  Then,  by  equating  the  coefficients,  we 

have  ^  =  4,  and       =  7;  whence  *  =  ±,  and  »=  ±. 


Then,  by  fubftitutmg  thefe  values,  we  get  avyWv— *w,  s 
aVi^'-rrvys=  t  as  in  the  rule.  C  o  a  o  l- 


io6  CtRcuLAR  Segment,  j  PfirtiL 

Example. 

«... 

Taking,  again,  the  fame  example ; 

We  have|v%/^CC+|vv=f  ^1011=26-87915=: the 
area  nearly. 

Rule  VI.  * 
If  ^_bifea  DP,  the  fegment  ADBA  will  be  very 
nearly  equal  to  4§>A-\-AD  x  t>  DP  =  2  \/6C+  w+c  x 

xT4ri>;  where  the  letters  denote  the  fame  quantities 
as  in  the  laft:  rule.*  [See  the  laft  figure.] 

E  x- 

COROLLARY. 

Hur,  now,  to  find  what  line  the  quantity  n/dv—\vv  reprcfents  j  I 
confiJcr  that  it  is  greater  than  AP  which  is  =  i/dv—tft  and  there- 
fore I  fuppofe  it  to  be  fomc  line  AQ  meeting  DP  between  D  and  P. 

Then  P<t=  J^-AP-  =  ^Jv-^v-Jv+vv  _  t- </- = 

Wherefore,  if  there  be  made  DP  :  P®j:  5  :  y'lo,  and  &  A  be  drawn; 
the  fegment  will  be  nearly  *  DPx.  JQ.  And  this  ii  another  of  Si  r  I. 
Newton's  Rules. 

*  Demo  k  s  t  r  a  t  i  o  n  of  Rule  VL 

Far  fuppofe  the  fegment  zv^Jvx:  —  —  — .  &c.  to  be  =  iPD* 

3  5^   

Then,  equating  the  coefficients,  we  rci  w-'r/:  =  — ,  and  — =  —  ; 

8  .  ^  "  5  6  5 

whence  ;       -  ,  ant!  __. 

15       —  _____  ' 

Therefore  iPD  -/+;;><  ,/g=  lPD*T\  f-f. !  +  fT  .!!>=  rArP  D 

'•I'^t.^A  as  in  :hc  rule.    And  this  ULcwilc  i*  a  rule  given  by 
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Example. 
Taking,  fliti,  the  fame  example. 

"We  mall  have  2  <J  tX+  w  +  v/?  CC+  w  x  .74Tk  =: 
£16*8786888  =  the  area  very  nearly. 

Rule  VII. 
From  the  fquare  of  the  chord  of  half  the  arc  fub- 
tract  j  of  the  fquare  of  the  verfed  fine  of  the  faid  half 
arc,  to  7  times  the  root  of  the  difference  add  }  of  the 
faid  chord,  multiply  the  fum  by  the  faid  verfed  fine, 
and    of  the  produci:  will  be  the  area  extremely  near. 

That  is,  ls/cc-!r'wu+icxl1'u=.'i\/dv-\irv  +  i\/t/v 
x  17V  =  7\/iCC+$vv+  v s/  JCXl+vv x  *rv  =  the  area 
extremely  near:  where  the  letters  are  the  fame  as  in 
the  lad  rules.*  E  x- 

•  Demonstration. 


,,1 


tit 


The  fegment  is  es  iv^dv*:^  J~"^$d*  &C* 

^     ^  •  *—  — 

Suppofc  it  =  2V *m*Jdv— nvv  +P^dv  ss  iv»/Jv     +    sf  I  — 
4-*     tnnv     mn*v*  . 

Then,  equating  the  like  coefficients,  we  have        s=  y, 

and  --—  =  4-  ;  whence  n=:—,m±z  —  ,  and*=— . 
8      28'  7         2^5  75 


Wherefore  20 * vi^dv—r.™  +pi/dv=±£r  v  x  7  Jdv—^w+^i/dv,  as 
in  the  rule. 

toROttARV.  _____ 

Suppofc  vr_v-Vw=  /*£[fec1aft  fig.] ;  then      =  </$J*—.4Px 

Wherefore  if  ^divide  DP  in  4_fo  that  7  t    1 4  ^ :  DP  :  then 

7  4_^~*"t  ^i^^xr^P  D€  nearly  equal  to  the  fegment  ADBA. 
.lad  tins  rule  is  not  only  new  and  very  Ample,  but  alfo  themoftevatf 
of  any  -approximation  that  I  know  of  for  this  purpofc. 


io8  Circular  Segment,         Part  H. 

Example. 

Taking,  again,  the  fame  example  as  before,  where 
C=2o,  and 

We  have  7  x/KO  fw  +  Vi^' "  vv  x  {Tv  s 
26-8787998=^  area  very  exact. 

Rule  VIII. 

1.  Divide  the  verfed  line  or  height  by  the  di- 
ameter. 

2.  Find  the  quotient  in  the  column  of  verfed  fines 
(marked  V.  S.)  in  the  table  of  circular  fegments  at 
the  end  of  the  book. 

3.  Multiply  the  number  immediately  on  the  right 
of  the  verfed  fine,  in  the  table,  by  the  fquare  of  the 
diameter,  and  the  product  will  be  the  area.* 

Note. 

*  Demon  st  ration. 

This  rule  is  founded  on  this  property,  That 
fegments  whofe  verfed  fines  arc  as  the  diame- 
ters, will  be  to  each  other  as  the  fquares  of 
the  diameters,  which  is  thus  proved. 

Let  ADBA,  adba,  be  two  fimilar  fegments 
cut  off  from  the  fimilar  fcaors  ADBCA,  adbCa, 
by  the  chords  AB,  ab.  And  draw  CD  to  bi- 
fca  them. 

Then,  by  fimilar  triangles,  CA :  Caw 
CA-DP  (CP) :  Ca-dp(Cp)  ::  DP  :  dp.  That 
is,  fimilar  fegments  have  their  verfed  fines  as  their  radiufes  or  diameters. 

Again,  fince  fimilar  fcclors  are  as  the  fquares  of  the  diameters  as 
well  as  fimilar  triangles  as  the  fquares  of  their  like  fides,  we  (hall  have 
CA*  feftor  CADB  :  fe^or  Cadb  ::  A  CAB :  A  Cab  •  •  ferment 

ADBA  (feclor  CADB-  ACAB) :  fegmcnt  adha  (feflor  Cadb- &  Cab) 

Now,  putting  d-  any  diameter,  and  ess  verfed  fine.  We  fhaJ]  have 

d.vi:  i  (diameter  in  the  table) :  the  verfed  fine  of  a  fimilar  feg- 
mcnt  in  the  table,  whofe  area  let  be  called  d. 

Then  1 1  :  dd : :  a  -.add- the  area  of  the  fegmcnt  whofe  height  is  • 
and  diameter  d,  as  m  the  rule.  6 
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Note.  When  the  quotient  arifmg  from  the  verfed  fine  divided  by 
the  height  hath  a  remainder  or  fraction  after  the  fourth  place  of  de- 
cimals, having  taken  the  area  oppofitc  to  the  faid  four  firft  figurss, 
fubtracV  it  from  the  next  following  area,  multiply  the  remainder 
by  ihe  laid  fraction,  and  add  the  product  to  the  firft  area  ;  and  the 
fum  will  be  the  area  for  the  whole  quotient. — This  method  is  ufed 
when  accuracy  is  required ;  but  for  common  ufe  the  fraction  may 
be  entirely  omitted. 

Example. 
If  the  diameter  be  52  and  verfed  fine  2 ;  what  is 
die  area  i 
Firit 

T7  =  iV  =  '0384/1 tne  tabular  verfed  fine. 

Then  agaamVe.384  (lands  '00991672,  and  the  dif- 
ference between  this  area  and  the  next  '00995517  is 
•00003845  ,which  multiplied  by  T,Tproduccs*oooo2366, 
which  added  to/00991672  gives  '0099403 8= the  area 
belonging  to  the  verfed  fine  '03841V 

Wherefore  '00994038  X52  X52-  26*87878752  = 
the  area,  nearly,  the  fame  as  before. 

P'r  o  B  L  e  m  X. 

To  find  the  area  of  the  zone  or  /pace  ABCDA  in" 
eluded  between  tivo  parallel  chords  AB,  CD,  and  the 
two  arcs  AD,  CB. 

Rule  I. 

Find  the  area  of  each  feg- 
ment  ABE  A,   DC  ED,  and 
their  difference  will,  be  that  of. 
the  zone  required. 

Example  I. 

Suppofe  the  greater  chord  to  be  96,  the  lefs  60, 
and  the  diilance  between  thern  =  26;  required  the 

2  E  Draw 


I  ID 


Circular  Zont. 


Part  II. 


Draw  AD,  and  let  DS  bej.AP,  OR±ADt  and 
Kr±.P$j  then  $T=TP,  becaufe  AR  -  RD  ;  and 

TR=d^±£§r,  But,  in  the  fimilar  triangles  ROT, 


it  will  be  DS:SA.:RT:TV  =  ¥£l- 


=        =  27.  And  hence  OP  =  CT-775  =27-13 

52 

14. 


Then  EO  =  OA  =  «/AP '+fu*  =  v/4b '  +  14'  =  50 
the  radius. 

EO-O^js  50-40  =  10S 


verfed  fines. 

And  ^7=?  J=thetwotab.vcrfedfmes.  Again£t 

which,  in  the  table,  ftand  the  areas  ^!!54f 

{•04007520. 

Theny2JW°53'  x  IOOX  IOO=  2545'5°55 
£•04087528x100x100=  408*7528 

their  difference  2136*7527  =  the 

area  of  the  zone  required. 

Example  II. 

Suppofe  the  greater  chord 
AB  to  be  20,  the  lefs  DC  is, 
and  their  diftance  P^  iji. 
Required  the  area  of  the  zone 
ABCD. 

Then,  as  in  the  laftexam- 

plC(  to = mE^Lnm^ 

2x2x35 


2P2 


=K  Which  being  lefs 


than 
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than  JP  (8J)  half  the  dirtaace  of  the  chords,  fhews 
that  the  center  falls  within  the  zone;  and  then  it  is 
evident  that  the  whole  circle  diminifhed  by  the  fum 
of  the  two  iegments  AFBf  DEC,  will  give  the  zone. 
JNow,  aP^OT-JU^  K-l  =  7-  Hence  AO  =* 

s/OP'+PA*^*/^  +  io*=  j=  the  radius  ;  there- 
fore the  diameter  \s  25.    And  0$  =  ^T+TO  =  8{+ 

AVhence^^^^^p^  I2._7isBSiJ. 

Then  J  7    sf°    10       >  the  tab.  verf.  fines. 

Againft  which  ftand  the  areas  ^.j  fJg'^So! 

T,      ^04087528x25x25  =  the  fegment  DEC, 
ri  1 162380x25x25  =  the  fegment  AFB, 

who'fe  fum  is  *  1 52 69908 x 25 • . 

But  78539816x25x25=  the  whole  circle. 

Therefore  25*  x  -78539816  -'15269908  =  25*  x 
•63269908=395*436925  =  ^6  zone  ABCD  required. 

Rule  II. 

To  the  area  of  the  trapezoid  APQD  add  that  of 
the  fmall  fegment  AGDRA,  and  double  the  fum 
will  be  the  area  of  the  zone  ABCD  required. — 
And  this  rule  is  eafier  than  the  other  as  only  one 
fegment  is  to  be  found. 

Example. 

,  Suppofe  the  fame  things  as  in  the  laft  example. 
'      r  Then, 


,r2  Circular  Ring.  Part  IP. 

Then,  drawing  the  radius  ORG,  we  fliall  have  OR 

i^7a^^iv/5°  =  Vv/2=8'8388347^.  Hence 
verfed fntf    =  I2*5~8*8388Wtf  =  3-661165  the 

Therefore  =  -1464466  =  the  tabular  verfed 

fine;  the  tabular  area  for  which  is  '07134954 

trapezoid  AP^D. 

Therefore  153- 1 25+44-5934625  =  197-7, 8462  5  =: 
the  femi-fegment  APQVGJ.  The  double  of  which  is 
395*43  6925  =  the  zone  ^CD,  the  fame  as  before. 

Problem  XL  . 
To  find  the  area  of  the  ring  \r 
included,  between  the  circum- 
ferences ABPA,  DE%1)  of 
two  concentric  circles. 

Rule  I. 

Multiply  the  Aim  of  the 
diameters  by  the  difference 
of  the  diameters,  and  the 

product  drawn  into  -7854  will  be  the  area  of  the 

nncr  required.*  '  ^ 


*•  ™«  «u  be  =  .a  w  =  nS77x       ^D     -  b; 
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« 

Example. 

If  the  diameters  of  two  concentric  circles  be  10  and 
6,  what  will  be  the  area  of  the  ring  included  between 
their  circumferences  ? 

7854X  io+6x  10-6  =  7854X  i6x4=5o-26i6^the 
area  required. 

Rule  II. 

Multiply  half  the  fum  of  the  circumferences  by 
half  the  difference  of  the  diameters,  and  the  producT: 
will  be  the  area.* 

Example. 
Taking  the  fame  example  as  before,  we  mall  have 

Firft  3*  1 4 1 6  x  ^ 1  ^  ~  J g.g^£  ^ = the  circumferences. 

Then3,-4.6+.8-8,96x  .Op6=  50^  x  i  =  so.l6,6  = 

the  area  the  fame  as  before. 

2  F  Note. 


Corollary  I. 
Whence,  if  there  be  made  DW  perpendicular  to  the  radius  CD  J, 
the  ring  will  be  equal  to  the  circle  whole  radius  is  D!V ;  or  equal  to 
the  circle  whofe  diameter  is  FfV  a  tangent  to  die  lcfs  circle,  and  ter- 
minated by  the  greater. 

Corollary  II. 

Or  the  ring  is  equal  to  an  ellipfe  whofe  axes  are  D+d  and  D—d.  As 
will  appear  by  comparing  the  above  rule  with  the  rule  for  an  ellipfe 
to  be  hereafter  given. 

*  Demonstration  cfRvLt  II. » 

For  the  circumferences  C,  c,  arc  equal  to  \aDt  ^ad;  therefore  ax 
1  

D+d  55  — - ;  which  fubftitutcd  in  the  laft  rule,  gives  a  x  D+dx  D—d 
4 

-s£±f  x  D^d=  ^±iX—,  asm  the  rule.       E.  D. 
422 

And  it  is  evident  that  the  fame  rule  will  ferve  for  a  part  of  the 

ring  cut  off  by  two  radiates,  uiing  the  lengths  of  the  included  curves 

for  C  and  c. 


M4  Circular  Ring.  Part  II. 

Note.  This  rule  will  ferve,  alio,  for  any  part  ABED  A  of  the  ring 
included  between  the  parts  AD,  BE,  of  two  radiufes,  by  ufing  half 
the  Aim  of  their  intercepted  arcs  for  half  the  fum  of  the  circumferences. 

Thus,  if  the  length  of  the  arc  AB  be  15 ;  then,  by  reafon  of  the- 

umilarity  of  the  arcs  AB,  DE,  it  will  be  19:6  ::  15 :^~  =  3*3=? 

ae  the  are  DE. 

1 5+9  10— 6 

Whence  —  X  =.12x2=24  =  the  area  of  the  part  ABED  A. 

a.  2 

Rule  HI. 

Multiply  the  perpendicular  breadth  of  the  ringt 
that  is,  the  difference  of  the  radiufes,  by  the  circum- 
ference RST  (or  part  RS  for  the  part  ABED  A)  hav- 
ing the  fame  center  with,  and  equally  diftant  fron* 
the  bounding  arcs.* 

Example. 

Taking,  dill,  the  fame  example ;  it  will  be 

Firft  DA= AC-CD  =5-3  =  2  =  the  diftance  of  the 
circumferences. 

And  RC=  CD+DR  -  CD+  i  ZX4  =  3+ 1  =  4  =  the  ra- 
dius of  the  middle  arc. 

Hence  3*14.16x8  *  25-1328  =  the  middle  circum- 
ference. 

Wherefore  25*  1328x2-  3:  50*2656  =s  the  area  the 
fame  as  before. 

And  for  the  part  ABED  A,  we  have  AC:CR::ABl 

075      ABxRC  15x4 

^=-^=-^  =  3x4=12. 
Then  AD  xRS  =  2  x  1 2  =5  24  =  the  area. 

Pro 

•Demonstration. 

For  this  circumference,  being  equally  diftant  from  the  other  two 
will  be  equal  to  half  their  fum.   Wherefore  &c. 
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Problem  XII. 
7b        the  areas  of  lunes. 

Lunes,  lunufa,  or  little-   B 

moons,  are  fpaces  included         yr  D 
between   the  interfe&ing  A 
arcs  of  two  excentric  cir- 
cles, as  the  lune  ABCDA-,  which  is,  evidently,  equal' 
to  the  difference  of  the  fegments  ABCA,  ADC  A 

If  ABC  be  a  triangle  ^  ' 

right-angled  at  Cf  and  if  ~x  P 

femicircles .  be  defcribed 
on- the  three  {ides  as  di- 
ameters ;  Then  the  trian- 
gle T(ABC)  will  be  equal 
to  the  fum  of  the  two 
lunes  L  I,.  L  2. — For  the  greateft  femicircle  is  equal 
to  the  fum  of  the  other  two  \  from  the  greateft  femi- 
circle take  the  fegments  S  1,  5  a,  and  there  will  re- 
main the  A  T;  from  the  two  lefs  femicircles  take, 
alfo,  the  two  fegments  S 1,  $2,  and  there  will  remain 
the  two  lunes  L 1,  L 2 ;  wherefore  T=sL  1+L2. 

Whence,  if  the  two 
fides  AC,  CB,  of  the  tri- 
angle be  equal  to  each 
other  ;  the  two  lunes  will, 
alfo,  be  equal,  and  each 
lune  L  1  equal'  to  the^A 
ACD;  and  therefore  the 
fegment  5 1  =  femicircle 
A$CA-kACD  =  2  times  the  feg.  AIVDA  =  2  times 
the  feg.  DVCD. 

Pro- 


y — ^ 

D  B 

i  i6l  Polygonal  Figures.         Part  II. 

Pro  blem  XIII. 

■ 

To  find  the  areas  of  irregular  polygonal  figures,  fucb  as 
mojl  pieces  of  land  generally  are. 

»  ■ 

Rule. 

Divide  them  into  triangles  and  trapeziums,  and 
add  their  areas  together.  But  for  the  bed  methods 
of  doing  .this,  I  muft  refer  the  reader  to  the  latter 
part  of  this  work,  in  which  furveying  is  particularly 
treated  of. 

*  S  E  C  T.  II. 

A  promifcuous  Colleclion  of  QueJUons  concerning  Aj'eas. 

QjJ  £  S  T  I  O  N  I. 

IN  the  trapezium  ABCD  are  given  AB  =  6i-t  BC^ 
i Si,  CD=  12,  and  ^=9,  alfo  B  a  right  angle; 
to  find  the  area  of  the  trapezium. 

2       45     20     3  ' 
=  the  area  of  the  triangle  ABC 

But  x/TB'+£C 
1  fr9=JC}  andv^x^x^xi-^ 

2  2  2'' 

y^^ji;9^=V42982'4279^r83ocoo8 
=  tnc  area  of  the  triangle  AVC. 

Whence  $o'7+5 1*8305098  =  r 02 -5305098  r=  the 
area  of  the  trapezium  required.  Quf.s- 

•  Some  of  the  qwijions  in  this  fefiion  arc  taken  from  other  boofcT- 
in:  t:ic  methods  of  lofat.on  arc,  generally,  dfent  from  thofe  ufcd 
m  tie  from  wn,ch  rh.y  were  taken,  they  bcin?  there mottly 

«.».red  by  an  analyt,cal  procefs.  And  I  havcVnft^tfed  thSfe  f 
*        u:c  ccniimaioas  ao  not  appear  to  be  :c!f-tv  Vent. 
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QjJ  E  S  T  ION  II. 

One  morning  in  may,  I  went  to  furvcy 

As  foon  as  bright  fbl  I  efpi'd ; 
I  meafur'd  around  a  four-corner  d  ground, 

I'th'  margin's  the  length  of  each  fide :  Chain* 
The  angle  at  B  together  with  D,  ic***5'-6 

An  hundred  and  80  degrees,  CD=  !o-o 

The  meadow's  content  is  all  that  I  want;  DJ=26-o 

Aflift  me,  kind  firs,  if  you  pleafe. 

Since  a  trapezium  can  be  infcribed  in  a  circle  when 
the  fum  of  two  of  its  oppofite  angles  is  1800;  there- 
fore, by  rule  5  of  prob.  3  of  feet.  1.  (32*4.  being  half 
the  perimeter)y/ 32*4— 1^6  x  32*4— \y 1x3  2  •  4^10  x  3  2  •  4— 26  = 
v/i6'8x  1  y'2  x  22-4x6-4  =  215-04  fquare  chains  = 
21*504  acres  =  21  x  2r.  0*64  perches  =  the  area  re- 
quired. 

Qj7  2  S  T  f ■  O  N  III. 

In  the  pentangular  field  ABCDE  arc  given  AB- 
M>  BC=7,  CZ>=io,  DE=iz,  EA=s,  and  the  dia- 
gonal AC=  1 7  chains,  alfo  E  a  right  angle  ;  required 
the  area. 

Firft  AD  =  o/DEf+Efc  =  ^ 


v/i2,+5  =13. 

Then  AE x  { ED =5x6=30  = 
the  area  of  the  triangle  ADE. 

And  \Z2ox3X7xio=icV42 

=  6^.-807  ao6^B= A  ADC. 

Alfo  v/i  9*2*5*  1 2 =2^570 = 47*7493 W4=^J5d 
Wherefore  the  fum  of  the  three  is  142-55675252 

fimare  chains  =  14  a.  1  -022  7  r.  =  the  area  required. 

2  G-  QUF.S- 


ii8 


Promiscuous  Questions.     Part  II, 


Qjj  e  s  t  i  o  n  IV. 

Given  the  bafe  AC=  32,  AD=S>  EC=  9»  die  Pcr" 
-pcndicular  EF=  4,  and  the  perpendicular  DG  =  3\ 
required  the  area  of  the  triangle  "ABC. 

Draw  GH parallel  to  BC-, 
then,  by  the  fimilar  trian- 
gles GDff,  EEC,  FE  =  ^.     _  _ 
EC=9::GD  =  y.DH=  y,  E    .  C 

and  hence  J77=  V  J  again,  from  the  fimilar  trian- 
gles AGH,  ABC,  AH=  y :  AC=  1 2 : :  DG  =  3  =  Per* 
pendicular  /»  =  \y.  Hence  i  v4Cx IB^i6x  %y  = 
13014=  130-7234^  =  the  area  of  the  triangle  re- 
quired. 

Qj;  e  s  t  1  o  n  V. 

What  is  the  fide  of  that  equilateral  triangle,  whofe 
area  coft  as  much  paving  at  8d.  a  foot,  as  the  palli- 
iading  the  three  fides  did  at  a  Guinea  a  yard  ? 

The  fides  arc  7  s.  a  foot,  and  the 
area  Ts.  a  foot.  And  that  the  pro- 
duces may  be  equal,  the  quantities 
in uft  be  invcrfly  as  the  prices ;  but, 
by  rule  2  page  80,  ^  J5CV3  =  the 
area ;  therefore  7 :  7 : :  3  BC:  ±  BO  ' 

^:BC=¥^p  =  42</$  =  72-746i33«;  =  the  fide  re- 
quired. 

Qjj  k  stion  VI. 

Surveying  a  field,  I  found  the  four  fides  thereof  to 
be  ro,  9,  7,  and  6  chains,  in  afuccclhve  order:  I  like- 
wile,  at  the  two  extremes  of  the  longeft  fide,  took  the 
bearings  of  the  oppofite  angles,  which  were  N.  E. 

by 
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"by  E.  and  N.  fV.  Hence  the  content  of  the  £eld  is 
required. 

From  the  given  bearings 
of  the  angles  Cand  D  from 
A  and  By  it  appears  that  the 
diagonals  AC,  BDt  make  the 
angle  AID  at  their  interfec- 
tlon  of  7  points  or  78^  deg. 
wherefore,  by  rule  3  of  pro-  A 
blem  3  of  feclion  1,  we  have  io1+-/t-i/+6  *x£  rang. 
78^  =  32  4x5-0273395  =  8x5-0273393-  =  40-2 187 16 
fquare  chains  =  4a.  3-499456  perches  =  the  content 
required.* 

Qjj  F.STION  VlT. 
Given  two  fides  of  an  obtufe-angled  triangle,  which 
are  20  and  40  poles ;  required  the  third  fide,  that 
the  triangle  may  contain  juft  an  acre  of  land. 

Now 

-   .    ■ 

•  •*     *  *  9  t 

*  COS  STRUCTI  OS. 

With  two  of  the  gi*«i  lines  Ab  ( 10)  an  J  be  (6)  make  a  right  angle 
b%  and  with  the  other  two  complete  the  trapezium  AbcD  :  In  the 
perpendicular  F.c,  produced,  take  F.F  =  8-937 .J92  =  lne  double  of 
the  area  (40*218716)  divided  by  AD  (9)  ;  with  the  center  F  and  ra> 
3ius  cqvial  to  (6\)  a  fourth  proporlion.il  to  DA,  Ab,  be,  defcribe  an 
arc  meeting,  in  ^another  arc  defcribed  with  the  center  D  and  radius 
Dc  ;  then  join  D,  C,  and  with  the  other  two  given  lines  (=  cb  and  6A) 
complete  tire  trapc/icm  ABCD,  and  it  is  done. 

For,  having  (Irawn  cA,  AC,  and  CF,  and  let  fall  the  perpendicul- 
ars CP  upon  AD,  CS?, upon. AH,  and  FG  wpanPCG;  fincc  ADX+ 
DCl+2ADxDP=AC*  =)  CB%+H4x  +  2A1ixBQ,  and cD*+DA* 
+  2ADxDE  =  (Ac*  =)  cb1  +bAl,  by  talcing  thel'e  latter  quantities 
from  the  former,  it  follows  thzt2ADy.FP=z(2ADxDP—2AD*DF=) 
lABxBZK  and  ccnfequently  B^j  FG  (KP)  r:  DA :  AB  : :  BC :  CF  (hy 
the  ccnllruclion) ;  whence  the  triangles  BQC,  CGF,  are  fimilar,  and 
therefore  QC :  CG BC :  CF ::  (by  the  conllru&ion)  DA:  AB;  and 
hence  $>CxAB=  ADxCG  ;  and,  by  adding  CPxDA  to  each,  we  have 
CPxD  //+  CQt  AB  ( =  twice  the  area  ABCD)  =  CPxDA-{-  ADxCGxt 
Er'xD  A  =  (by  the  conftruaion)  twice  the  given  area. 
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Now  the  area  1 60    20  c, 
(}AB )  =  8  =  the  perpendicu- 
ar  CD;  but y/BC  -CD1  =; 


^/zo'-S*  =  ZM? ;  hence  AD 
= AB  ±BD  ~  40  ±  v/2o*-8%__^ 

and^C^g^'+^^y/SH^^o'-S'diS^o'.S' 

=  4V I2Jrfc  20^21  =  4x^1  05  ±2^5  =  58-8763468^ 

and  23-09925922,  either  of  which  may  be  the  fide, 
required. 

QV  ESTION  VIII. 

Given  the  four  fides  AB=^  BC=  10,  C£>=  1  r, 
and  DA  =12,  and  the  angle  BDC=  300,  formed  by 
the  diagonal  BD  and  the  fide  DC-,  required  the  area 
of  the  trapezium. 

Firft,  by  trigonometry,  BC-.CD:: 
i(sUBDC):^^ss=zthefme 

of  the  angle  DBC=  33°  22 ' ;  whence 
i8o0-3o°+33°  22/=  i8o°-63°  22 'a 
i^S'r^C;  and  s.  L BDC:  s.  L C: : 
C5:^Z>=iox-8938936x2=  17-877872. 

Then  BCx  CD  x  *  s.  LC=  fox  11  x  -446940*8  = 
49-164148  =  the  area  of  the  triangle  BCD, 

Andv/i9-433936*io-438936x7-438936xi-56io64 
=48'5'4337  =  the  area  of  the  triangle  ABD. 

Wherefore  49-164148  +  48*54337  =  97707518  = 
the  area  or  the  whole  trapezium. 

Qjj  ESTION  IX. 

If  from  the  right-angled  triangle  ABCt  whofe  bafe 
is  12,  and  perpendicular  16  feet*  be  cut  off,  by  a  line 

DE 


Digitized  by  Google 


Se&.  H.       PROMISCUOUS  QUESTIONS.  121 

DE  parallel  to  the  perpendicular,  a  triangle  whofe 
area  is  24  fquare  feet ;  what  are  the  fides  of  this 
triangle? 

The  triangles  ABC,  ADE,  are  fimilar, 
and  the  areas  of  fimilar  triangles  are  as 
the  fquares  of  their  like  fides  ;  but  12x8 
=  96  is  the  area  of  the  triangle  ABC, 

and  AE^x/Air+DE^s/V+^^/xoo^io. 

QjJ  E  S  T  I  O  N  X. 

If  from  a  triangle  whofe  fides  are  13,  14,  15,  be 
cut  off  by  a  line  drawn  parallel  to  the  longcft  fide, 
an  area  of  24  j  what  are  the  lengths  of  the  fides  in- 
cluding that  area  ? 

Firft,  ii+'i+ii ac  ^  as  2 1  =*  half  the  fum  of  the  fides, 

from  which  each  fide  being  taken,  leaves  6y  7,  8; 
therefore  \Z2ix6x7x8=v'Vx71x4s  =  3x4x7  =  84  = 
the  area  of  die  given  triangle.   Then,  as  in  the  laft, 

x/S^:\/2^::  04:14^7  =  2  >/ itf  =  the  three  fides 

inclofing  the  area  cut  off. 

QU  ES  TION  XI. 

If  two  fides  of  a  triangle,  Whofe  area  is  y/ 10800 
=  60^/3,  be  20  and  12,  what  is  the  third  fide? 

From  the  end  of  one  of  the  given  fides  let  fall  the 
perpendicular  CD  upon  the  other  fide  produced. 

2  H  Then 
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Then  (fig.  to  queft.  y)CD  =  ^= 1 0V3.  *ndZXB= 
y/BC-CD*  zVzo'-sxio'rao;  hence  DA=AB=±BD 
=  2  2  or  2 ;  and  = v/^ii  *  +/X,n = 2 1  or  2  *+3x  1 a* 
=  v/784  or  v/3°4  =  28  or  4^/19- 

QjJ  E  S  T  I  O  N  XII. 

Given  the  area  =  144,  the  bale  ^=24,  and  one 
angle  BAC=  300,  at  the  bafe ;  to  find  the  fides  AB,  BC 

Firft,  144-5- 12  (^C)=  12  =  the  15 
perpendicular  BD. 

Then,  as  7  =  s.^300:  1  =  s. LD:: 
12  =  DB:  24= BA.   

But  DA=s/AB'-BD*  =s/2£-i2\ 
and  DC=  CA-AD  =  24-V24'- 1 2  s 

Wherefore  £C=  JCD'+DB*  =  24^2-^3  =  i2x 
^76-^2=  12*423314184. 

Or,  fince  -45  is  =  AC,  the  Z. C  will  be  =  the  LB  — 
I8^-io=:_^o  =  7r.  hcnccLDBC=  ,5o.  and  therefore 

as  radius  =  1 :  fee.  15°=  1*0352762::  BD  =  12:  12  x 
1-0352762  =  12-4233 144  -  BC. 

Note.  It  is  pretty  evident,  that  this  triangle  will  be  conflru&cd  by 
drawing  All  to  make  with  the  given  bafe  AC  an  angle  of  300,  and 
meeting  with  a  line  drawn  parallel  to  and  at  the  diftance  of  the  per- 
pendicular BD  from  AC,  in  B  the  vertex  of  the  triangle. 

QjJ  ESTION  XIII. 

Given  the  area  ior2,  and  ratio  of  the  fides  of  a 
triangle,  viz.  AC  to  CB,  as  4  to  3,  and  CB  to  BA 
as  2  to  3 ;  to  find  the  fides. 

It  is  evident  that  the  fides  AC,  CB,  BA,  are  in  the 
ratio  of  the  three  numbers  8,  6X  9,  refpe&ively,  and 

therefore 
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therefore  a  triangle  whofe  fides  are  8, 6, 9,  will  befimi- 
Iarto  the  triangle  propoled  j  but  fimilar  triangles  are 
as  the  fquares  of  their  like  fides,  and  \/  V  xixjx  V  = 
=  the  area  of  the  triangle  whofe  fides  are  8, 

6,  9;  therefore  1  ^8855:^1012:: 
8: 32  =  ^10847375=52-47024=^. 

«  ^:24>/^=^io84737i:=39-3i:268=C5. 
9:3^v/^ji=^x/io847375=59'o2902=^. 

QjJ  ESTION  XIV. 

The  diftance  of  the  centers  of  two  circles,  whofe 
diameters  are  each  50,  being  given  equal  to  30;  it 
is  required  to  find  the  area  of  the  fpace  inclofed  by 
their  circumferences,  and  that  of  a  fquare  infcribed 
in  the  faid  fpace  ? 

Conjlruflion. 

Having  defcribed  the  circum- 
ferences including  the  common 
fpace  AHBI,  Iff  being  the  com- 
mon part  of  both  the  diameters,  . 
bifeft  Iff  in  C,  and  through  C  K 
draw  FCD,  GCE,  making  each 
half  a  right  angle  with  Iff,  and 
meeting  the  arcs  in  Dy  Ey  F,  Gr 
the  four  angular  points  of  the 
fquare. 

Gal- 
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Calculation. 

If  K  be  the  center  of  one  of  the  circles,  then  HK~KC 
25- 1 5=  1  o = CH^CI-  die  height  of  each  iegment  j 

and  7^  =  —  =  '2=the  tab.verfed  fine ;  againft  which, 

in  the  table  of  circular  fegments,  ftands  the  area 
*  1 1 1823S0;  therefore  *i  1 18238x50x50x2=559*1 10 
=  the  two  fegments  or.  common  fpace  AHBIA 

Again,  drawing  KD,  wc  {hall  have  as  .0/1  =  25: 
A"C=  15::  s.iC=i35°  or  45°:  s.  LCDK=2S°  6k' \  hence 
i8o°-i35°-25°  6*'=  iSo'-ioV*  62/=  190  53*'=  LK-, 
then  as  radius=s.Z./.:  s.  Z,A*=  I9°53t  -  KD=25  :DL= 
8*553925,  the  double  of  which  is  DE=ij'ioj8$- 
the  fide  of  the  fquare.  And  therefore  1 7*10785 x 
1 7*10785  =  292*67853  =  the  area  of  the  fquare. 

Qjj  E  s  t  1  o  N  XV. 

Given  the  bafe  AC=is,  the  area  45,  and  the  ratio 
of  AB  to  BC  as  2  to  3  j  to  find  the  fides  AB,  BCt  of 
the  triangle? 

Firft,  the  area  45  +  71     ^      Vt  j 
(  i  AC)  =  6  =  the  perpendi- 

<:ular  BD.    Then  take  AE :        /       ^N.  ^  r 
EC::  AB: BC,  that  is  5  =  2+      /     j  \ 

0     ^  <  3  :  9  =  £C  S  ' 

and  fuppofe  FB  =  iM,  as  alfo  the  lines  ££,  EF,  and 
the  perpendicular  HP  to  be  drawn  ;  and  we  (hall 
have  the  two  triangles  ABE,  EBF,  equal  to  each 

other  in  every  refped ;  but  i  £Z)x  =  3  * 
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a  27-18  =  9  =  A^FC;  hence  9  (a£FC) -4-41  (1£C) 
=  2  =  the  perpendicular  FG;  but  GE  =  </EFl-FGl 
=  v/63-23=v/32,  and  GC=  CE-EG=  9-^32 ;  whence, 
by  fimilar  triangles,  FG :  GC::  BD : DC=  27 -3^32, 
and,  confequently,  DA  — AC -CD  =  3^3  2-12;  where- 

fore>JafVly^Jg  =  s/BlV+DA*  =y/6>  3^32- iTj J  = 
3v/2a+v/32-4|*  =  6v/i3-8v^2  =  779146,  and,  as  2: 
3  ::AB:BC=9x/l3-XS2=  1 1*68719. 

From  the  foregoing  folution  the  following  con- 
ftruction  is  evident. 

Having  drawn  HI  parallel  to  AC,  and  at  fuch  dis- 
tance from  it  as  is  cxprcfled  by  the  perpendicular 
BD,  found  from  the  given  area  and  bale,  and  taken 
AE  to  EC  in  the  given  proportion  of  AB  to  BC\  with 
the  center  E  and  radius  EA  defcribe  an  arc  meeting 
in  F,  with  a  line  KL  drawn  parallel  to  AC  and  at 
fuch  diftance  from  it  as  is  denoted  by  a  third  pro- 
portional to  CE,  CE-EA,  and  BD ;  then  through  F 
draw  CB  meeting  with  HI  in  B,  and  join  B,  A. 

QjJ  ESTION  XVI. 

Given  the  fegments  2?D=  10,  and  DC=  14  of  the 
bafe  BC  made  by  a  line  AD  bifecYing  the  vertical 
angle  A,  and  the  fum  of  the  fides  BA+AC=^S;  to 
find  the  area. 

If  a  line  bifect  any  angle  of  a 
triangle  and  cut  the  oppofite  fide,  it 
is  known  that  the  fegments  of  that 
fide  are  to  each  other  as  the  other 
fides  adjacent  to  them.  Wherefore  24 

2  *  area 
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area  is  ^36x8x12x16  =  6x2x2x4 ^2x3  =  96^6  = 
235*15100154. 

Qj  e  s  t  i  o  n  XVII. 

Having  given  the  continuations  of  the  two  fides 
of  the  vertical  angle  of  a  given  triangle,  to  find  the 
area  of  the  triangle  formed  by  the  faid  continuations 
and  a  line  connecting  their  extremities. 

That  is,  Given  AB=2,  £C=3,    v    E 

C/i=4;  and  AE=7,  CD=io,  or     \.  yf 
BE  =  S>  BD  =  j  ;  required  DE  \s3/Y 
and  the  area  of  the  triangle  7_^£* 
DBE.    A  C 

Firft,  n/|x;xtXi=t  v/i5=^  area  of  the  triangle 
ABC.  But  fince  the  vertical  angles  at  B  are  equal, 
and  triangles  having  one  angle  in  each  equal,  are  as 
the  rectangles  of  the  fides  about  the  equal  angles  ; 
we  fhali  have  6:35:^15:  VVi*  =  16*944305  =  ^ 
area  of  the  triangle  BDE. 

Then,  having  drawn  EP  perpendicular  to  BC, 

Wi5^l(^)=Vi5  =  ^->  *>nt %/BE*-EP*= 
v/25-TTX25=v/H=i=P^,  and  PB+BD_=7+^"  = 

DP;  hcnceVDP'+PE^Jlf+isxl^ 

ty/Z^  +  iSxT*  =  ?  v/i464=i  ^366=9*565563235  = 
DE. 

(Question  XVIII. 

Given  the  area  ( 1 00)  of  the  equilateral  triangle 
ABC,  whole  bale  falls  on  the  diameter  and  vertex 
in  the  middle  of  the  arc  of  a  femicircle ;  required 
the  diameter  DE  of  the  femicircle  ? 

Since 
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Since  the  area  of  an.  equilateral 
triangle  is  equal  to  the  iquare  of  the 
fide  drawn  into  ±  y/$t  we  fhall  have 

the  fide  Jfl and  the  half  d±~  V  fc  i 
of  it  AP=<y^=-^- ;  whence  the  radius  of  the 


Si 


circle  or  perpendicular  of  the  triangle  BP  is  =  area 

*  AP- 1  oo+-^-=  1  o the  double  of  which  is  20 
</i 

=  26*3214802^3:  the  diameter  required. 

QjJ  £  S  T  I  O  N  XIX. 

The  area  of  a  triangular  meadow  is  100  perches 
or  fquare  poles,  and  the  length  of  one  of  its  fides  is 
40  poles,  which,  alfo,  is  a  mean  proportional  be- 
tween the  other  two  fides ;  from  which  it  is  required 
to  find  the  unknown  fences? 

Conjlruttion. 

Make  AB  =  40  =  the  bafe 
or  given  fide,  on  the  middle 
C  of  which  raife  CD  perpen- 
dicular and  equal  to  (  VV  =) 
5,  the  perpendicular  height 
of  the  triangle.  Then  fince 
the  rectangle  of  two  fides  of 
a  triangle  drawn  into  the  fine  of  their  included  angle 
is  equal  to  double  the  area,  we  fhall  havef-^-=^  i 

Mox4°  / 

for  the  fine  of  the  vertical  angle ;  therefore  draw  BE 
making  the  angle  CBE  equal  to  the  complement  of 
that  angle,  meeting  CD,  produced,  in  E ;  fo  will  E 

be 
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be  the  center  of  the  circle  circumfixibing  the  trian- 
gle ;  therefore,  with  the  center  E  and  radius  EB  or 
EAy  defcribe  an  arc  ABF  meeting  DF,  drawn  pa- 
rallel to  AB,  in  F ;  then  draw  AF,  FB,  and  it  is 
evident  that  ABF  will  be  the  triangle  required. 

Calculation. 

Draw  FP  perpendicular  to  and  meeting  AB,  pro- 
duced, in  P.  Then,  fincc  -i  is  the  s.  of  L  E,  it  will 
be  as  t:  i  =  s.  Ld:  2o=C#:  160=  BE  ;  or  thus,  by- 
geometry,  ^777!-=^-—=  1 6°  =  BE.  Again,  CE  = 
s/EB'-BC  =  x/i6o1-20t  =  20^/63  =  60^/7  ;  hence 
DE=  EC-CD  =  oov/7-5,  and  DF=*/FE'-ED>  = 
5\/iS+24S7'>  but  BP  =  DF-CB  =  $*/ 1 5+24^/7-20, 
and  therefore  BF=s/ FP'+PB*  = 
10^8+6^7-2^15+2^/7-  24-80833,  and  confe- 
qucntly  FA  =  ^  =  ^^  =  6^9H7. 

QjJ  E  S  T  I  O  N  XX. 

The  four  fides  of  a  field,  whofe  diagonals  are 
equal  to  each  other,  are  known  to  be  25,  35,  31, 
and  19  poles,  in  a  fuccefiive  order;  from  whence 
the  content  of  the  field  is  required  .? 

Conjiruclion. 
Make  AB  and  AC  perpendi- 
cular to  one  another,  and  each 
equal  to  one  of  the  given  fides,  £. 
as  3 j  ;  with  the  centers  B,  C, 
and  radiufes  equal  to  the  two 
remaining  oppofitc  fides  25  and 
31,  defcribe  two  arcs,  interfer- 
ing 
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ing  in  D,  draw  AD,  and  BE  perpendicular  and  equal 
to  it ;  draw  AE  and  DEt  and  ABDE  will  be  the 
trapezium.* 

Calculation. 

Draw  BC  meeting  AD  in  r,  upon  which  let  fall 
the  perpendiculars  An,  Dm.  Then  BC=  s/BA'+AC 

i=35*/2,and^«=«i?=  ±BC=^-=^-  again, 
BO-CD*  _  a  ^+2x3^-31*  "   2II4~  i;i4/2 

2iiC       ~"  70^/2       "70^2  To   '  a 

mn  =  nB-Bm=j--1£xS2=jS2',  but  mD  = 

y/DB'-Bm*  =  ^ 25f--^-f X2=  TV  ^o'-i^i «X2 
s=7V  v/ 1 6898  *,  and,  by  fimilar  triangles,  An+mD: 
rnn::  An:nr=  ^f^L.o  >  nence  r<A  =  \/Anx  +  nrx  = 

^        i7s4V;8449  ?  and>  by  fiilular  triangles, 

rn:nni'.'.rA\AD=is/i<)Z+T</%4A<)  =  BE. — Then,  bc- 
caufe  AD  is  equal  and  perpendicular  to  BE,  by  rule 
2  page  69  we  obtain  the  area  s  ADxBEx  '» fine  £.F 
=  ^fT*  =  ix793+7v/«449=7 1 8*2 14547  fquarc  poles 
=  4ac.  iro.  38*214547  perches. 

2  K  Olherzvifi. 


*  For,  by  the  conftruftion,  ^i?,  BD  are  the  two  fides  35,  2 j,  and 
the  diagonal  BE  =  //D ;  fo  that  we  have  only  to  fhew  that  AE,  ED 
are  equal  to  the -other  two  fides,  31,  19.— Now,  by  the  conftruclior., 
the  angles  CAD,  ABE,  being  each  the  complement  of  BAD,  arc 
equal  to  each  other  ;  and,  by  the  conftru&ion,  CA  and  AD,  AB  and 
BE,  about  thofe  eqnal  angles,  arc  alio  equal;  and  therefore  the  re- 
maining fides  CD,  AE  are,  iikewife,  equal,  that  is  AE=  31.— Bur. 
by  the  property  of  all  As,  BAX—AEX  =r  BFl—FE'-  =  BDl—DEl  ; 
and,  therefore,  i/UL>*+  AE^/IB1  a=  ^25"- +3 1 s— 351  =s  1/ 


Q.E.D. 


I 
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Otherivife. 

Having  found  mB^^s/z  j  wemallhaveasZ>i?= 
25:  Bm=^</2  ::  I  :  —v/W 604^2  =  '854 1849 9 

s=  the  cofme  of  the  L  DBm  =  3 1 0  20';  but  rai?^  =  450, 
confenuently  LDBA=-j6°  20';  then  6o  =  AB+BD: 

,0  =  4fl-HZ>  ::  tang.  ^±^£  =  ^  2C/ :  tang. 
lbdJ-lbjd_  j  x 0  ^  hence  ^ j o  50,_j  j o  ;8/ _ 3 O0  ^ 

=  L  BAD ;  laftly,  s.  L BAD :  s.  : :  BD  =  is:DA= 

>yS^y=BE,  which  is  nearly  equal  tQ\/793+7\/8449 
_ 37-90025,  the  value  above  found. 

QjJ  e  s  T  1  o  n  XXI. 

The  trapezium  ABCD  is  to  be  meafured ;  and, 
becaufe  of  fome  obftrudions  from  wood,  water,  &c. 
or  for  want  of  proper  inftruments,  there  can  be  taken 
only  the  following  meafures :  viz.  AB  is  58-5  chains, 
BC  27*3,  CD  50,  and  DA  32  chains;  alfo  in  ADT 
continued,  there  is  meafured  any  diftance  DE  27*5, 
and  the  diftance  from  E  to  C  is  32*5  chains ;  required 
the  area. 

Draw  the  diagonal  AC,  and  on  B^^c 
AD,  produced,  let  fall  the  per-  /'  ■■■y/f- 

pendicular  CP.  /  ....  •  ""y  / ; 

Becaufe  DC  is  =  CE l+ED>+  /     I  \ 

"DExEP,  we  fliall  have  EP  =    A        D      ^  P 

2DE  SS  J  sfDxPC 

K/CEl-EP9  =n/32-5'-i2-5'=3o,  therefore— 7—  = 
i^XsO  =  4So=the  area  of  the  triangle  ADC, 

Again, 
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Again,  AP=AD+DE+EP=  $2  +  2r5+i2'5  =  72' 
therefore  CA=  y/AP%+PC  =  \/ 72^30*  =  78. 

Alio,  letting  fall  the  perpendicular  2?J^,  fince  AB* 

=  iJC'+C^^CxC^,  wcmallhave^ 

=  21-84;  hence  %B  =  s/BC~-C^  =  16*38  ;  therefore 

^^  =  39xi6-38  =  638-82  =  the  triangle  ABC. 

Whence  480+^38*82  =  1 1 18*82  fquare  chains  = 
1 1 1  '882  acres  =  1 1 1  ac.  3  r.  2  r  1 2  perches  =  the  whole 
area  required. 

Qj/  ESTION  XXII. 

To  find  the  length  of  a  chord  cutting  off  any 
part,  as  fuppofe  7,  from  a  circle  whofe  diameter  is 
289. 

The  area  of  the  whole  tabular  circle,  or  of  the 
circle  whofe  diameter  is  1,  is  78539816;  the  }  of 
which  is  '26179939  nearly,  which  is  a  fegment  fimi- 
lar  to  the  fegment  to  be  cut  off.  Now,  the  vcrfed 
fine  anfwering  to  this  area,  in  the  table  of  circular 
fegments,  is  "36753395,  which  taken  from  the  whole 
diameter  1  leaves  '63246605  for  the  other  part  of  the 
diameter ;  then,  becaufe  the  femi-chord  is  a  mean 
proportional  between  the  two  fegments  of  the  di- 
ameter, we  Ihall  have  2v/*632466o5  x '36753395  = 
•96426162  =  the  chord  of  the  tabular  iimilar  feg- 
ment. Wherefore  as  1 :  289  :: '964261 62  : 278*67 16 
=  the  chord  line  required. 

Question  XXIII. 

In  the  unpaffable  field  ABCD  there  are  meafurcd 
the  fides  AB,  29;  AD,  59;  and  DC,  15  chains:  alfo, 

by 
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by  drawing  BG  parallel  to  AD  till  it  meet  with  DC, 
produced,  in  G,  BG  meafures  23 ;  and  GC,  10  chains ; 
required  the  content. 

Draw  BH  parallel  to  GD :  B_J* 
then  is  BHDG  a  parallelo-  /j^^^P 
gram,  and  confequently  BH      /  \ 

=  GD  =  25,  and  HD  =  i?G  -    a  1  n  5 

23  ;  hence  AH=AD-DH=  36. 

But,  letting  fall  the  perpendicular  BI>  HI= 

*J^=d*l=  ,  5,  and  IB=jBH>-HI>  =2o.Whencc 

AD+BG  x  y  Zff  =  82  x  1  o  =  82  o  =  the  area  of  the  trape- 
zoid ABGD. 

Again,  drawing  the  diagonal  /?Z>,  /ZDxi/B- 
23x1 o  =  230  =  the  triangle  ZWZ)  =  the  triangle BGD-, 
but  the  triangles  BGD,  BGC,  being  of  the  fame 
height,  arc  to  each  other  as  their  bafes  DG,  GC\ 
that  is,  DG=25:GC=  10::  triangle  BDG=  230:  tri- 
angle #££=4x230=2x46=  92. 

Whence,  by  taking  the  triangle  BOG  from  the 
trapezoid  ABGD,  we  have820~ 92  =  728  fquare  chains 
=  72  a.  3  r.  8  perches  =  the  area  required. 

N'Ae.  It  is  evident  that  this  figure  will  be  conftrueled,  by  firft 
forming  the  triangle  ABH,  and  joining  the  parallelogram  BGDH 
to  it. 

QjJESTION  XXIV. 

To  find  the  area  of  the  hexagonal  field  ABCDEF, 
the  fides  BC,  DE,  FA,  being  produced  to  meet  in  the 
points  Z,  T,  X-y  there  are  given  the  following  dimen- 
sions ;  Z5  =  39,  BC=  1 18>  cr=  25>  ^=30,  E>E= 
1  co,  EX=  6 j,  XF=  23, FAzz  1 09,  and  AZ=3J  chains, 

Firft, 


Digitized  by  Google 


Se#.  II.     Promiscuous  Questions.  133 

Firft,  by  prob.  2  feci.  1,  the 
area  of  the  triangle  ZTX  is  1 4 1  9  6 
fquare  chains. 

But,  it  appears  from  rule  3  of 
the  fame  problem  that,  the  areas 
of  triangles,  having  one  angle 
common*  are  as  the  rectangles 
of  the  fines  including  the  com-        A  J1'  * 

mon  angle ;  wherefore 

XZxZT=  169x182  :  37x39::  14196:666  =  A AZB, 
ZYxYX  =  182x195  :  25x30::  141 96  :  300  =ACrDt 
TXxXZ  =  195x169  :  65x23  ::  141 96  :  644  =  &EXF, 

whofe  fum  1 6 1  o  taken 
from  141 96  the  triangle  ZTX,  leaves  12586= the  area 
of  the  hexagon  ABCDEF  required. 

QjJ  E  s  t  1  o  n  XXV. 

It  is  required  to  find  the  area  of  the  heptagon 
ABCDEFG  infcribed  in  the  trapezoid  HIKL,  the  di- 
menfions  as  below: 

Viz.  #B=34,  BC=8$,  C/-17,  JD^i,  DK=66,  KE=, 
£F=9i,  JFX=26,  Z/5=29,  GA=i6o,  and  ^#=33. 

Firft,  drawing  /M  parallel 
to  KL,  and  letting  fall  the  per- 
pendicular/ZV,  /Afwill  be=AZ 
=  130,  MH=HL-/K=ii4i 

hence  MN=  \mh  ~ 


50,  and  iV7=  y/IM'-MN'  =  120. 

But  a  trapezoid  is  to  a  triangle,  haying  each  one 
angle  equal,  as  the  rectangle  under  the  fum  of  the 
parallel  lides  and  the  other  fide  including  that  angle, 

2  L  in 
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in  the  trapezoid,  is  to  the  re&anglc  under  the  fides 
including  the  angle,  in  the  triangle. 

Or,  As  that  one  of  the  two  fides  in  the  trapezoid, 
about  the  angle,  which  is  not  one  of  the  parallel  fides, 
is  to  half  the  diftance  of  the  parallel  fides,  fo  is  the 
rectangle  under  the  two  fides  of  the  triangle  about 
the  angle,  to  its  area.* 

fi  36:60::  33X34:49£=A^#£, 

iT/u     c     J  i36:6o::  I7X42:3I5=AC/Z>, 
Wherefore  S  1 30:60::  66x  1 3  :  3  96= A  DAE, 
U  30:60::  26x  29:  $4.8=&FLG, 

the  furn  is  1 554,  which  taken 
from  19800,  the  area  of  the  trapezoid,  leaves  18246 
fquare  chains  =  1824  a.  2r.  16  perches. 

Nste.  This  is  conftructed  as  the  23d. 

QjJ  E  S  T  I  O  N  XXVT. 

In  the  quadrangular  field  ABCD,  if  AD  be =46*8, 
DC- 1 9*5,  BE  perpendicular  to  AD  and =44*8  chains, 
and  D  a  right  angle  ;  alfo  if  AB  be  to  BC  as  8  to  5  ; 
it  is  required  to  find  the  content  of  the  trapezium 
ABCD,  and  the  lengths  of  the  fides  AB>  BC 

ConJlruBion. 

Draw  AD- 46*8,  and  Z)C=  19-5  making  a  right 
angle  D  with  it ;  join  A,  C;  take  AF  to  AC  as  8  to  1 3 



•  For  AH%HH  :  IS.UAH  : :  (radius  :  \  s.LH: ;)  HIx\JN:x  (by 
equal  mult.)  HlxJK^'hL  :  \  INx  7a>// L  =  the  trapezium.  

In  the  fame  maimer,  CLxLF :&CLt  :i  L/C :  i  IN : :  LKx  1K+HL  : 
*/,Yx7X+HL. 

But  the  angles  /  and  K  are  the  fupplements  of  the  angles  H  and  L, 
and  have,  therefore,  the  fame  fines  j  and,  conlequcntly,  the  rule  will 
be  the  fame  for  them. 


uigi 
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(8+5),  or  JF:FC::S:Si 
make  AG  =  AF,  and  FH 
parallel  to  it  and  =  to 
FC;  draw  GHI  meeting 
AC,  produced,  in  7;  with 
the  center  7  and  radius 
IF,  defcribe  an  arc  meet- 
ing a  line  drawn  paral- 

W  Tn  "  °f  44,8  (the  Pedicular) 

from  AD,  in  B  the  other  point  of  the  figure  required  * 

Calculation, 
Firft,  AC-SJjy^  and> 

ftruaion,  i3:8::507  =  ^C:3r2  =  ^F;  hencc^  = 


then,  by  fimilar  triangles  again,  (demittine  /Kmr- 
pendicular  to  AD,  produced)  co-7  =  AC- 8r-  -  AT- . 
^46-8  =  AD:  y&S  =  AK,7  .  ,  ^~Ai>- 
liyS  =  DC:32  =7x7,  SWhence  (drawing  IL  pa- 
rallel to  KE)  LB  =  BE-KJ  =  1 2*8,  and  KE  =  LI= 
x/IB'-BL*  =  50-4;  and  hence  £J=  AK-KE  =  -> 6*4 
and^B  =  y/BR'+EA>  =  52  5  alfo 8:5 :: 52  =  J73: 32-5 

But  4  ^x^?=  I3-2X4+-8  =  Wr3<  =  the  area  of 
the  triangle  ^2?C 

 L  And 


•  Demon 


strati  ON. 


Bccaufc,  by  fimilar  As,  IJ:  AG  (/fF)->  IF-  Fff  /rr\  i 
by  divifion.^/f  ::F/:JC,  or,  join no -A  i  /l  1^*1  V 
the  /./,  included  by  thefc  proportion-*!  •       ia  'H'-IC\ 

^/:/ff(/f)::^7:f7/::)8s5  conTcquently 


have, 
but 
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And  EB+CDxiDE  =  64-3x1  0*2  =  655-86  =  the 
area  of  the  trapezoid  DEBC. 

Therefore  655*86+59 1*36  =  1247*22  fquare  chains 
=  124  a.  2r.  35*52  perches  =  the  area  of  the  qua- 
drangle ABCD  required. 

QjJ  E  S  T  I  O  N  XXVII. 

Given  the  three  fides  AB  =  13,  BC  =15;  and  CA  « 
14,  of  a  triangle  ABC,  divided  into  three  equal  parts 
by  the  two  lines  FG,  ED  both  parallel  to  AC;  it  is 
required  to  find  the  areas  of  the  two  fegments  MHN, 
KIL,  and  zone  LMNK'mto  which  the  inferibed  circle 
is  cut  by  thofe  lines. 

Firtt,  y/2  1x8x7x6  ss 
\/ 7x3x2x4x7x2x3  =  7x3x4 
=  84  =  the  area  of  the  tri- 
angle ABC. 

Then  84  -  7  (  i  AC)  =  1 2  - 
the  perpendicular  B%j  and 

84  +  21  (  )  =  4  = 

the  radius,  or  8  =  the  dia- 
meter HI  of  the  inferibed  circle. 

Now,  the  triangles  BFG,  BED,  BAC,  are  fimilar : 
but  fimilar  triangles  are  as  the  fquares  of  their  like 
dimenfions;  alfo  thofe  triangles  are  to  one  another 
as  the  numbers  1,  2,  3,  refpectively  ;  wherefore  v/3 : 


2  =  Z^:^I:,2^  =  4v/3  =  ^, 


>v/2:i2v/}=4v/6  =  J5/>; 
Hence  $B-BP  -  1 2-4v/6  =P®=  the  verfed  fine 
IR>,  VJ3-B0  =  1 2-4 v/3  =  0<l=  IS;  and  HI-IS  = 
4>/3-4  =  the  verfed  fine  SH 

Then, 
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Then,  dividing  the  verfed  fines  US,  Rlt  by  the  di- 
ameter, we  have  — ^  =  -366025404,  and 
\2-W6  _  3-/6  __  .2  JS255 1 28 ;  the  correfponding  ta- 
bular verfed  fines ;  to  which,  in  the  table  of  circular 
fegments,  belong  the  areas  '26034449,  and*  1 757  7983 
=  the  tabular  area  correfponding  to  the  two  feg- 
ments; whofe  fum  taken  from  '785398  &c.  leaves 
•34927384=  that  correfponding  to  the  zonej  each 
of  which  being  multiplied  into  64,  the  fquare  of  the 
diameter,  gives  their  feveral  areas,  viz. 

{•26034449  =  16*66204736=  the  fegmentZTTC, 
64  x  )'  1 75  7  7  983  =  1 1  '249909 1 2  =  the  fegmentNHM, 

C34°27384«  22*3535*576=  &e  zoneMLKK 
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PART  III. 

Mensuration  ^Solids- 


General  Definitions. 

A Solid  or  body  is  a  figure  extended  in  every  di- 
rection. It  is  commonly  faid  to  confift  of 
length,  breadth,  and  thicknefs,  which  are  three  of 
its  extentions ;  of  which  the  direction  of  each  is  per- 
pendicular to  thofe  of  the  other  two. 

The  meafure  of  a  folid  is  called  its  folidity,  capa* 
city,  or  content. 

By  the  menfuration  of  folids  then  are  determined 
the  fpaces  included  by  contiguous  lurfaces ;  and  the 
fum  of  the  meafures  of  thefe  including  furfaces  is 
the  furface  or  fuperficies  of  the  body. 

Solids  are  meafured  by  cubes,  whofe  fides  are 
inches,  feet,  yards,  or  any  other  affigned  quantity 
and  hence  the  folidity  of  a  body  is  faid  to  be  fo 
many  cubic  inches,  feet,  yards,  &c.  as  will  fill  its. 
capacity  or  fpace,  or  another  of  an  equal  magnitude. 

The  lead  folid  meafure  is  the  cubic  inch,  other 
cubes  being  taken  from  it  according  to  the  propor- 
tion in.  the  following 

Tablr 
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Cubic  inches   |   cubic  fect 

tubic  yjidi  [ 

1  |  cub.  polct  | 

i««H             1  1  c.  fail.  { 

O46?9jollooo  }        ?t74<>6oo<  |      1064*000  |        64000  |         1     |  c  intlff 

1541JIO6IOS60OO  1  l4-»«!»-»5*«>co  |  J4JI7  J6OCO  |  J276JOOO  |      JIZ     |       I  | 

'XA 


SECTION  I. 

Of  Prifms,  Pyramids,  and  the  Sphere,  ivitb  the  Parts 
into  which  fome  of  them  may  be  cut  by  planes, 

APrifm  is  a  folid  all  whofe  plane  fections,  parallel 
to  its  end  or  bafes,  are  equal  and  fimilar  fi- 
gures.— It  is  among  folids  what  a  parallelogram  is 
among  planes. 

Or  a  prifm  is  a  folid  -whofe  fides  are 
parallelograms,  die  ends  of  all  which  pa- 
rallelograms form  the  bafes  or  ends  of 
the  prifm,  which  ends  or  bafes  are  two 
equal,  parallel,  and  fimilar  plane  figures. 

Prifms  receive  feveral  particular  deno- 
minations according  to  the  figure  of  their 
ends  or  bafes. 

If  the  bafe  be  a  triangle,  it  is  called  a  triangular 
prifm.    And  is  fomething  like  a.  hat  box. 

If  its  bafe  be  a  fquare,  it  is  a fquare  prifm;  if  a 
pentagon,  a  pentagonal  prifm ;  if  a  hexagon,  a  hex- 
agonal prifm ;  &c. 

If  the  length  or  height  of  a  fquare  prifm  be  equal 
to  one  fide  of  its  bafe,  it  will  be  of  the  form  of  a 
die,  and  is  called  a  cube. 

IE 
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If  the  bafe  be  a  rectangle,  it  is  called  a  parallel 
p;  ped  :  like  a  box  or  cheft  whofe  length  and  breadth 
or  height  are  unequal. 

If  the  bafe  of  a  prifm  be 
a  circle,  it  is  called  a  cylin- 
der: like  a  rowling-ftone. 

In  this  prifm  the  number 
of  parallelograms  forming 
its  fides  is  infinite. 

A  pyramid  is  a  folid  whole  fides  are  tri-       /  \ 
angles,  and  whofe  vertexes  meet  in  a  point  /h\\ 
at  the  top  called  the  vertex  of  the  pyramid.     /  /  \\ 
Alfo  the  bafes  of  the  triangles  form  the    /  j  y 
baft  of  the  pyramid.  V  y 

If  a  right  line,  moveable  about  a  point  fixed  a- 
bovc  a  plane,  be  moved  round  fb  as  to  defcribe  any 
figure  upon  the  plane,  the  fpace  inclofed  by  the 
path  of  the  line  will  be  in  the  form  of  a  pyramid. 

The  pyramid,  like  the  prifm,  receives  particular 
denominations  according  to  the  figure  of  its  bafe. 
Thus  a  triangular,  fquare,  pentagonal,  hexagonal, 
&c.  pyramid  hath  for  its  bafe  a  triangle,  fquare, 
pentagon,  hexagon,  &c. 

A  cone  is  a  round  pyramid,  or  a  py- 
ramid having  a  circular  bafe. 

Here  the  number  of  triangles  form- 
ing the  upright  furfacc  of  the  pyramid 
is  infinite. 

Hence,  if  a  fedor  of  a  circle  be  conceived  to  be 
rowlcd  up  till  its  two  bounding  radiufes  coincide, 
it  will  take  the  form  of  a  cone.   And,  in  general,  a 
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pyramid  may  be  formed  by  rolling  up  a  part  of 
a  plane  figure,  cut  off  from  it  by  two  lines  drawn 
to  the  perimeter  from  any  point  within  it ;  having 
cut  the  figure  through  from  the  faid  point  to  every 
angular  point  of  the  perimeter,  to  make  it  bend  or 
join  fb  as  that  every  part  into  which  it  is  cut  may 
form  a  right-lined  angle  with  the  next  part. 

A  fphere  is  a  folid  bounded  by  a    a  \ 
convex  furface,  every  point  of  which    |L  m 
is  equally  diftant  from  a  point  within  'I y 

called  the  center. 

If  a  femicircle  be  moved  round  its  diameter  fixed, . 
the  fpace  through  which  it  moves  will  be  in  form 
of  a  fphere  or  globe. 

The  axe  or  axis  of  a  fblid  is  a  line  connecting  the 
middle  of  its  oppofite  ends.  So  the  axe  of  a  prifrn 
is  a  line  from  the  middle  of  the  one  end  to  the  mid- 
dle of  the  other ;  the  axe  of  a  pyramid  is  a  line  from 
the  vertex  to  the  middle  of  the  bafe;  and  the  axe 
or  diameter  of  a  fphere  is  a  line  drawn  through  the 
center  and  terminated  at  the  furface  on  both  fides. 

A  right  prifm,  or  pyramid  is  a  prifm  or  pyramid 
whofe  axe  is  perpendicular  to  its  bafe.  And 

An  oblique  prifm  or  pyramid  is  one  whofe  axe  is 
not  perpendicular  to  its  bafe. 

Alfo,  a  prifm,  or  a  pyramid,  is  faid  to  be  regular 
or  irregular  according  as  the  bafe  is  a  regular  or  an 
irregular  plane  figure. 

A  fegment  of  a  pyramid,  fphere,  or  any  other 
tapering  folid,  is  a  part  cut  off  the  top  by  a  plane 
parallel  to  the  bafe. — If  the  plane  pafs  through  the 

2  N  center.- 
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center  of  the  fphere,  it  will  cut  it  equally  in  two, 
and  each  half  is  called  a  hemifphere. 

The  fection  made  by  the  plane  is  a  plane  fimilar 
to  the  bafe  of  the  figure ;  and  every  fe&ion  of  a 
fphere  is  a  circle.  If  the  fe&ion  be  made  through 
the  center,  it  is  a  great  circle  of  the  fphere,  having 
the  fame  diameter  with  the  fphere ;  if  not,  it  is  a 
little  circle. 

A  fruflum,  truncus,  or  trunk,  is  the  part  remain- 
ing at  the  bottom  after  the  fegment  is  cut  off*. 

If  a  fruflum  be  cut  by  a  plane  diagonally  parting 
through  the  extremity  of  one  fide  at  the  lefs  end, 
and  through  the  extremity  of  thooppofite  fide  at  the 
greater  end,  the  two  parts  into  which  it  is  cut  are 
called  ungulas  or  hoofs ;  the  greater  hoof  being  that 
including  the  greater  end,  and  the  lefs  that  including 
the  Jefs. 

A  zone  of  a  fphere  is  a  part  intercepted  between 
two  parallel  planes. 

The  middle  zone  is  that  whofe  parallel  ends  are 
equally  diftant  from  the  center. 

A  fcclor  of  a  fphere  is  a  folid  compofed  of  a  feg- 
ment  lefs  than  a  hemifphere,  and  of  a  cone  having 
the  fame  bafe  with  the  legment,  and  whofe  vertex  is 
the  center  of  the  fphere. 

The  height  of  a  folid  is  the  perpendicular  drawn 
from  its  vertex  or  top  to  the  plane  of  its  bafe. 

A  folid  is  convex  where  the  furface,  being  curv- 
ed, rifes  outwards  j  and  concave  where  it  finks  in- 
wards. 

Similar  pyramids  are  thofe  which  are  contained 
under  an  equal  number  of  fimilar,  and  fimilarly  po- 
rted plane  figures. 

Similar 
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Similar  folids  are  thoie  which  are  made  up  of  an 
^qual  number  of  fimilar,  and  fimilarly  pofited  py- 
ramids ;  or  that  are  contained  under  an  equal  num- 
ber of  fimilar  plane  figures,  alike  placed. 

Problem  I. 

To  find  the  fur/ace  of  a  prlfin. 

General  Rule. 

It  is  evident,  that,  if  the  area  of  each  fide  and  end 
be  calculated  feparately,  the  fum  of  thofe  areas  wiH 
be  the  whole  furface  of  any  prifm,  whether  right  or 
oblique,  or,  indeed,  of  any  other  body  whatever.* 
— But  for  a  right  prifm  obferve  the  following 

Particular  Rule. 

Multiply  the  perimeter  of  the  end  into  the  height, 
and  the  product  will  be  the  fum  of  the  fides,  or  up- 
right furface.  Or,  if  the  ends  of  the  prifm  be  re- 
gular plane  figures,  multiply  the  perimeter  of  the 
end  into  the  fum  of  the  height  of  the  prifm  and  the 
radius  of  the  circle  inferibed  in  the  end,  and  the  pro- 
duct will  be  the  whole  furface. 

Example  I.  What  is  the  upright  furface  of  a  tri- 
angular prifm  whofe  length  is  20  feet,  and  the  ends 
of  its  bafe  each  1 8  inches  ? 

Here  18x3=54  inches  =4;  feet  equal  to  the  peri- 
meter of  the  bafe. 

Therefore 


*  The  furtaccs  of  fimilnr  prifms,  and  indeed  of  any  other  fimilar 
bodies,  arc  as  the  fquarcs  of  their  like  lineal  dimenftons ;  this  follow? 
from  their  being  compofed  of  fimilar  plane  figures,  alike  placed. 
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Therefore  4^x20=90  fquare  feet  equal  to  the  up- 
right furface. 

Again,  by  rule  2  problem  4  feclion  1,  we  have  2x 
1*  1  x  *43  3° 1 3=  *  '94^55^3  =  the  area  of  the  two  ends. 

Whence  91*9485585  is  the  whole  furface. 

Example  II.  What  is  the  furface  of  a  cube  the 
length  of  each  of  whofe  fides  is  20  feet? 

20x20=400  equal  to  the  area  of  one  fide, 

And  400  x  6  =  2400 = the  whole  furface  required. 

Example  HI.  What  muft  be  paid  for  fining  a 
rectangular  cittern  with  lead  at  2d.  a  lb.  the  lead 
being  7  feet  to  the  lb.  fuppofing  (on  the  infide)  the 
length  to,  be  3  feet  2  inches,  the  breadth  2  feet  8 
inches*  and  height  2  feet  6  inches  ? 

Firft,  38+32x2x  30=  70x60  =  4200  fquare  inches 
equal  to  the  two  fides  and  two  ends  together. 

Then,  3^x32=1216  =  to  the  area  of  the  bottom. 

Wherefore  4200+1216  =  54*6  fquare  inches  =• 
371;  fquare  feet = the  whole  area. 

But  374f><7  =  263TfTlb.  =  the  whole  weight. 

Therefore  lib.  :  2d.  ::  263^:  2I.  3s.  iojd.  the 
coft. 

Example  IV.  What  is  the  convex  furface  of  a 
round  priiin  or  cylinder  whofe  length  is  20  feet, 
and  the  diameter  of  whofe  bafe  is  2  feet* 

3*1416x2  =  6*2832  =  the  circumference. 

Therefore  6*2832x20=  125*664  =  the  convex  fur- 
face. 

Example  V.  What  is  the  whole  furface  of  a 
cylinder  whofe  length  is  10  feet,  and  the  circum- 
ference  is  3  feet? 

Here 
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Here  10+^-^  x  3  =  30  +  ^=3 1*43239  =  the 
whole  furface  required. 

Problem  II. 
To  find  the  folidity  of  a  prifm. 

Rule. 

Multiply  the  area  of  the  bafe  into  the  height, 
and  the  product  will  be  the  folidity.* 

Example  I. 
How  many  (olid  feet  are  in  a  fquare  prifm  whole 
length  is  57  feet,  and  each  fide  of  its  bafe  is  iy  feet? 

i-fx  It=^xt=  'j  --  the  area  of  the  end.  And  Vx5i= 
V  x  y  =  V  =  OTfolid  feet  equal  to  the  content  required. 

2  O  Ex- 


•  For,  if  we  conceive  to  be  cut  off  from  the  prifm,  by  a  plane  pa- 
rallel to  the  ends,  a  part  whofc  height  is  equal  to  the  lineal  meafuring 
unit ;  and  then  imagine  both  its  ends  to  be  divided  in  a  fimilar  man- 
ner into  fo  many  fquares  as  arc  exprened  by  the  area  of  each,  the 
fide  of  each  of  thofe  fquares  being  equal  to  the  lineal  meafuring 
unit ;  and,  laftly,  fuppofe  planes  to  be  drawn  through  the  corref- 
ponding  lines  of  divifion;  it  will  be  evident  that  the  part  cut  off  will 
be  divided,  by  thofe  planes,  into  fo  many  cnbes  as  there  arc  fquares 
in  each  end,  and  alfo  having  the  fame  distention  with  thofe  fquares, 
viz.  the  "lineal  meafuring  unit;  and  this  number  of  cubes  is  the  mea- 
furc  of  the  part. 

But  the  magnitude  of  the  whole  prifm,  or,  indeed,  of  any  other 
of  an  equal  bafe,  is,  evidently,  fo  the  magnitude  of  the  part  whofc 
height  is  the  lineal  meafuring  unit,  as  the  length  of  the  whole  is  to 
that  unit  (:). 

And,  therefore,  the  meafurc  of  the  wholo  is  equal  to  that  of  the 
part  fo  often  repeated  as  there  arc  lineal  meafuring  units  in  the 
height ;  that  is,  equal  to  the  bafe  drawn  into  the  height. 

And  that  the  rule  is  true  for  oblique  prifms  as  well  as  right  ones, 
will  be  evident  by  conceiving,  according  to  the  method  of  Cavaleriui, 
a  right  and  an  oblique  prifm,  of  equal  bafes  and  heights,  to  be  made 
up  of  an  indefinite  number  of  equal  thin  plates  all  parallel  to  the  bafe ; 
for  the  priuns  being  both  of  a  height,  the  one  of  them  will  require  as 
many  of  fuch  plates  to  compofc  it  as  the  other. 
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Example  II. 

How  many  ale  gallons  of  water  will  the  ciftern 
hold  whofe  length,  breadth,  and  height  are  3  feet  2 
inches,  2  feet  8  inches,  and  2  feet  6  inches  \ 

38x32  x  30  =  36480  =the  folidity  in  inches.  And 
36480-*- 282  s  6080-7-47  =  129^  ale  gallons. 

Example  III. 

What  is  the  capacity  of  a  cylinder  whofe  height  is 
20  feet,  and  the  circumference  of  its  bale  20  feet, 
alfo? 

rirft,-£-.=  the  diameter,  and  iox-^T=-^-= 

3  '4»0  '  3*1416  3*1416 

•7^54  =  tne  area  °f  tne  enC^ 

Then,  ^ILX  20=  J-f?p=  636-61828  =  the  capa- 
city  required. 

Example  IV. 

What  is  the  capacity  of  the  oblique  cylinder  whole 
axe  is  20  feet,  and  the  circumference  of  whofe  bafe 
is  20  feet  alfo;  the  axe  making  an  angle  of  750  with 
the  bafe? 

As  in  the  laft  example,  the  area 

of  the  bafe  is  or-2-^?. 

•7854  3927 

But  as  1  (rad.):  '9659258  (s.  75° 
=  L  B) : :  2 o  ( AB) :  * 965 9 2 58  x  20  = 
19  3 18516=  JC=  the  height  of 
the  cylinder. 

Therefore^—  x  1 9-3 1 85 1 6  = 

1 25ooox*oo49 1 94082=6 14*02602 
the  capacity  required. 
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As  I  (s.Z.C): '96592*8  (s.Z.£)::  636*61828  (the 
capacity  in  the  laft  example):  636*61828  x '9659258 
8  614*92602  the  capacity  the  iame  as  before. 

Example  V. 
Suppofe  the  right  cylinder  whofe  length  is  20  feet, 
and  diameter  3  feet,  to  be  cut  by  a  plane  parallel  to 
and  at  the  diftance  of  1  foot  from  its  axe :  required 
the  folidities  of  the  two  prifins  into  which  the  cy- 
linder is  cut. 
Cli  _i_  1 

fine,  to  which  in  the  table  of  circu- 
lar fegments  correfponds  the  area 
•086041 1 7  >  hence*  08  604 1  iy^(ABl) 
s  * 7  743705?  =  the  area  of  the  feg. 
jBDE,and  7^53981 0-  »04i  17x9 
8  •69935'Wy '9  =6*29421291 8 the 
fegment  ADE. 

Whence  V0l,y77437°tt=  ^S'^l^^FGHBED 
wnence  -0^6*2942i699=i25*88434  F/GEAD.9 

Problem  III. 
To  find  the  curve  fur/ace  of  the  utigula  DEACD  of 

a  cylinder. 

Rule. 
Put  /&=  the  height  AD, 

v  =  AF  the  verf.  fine  of  i  the  arc  of  c 

the  bafe, 

d-  the  diameter  AB, 
a  -  the  arc  EAG  of  the  bafe,  E 
s=FG  the  right  fine,  and  c  -  the 
cofine  of  the  j  arc  j 


M* 

Cr  1 

Then 


148  Cylindric  Ungula.         Part  III. 

Then  -  xds-ac=  the  convex  furface.* 

V 

That  is,  From  the  product  of  the  diameter  and 
Unc,  fubtract  the  product  of  the  arc  and  cofine, 
and  multiply  the  difference  by  the  quotient  arifmg 
from  the  divifion  of  the  height  by  the  verfed  fine. 

Ncte  1.  When  F  is  the  center  of  the  bafe;  then  v  =  /=i</,  and  c 
so;  and  then  the  theorem  becomes  dh,  viz.  the  product  of  the  dia- 
meter and  height  equal  to  the  curve  furface. 

Note  3.  When  AF  exceeds  \  AB,  then  ac  muft  be  added. 

Example  I. 
Given  the  diameter  AB  equal  to  100,  the  height 
AD  equal  to  1 40,  and  the  verfed  fine  AF  equal  to 
1  o :  required  the  curve  furface. 

Here 


•  For,  having  drawn  HI,  IK  parallel  to  FA  and  AD  refpeclively, 
and  joined  the  points  H,  K,  fince  it  is  evident  that  the  furface  is  gene- 
rated by  the  motion  of  IK  along  the  arc  AIG,  A7x  the  fluxion  of  7,7  will 
be  the  flux,  of  the  furface.  Wherefore  put  z  =  A  I,  x  =  its  fine  IL\\CE, 
and  v=  its  coline;  then  HIzsLFxzFA—AL=v—id+j,  and,  by  fimilar 

fj   

triangles,  FA :  AD    HI :  IK=-x v-\d+y  ;  and  hence  the  fluxion 

of  the  furface,  or  s  x  IK  is  £xcz— \dz+/z.    But  ;:aiA,  and  there- 

(orc'zxIK=-*vz— \dz  +idx ;  the  fluent  of  which  istxvz-idz+idx 

l    V 

=  -  xidl^Tz  s  (when  IA=  AC)  -  x  \  ds-\ ac,  the  double  of  which 
v  v 

is -xdt—acs:  the  whole  convex  furface  DEAGD. 
v 

Corollary  I. 

If  F  b:  the  center  ;  then  v=  *  =  id,  and  rs'/;  and  then  the  theo- 
rem becomes  barely  dh  =  4  times  the  triangle  DJF . 

Corollary  II. 
When  AF  exceeds  id,  c  is  negative,  and  then  —  ac  becomes  +ac. 

Corollary  III. 
If  F  coincide  with  B ;  th:n  /  =  c,  and<-  =  —  \v;  and  tl»e  theorem 
Lccome-i  j4-jA=  half  the  furface  of  the  cylinder. 


Digitized  by  Google 


Seel.  I.  Cylindric  Ungula.  149 

Here  d=  1 00,  h- 140,  and  v= 1  o:  wherefore  \d- v 
=50-10=40=^  And \/±dd-cc=y/25 00- 1 600=^900 
=  30=/. 

But  ^=|i=T=*6= the  fine  reduced  to  the  radius  r, 

to  which,  in  a  table  of  fines,  belong  36  degrees,  52*268 
minutes  =  36*871  13  degrees.  Then,  by  rule  1  for  the 
length  of  a  circular  arc,  *oi  745329x36*871 13x100 
=  64*352252  =  the  arc  a. 

Whence  ^xds-ac  =  14  x  3  000-2574*09008  =  14  x 
425*90992=5962*73888=theconvexfurfacerequiretl. 

Example  II. 

If  the  diameter  and  height  be  100  and  140,  as 
before,  and  the  fection  be  made  through  the  center 
of  the  bafe,  or  v=  7^=50;  what  is  the  convex  fur- 
face? 

Here,  by  note  1,  dh—  100x140=  14000=  the  con- 
vex furface  required. 

E  x  A  M  P  l  e  HI. 

Suppofing  d  and  h  ftill  the  fame,  and  ^  =  90  }  to 
ifind  the  convex  furface. 

Here  \ d-v = 50-90  =  —40  =  c,  1  =  30  the  fame  as 
before,  but  is,  here,  the  fine  of  the  fupplemental  arc, 
which  therefore  is  180-36*87 1 13  =  143*  1 2887  degrees. 
Hence  *o  1 745  3  29  x  1 43*  1 288 7x100  =  249*807 o  1 3  = 
the  arc  a.  Or  the  arc  may  be  fooner  found  byonlyfub- 
tracting  the  arc  in  the  firft  example,  viz.  64*352408, 
from  314*159  &c.  the  whole  circumference. 

Then,  by  note  2,  -xds+ac=.  V4x3ooo+9992*28o52 

=  V*x  1 2992*28052  =  20210*2 1414  =  the  convex  fur- 
face required. 

2  P  Pro 


ij:o  Cylindric  Ungula.         Part  III. 

Problem  IV. 

To  find  the  folidity  of  the  hoof  of  a  cylinder. 
Rule. 

From  j  of  the  cube  of  the  right  fine  fubtracl  the 
product  of  the  bafe  and  cofine  of  half  the  arc  of  the 
bafe,  then  multiply  the  difference  by  the  quotient 
of  the  height  divided  by  the  verfed  fine,  and  the  pro- 
duel:  will  be  the  folidity  required. 
That  is,  putting  b=  the  height  AD  ^ 

v = the  verled  fine  AF 

s  » the  right  fine  FG 

c  =  the  cofine = -AB-AF 
and  b  =  the  bafe,  or  area  of  thefeg.  GAEGy 

Then  ;75-^x~  =  the  folidity  * 

Note 


•  For  the  fluxion  of  the  folid  is  =  the  A  HIK  drawn  into  the  fluxion 

•  h 

of  LI,  which  fluxion  wiU,  therefore,  be  xx—xHI*  (uflng  the  fame 


as  before  (fee 
thelaftfig.) 


eharafters  as  in  the  demonftrationNof  the  laft  problem)  ss  —  x  /—c\%  — 
^ x  ry— icy+cc  =  ^1  x»— 29+cc  sr  ^ x }  M-xx-dc+2cx/lL+cc 

=  ^Xfj—xx—2cxfL;  whofe fluent  ^X//-fv.v— ^  x  area  FJIH^ 

when  /  coincides  with  C,  h  Ax*7>^c,  the  double  of  which  is  -x 

be  =  the  content  of  the  folid  DEACD  required. 

Corollary  I. 
If  Ffall  in  the  center  of  the  bafe ;  then  rs=o,  and  ts=.v^z\d\  and 
the  rule  will  be  ±  ddk. 

Corollary  II. 

If  AF  exceed  FB,  c  will  be  negative,  and  then  —be  will  become  +bc. 

Corollary  III.  / 
If  F  fall  in  B ;  /  =  o,  and  c  =  —  \v ;  and  thenrthe  theorem  becomes 
half  the  cylinder. 
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Note  1 .  If  F  be  the  center,  that  is,  if  the  baft:  be  equal  to  the  femi- 
circle,  then  vs=/,  and  r=o;  and  therefore  \bst  =.±ddh  is  the  foli- 
dity  in  that  cafe. 

Note  2.  Ifv  exceed-}//,  that  is,  if  the  bafe  exceed  the  femicircle, 
then  e  is  negative,  and  be  iputt  be  added. 

Example  I. 
If  the  diameter  AB  be  50,  the  height  AD  120,  and 
the  verfed  line  AF  10;  what  is  the  folidity  of  the 
hoof. 

Orfuppofing  a  cylindric  ve{fclABCDr  containing  a. 
fluid,  to  be  placed  in  fuch  a  pofition  that  the  furface 
©f  the  fluid,  difpofing  itfelf  parallel  to  the  horizon, 
may  cut  the  bafe  in  GE  leaving  40  inches  of  the 
diameter  dry,  and  the  fide  of  the  cylinder  in  D  120 
inches  diftant  from  the  bafe ;  to  find  how  many  ale 
gallons  are  in  it  j  the  diameter  of  the  bafe  being  50 
inches. 

Here  h  =  120,  ^=50,  and  1/  =  ro.  Then  \d-^j  — 
25- 10=1  $=c,  and  y/idd-cc= >/2  5  *- 1 5 1 = v/ 5**5* '-3s 
=  v/i"*x4J  =  5x4  =  2o=j. 

And,  to  find  the  bafe  by  the  table  of  fegments, 

^=^=•2,  this  found  in  the  column  of  verfed  fines,  op- 
polite  to  it  I  find  the  area  *i  1 18238:  hence  50X5OX 
•1 1 18238  =  27 9*5595 the  fegment  or  bafe. 

Then  ~^s'-bc=  1 2  xt  x 8000-15x279-5595  =  1 2  x 

5333WI93'3<>25  =  12x1139-9408=13679-2896  = 
the  folidity  in  inches;  which  divided  by  282,  the 
inches  in  a  gallon,  give  48*50939  ale  gallons  for  the 
content. 

Example  II. 
Suppofe  the  cylinder  fo  placed,  that  the  furface  of 
the  liquor  may  bifecl  the  bafe,  and  rife  up  the  fide 

to 
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to  the  fame  diftance  of  120  inches  from  the  bafe:  to 
find  die  content. 

Here,  by  note  1,  we  have  iddh  =  *°**°XI2°  =  ^0x 

50x20  =  50000  fol id  inches  =  177*3049645  gallons, 
for  the  content  in  this  cafe. 

Example  III. 

Suppofc,  now,  the  fame  veffel  fo  placed  as  that 
the  furface  of  the  liquor  may  leave  only  1  o  inches 
of  the  diameter  dry,  {till  rifmg  to  the  fame  diftance 
of  1 20  inches  along  the  fide ;  to  find  the  content. 

Here  the  part  of  the  cylinder  s  baie  left  dry  is  equal 
to  the  bafe  in  the  firft  example,  viz.  279*5505 ;  which, 
therefore,  taken  from 50 x50x* 7 853 98 16=1 963*4954, 
the  whole  circle,  leaves  1 683*9359=  £  =  the  bafe  of 
the  ungula  in  this  example. 

Now  t>=4o,  c  —  ~- 15,  and  j  =  20. 

Whence  h-  x  \  s '-be  =  V*  x  ;*8ooo+25259*o385  =  3 x 

30592*3718=  91777*1154  folid  inches=  IZS'4S°7& 
gallons  =  the  content  in  this  cafe. 

Problem  V. 
To  find  the  furface  of  a  right  pyramid. 

R  u  L  E. 

Multiply  the  perimeter  of  the  bafe  by  the  flant 
height  or  length  of  the  fide,  and  half  the  product 
will,  evidently,  be  the  furface,  or  the  fum  of  the 
areas  of  all  the  triangles  which  form  it.* 

E  x- 


•Corollary  I. 
Hence,  becaufc  in  a  right  cone  the  circumference  of  the  bafe  into 
half  the  Ivlc  i«  equal  to  the  curve  furface,  aad  into  half  the  radius  is 

equal 
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Example  I. 

What  is  the  furface  of  a  triangular  pyramid,  the 
flant  height  being  20  and  each  fide  of  the  bafe  3  ? 
Firft,  3x3  =  9=  the  perimeter  of  the  bafe. 

And  2^?=  9  x  1  o  =  qo  *=  the  furface  required. 
Example  II. 

Required  the  furface  of  a  fquare  pyramid  whofe 
flant  height  is  20  and  each  fide  of  the  bafe  3. 

3X4X2o_  j2j<io=i20  =  the  furface  fought. 

Example  HI. 

Required  the  convex  furface  of  a  circular  pyra- 
mid, or  cone,  whofe  flant  fide  is  20  and  the  circum- 
ference of  the  bafe  9. 

—2=  10x9=90=  ^  convex  furface. 

2Q_  Pro- 


equal  to  the  bafe,  therefore  as  the  radius  of  the  bafe  is  to  the  fide, 
fo  is  the  bafe  to  the  curve  furface.— -And  the  fame  is  true  of  any 
other  pyramid  whofe  bafe  is  a  regular  figure,  viz.  as  the  radius  of  the 
circle  inferibed  in  the  bafe  is  to  the  flant  height,  fo  is  the  bafe  to  the 
furface. 

CoROLlAtV  IL 

Let  there  be  a  cone  and  cylinder  of  the  fame  bafe  and  altitude' 
the  common  altitude  being  equal  to  the  radius  of  the  bafe;  then  the 
bafe,  the  furface  of  the  cone,  and  the  furface  of  the  cylinder,  are  to 
one  another  as  the  numbers  i,»/2,  and  2,  andfo  are  in  continual  pro- 
portion. 

And  the  fame  is  true  of  any  other  regular  prifm  and  pyramid  of 
the  fame  bafe  and  altitude,  the  altitude  being  equal  to  the  radius  of 
the  circle  inferibed  in  the  bafe. 
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Problem  VI. 
To  find  the  furface  of  the  fruftum  of  a  right  pyramid. 

Rule. 

Multiply  the  fum  of  the  perimeters  of  the  ends 
by  the  flant  height,  and  half  the  product  will  be 
the  furface  required.* 

Example  I. 

How  many  fquare  feet  are  in  the  furface  of  the 
fruftum  of  a  fquare  pyramid  whofe  flant  height  is 

1  o  feet,  each  fide  of  the  greater  bafe  being  3  feet  4 
inches,  and  each  fide  of  the  lefs  2  feet  2  inches  ? 

4x40+2 6=4x66 =2 64= the  fum  of  the  perimeters. 

264x10x12  r         .    -t        264x10x12  r  c 

—5  fquare  inches  =  —  fquare  feet  = 

2         ^  2x144 

H*_^=  1 1  x  1 0=  1 00 feet  =  the  furface  required. 

Example  II. 

If  a  fegment  of  6  feet  flant  height  be  cut  off  a  cone 
whofe  flant  height  is  30  feet,  and  circumference  of  its 
bafe  1  o  feet,  what  will  be  the  furface  of  the  fruftum  ? 

As  30=  the  height  of  the  whole  :  6=  the  height  of 
the  upper  part::  10= the  bottom  circumference :  *i  = 

2  =  the  circumference  at  the  top  of  the  fruftum. 

Then  ^-2x  24=  6x24- 144=  the  furface  required. 

Pro- 


•  Demonstration. 

For  the  funaee  is  compofed  of  a  number  of  equal  trapezoids  whofe 
common  height  is  c<:u;i!  to  the  flant  height  of  the  frulhim,  and  the 
Aims  of  whofe  parallel  fides  make  up  the  perimeters  of  the  ends  of  the 

J'mtlum. 
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Problem  VII. 
To  find  the  folidity  of  a  pyramid. 

Rule. 

Multiply  the  bafe  by  the  perpendicular  height, 

Ex- 


and  y  of  the  product  will  be  the  content.* 


#  Let  VAB  be  a  pyramid  whofe  bafe  is  any 
plane  figure,  regular  or  irregular,  VP  a  X  to  the 
bafe  in  P  and  meeting  the  fetfion  ab,  parallel  to 
the  bafe,  in  p ;  and  put  A  for  the  area  of  the  bafe 
AB,  a  for  that  of  the  fetfion  ab,  b  the  height  PV 
of  the  pyramid,  and  *  the  height  Pp  of  the  fru- 
ftum  AabB. 

Firft,  the  parallel  fedions  AB,  ab,  are  to  each 
other  as  the  fquares  of  their  diftances,  PV,  Vp, 
from  the  vertex.  For,  becaufe  they  are  funilar 
plane  figures,  which,  are  as  the  fquares  of  their 
like  fides,  we  lhall  have  A :  a ::  AC*  :acx  ::  (by 
fim.  As)  AV*  :  Va* : :  (by  fun.  As  again)  PV*  (bb)  i 

Vp* 

A  Ax 

Hence  we  find  a  =  b— \\ *  x  — ,  and  a'x  =  j£*f>— *l*>  ^c  flucnt  of 

which  is  Axx  1—  ~  +  ^=  the  content  of  the  fruftum  AabB. 

Corollary  I. 
Since  */A:  */a ::b:b—x,  it  will  be  ^  A—*/a :  */A: :  x  (b—b—x) :  b  — 

— ,  which  being  fubftitutcd  for  b  in  the  Quantity  Axx  i-  *-f-  ^ 
V '  A—\fa  h  ^bb 

cxprcflin?  the  content  of  the  frufhim,  that  content  will  become  \xx 

A+a+^Aa. 

Corollary  II. 

Or,  if  S  be  a  fide  or  any  other  line  in  the  greater  end,  and  /  a  funilar 

x     g  f 

fide  or  line  in  the  lefs,  fincc  S — / :  5  ::x  :  b,  hence T  =  — ^7-  ,  which 

h  S 

being  fubftituted  inftead  of  it,  gives  f  Ax  x  SI+?J+1L  for  the  value 


of  the  faid  fruftum. 


Co- 
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Example  I. 

Required  the  folidity  of  a  triangular  pyramid  whofe 
height  is  30  and  each  Tide  of  the  bafe  3. 

Firft,  3x3x*433oi3=r3*897i  i7  =  thearea  of  the  bafe. 

Then  L!2Iii£2?:=  38-97 1 1 7 =the  folidity. 

Ex- 

>   

Corollary  III. 
If  x  =  f>,  then  arxo,  and  the  general  exprefiion  becomes  \  Ahzz 
the  whole  pyramid ;  which  is  our  rule. 

Corollary  IV. 
If  the  bafe  be  a  regular  figure ;  let  S  be  one  of  its  fides,  s  =  a  fide 
of  the  lefs  end  of  the  fruftum,  and  «=  the  area  of  a  fimilar  figure 
whofc  fide  is  i,  to  be  found  in  the  table  in  page  81 ;  then  A==nSS, 
r.nd  a  =  nst ;  hence  the  folidity  of  the  fruftum  will  be  ssx\nx 

~  xi-nx,  and  that  of  the  pyramid  =;  InSSA. 

S—j  T 

Corollary  V. 
If  the  bafe  be  a  fquare ;  then  Mttti,  and  the  laft  exprefiions  become 

\SS6  for  the  whole  pyramid,  and  \xxSS+Sj  +  h  or-^-r-~  x^x  for 
1  the  frullum. 

Corollary  VI. 
Tf  the  bafe  be  a  circle;  thcu  n  m  -7854,  '26iSSSi=s  the  cone,  and 

x- 26 i8x or * '26  i8x  =  the  fruftum ;  where  5  is  the 

diameter  of  the  bafe,  and  /  that  of  the  top. 

Corollary  VII. 
If  a-=.  A;  then  A+a+</  Aa*\x  becomes  %A*\x  =  A.%  =  theprifm. 

Corollary  VIII. 
Hence  a  prifro  is  to  a  pyramid  of  the  fame  bafe  and  height  as  3  to  i, 

and  to  the  fruftum  of  the  fame  bafe  and  height  as  1  to  1— ,or 

a        .a  SS+Ss+jj  s  it 

as  3  to  i+-  +  Vj*  «r  u  3  to  —55—  or  1 +5+ 

Corollary  IX. 
Similar  pyramids  arc  as  the  cubes  of  their  like  fides.   For  the  py- 
ramid is  as  M,  or  (becauie  ./  is  as  hh)  as  P ,  or  (by  firailar  As)  as  VA* . 

Corollary  X. 
All  fimilar  folids  arc  as  the  <  uVs  of  their  like  fides.    This  followi 
from  their  being  compoicd  of  fimilar  pyramids. 
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Example  II. 

Required  the  folidity  of  the  fquare 
pyramid  each  fide  of  whofe  bale  is  30 
and  the  flant  height  25. 

Firft,  30x30=  900  =  the bafe.   

But  BC  =  x/CAt-ABt  =v/251-i7'" 

-\/5m*5,-3,xjf'  =  v'i6xj-"«:4,cjaB 
20  =  the  perpendicular  height. 

r  ,  poo x  20  , 

Then  — - — =300x20=  6000= the  folidity. 

Example  III. 

Being  to  meafure  an  oblique  cone;  and  having 
taken  the  circumference  of  the  bafe  equal  to  40  feet, 
and  the  outward  angle  which  the  fide  of  the  cone, 
where  it  was  fhorteft,  made  with  the  horizon  85-° ; 
going  thence  in  a  direct  line  towards  the  part  to 
which  the  vertex  inclined,  to  the  diftance  of  100  feet, 
I  found  there  the  angle  of  elevation  of  the  vertex  of 
the  cone  to  be  500 :  required  the  folidity. 

The  Z.£+Z.£=850+5o°=i3£°.  c 

And  i8o0-i3r=450=Z,5C£. 
Then 

s.LBCE=4S°  —  9*849483-0 
BE  =  100  —  —  2-0000000 
s.  LE=5o°    —  9-8842540 

BC     —     —  2*0347690 

And  s.Z.D  =  9o°  —  —  io'ooooooo 
BC  —  —  —  2*0347690 
s.  LB  =  $5°  —  —  9*9983442 
DC-  107*9228    —  2*0331132 

2  R  But 
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But        =  .^=127323  96  =  the  diameter. 
And  12*732396 x  10=  127-32396  =  the  bafe. 
Whence  ^p?*  =  4*"44i *  IQ7'9"8  = 
4580*386=  the  content  of  the  cone. 

Example  IV. 

There  is  a  cone  whofe  perpendicular  altitude  is  40 
feet,  and  the  circumference  of  its  bafe  30  feet,  which 
is  cut  by  a  plane  drawn  from  the  vertex,  and-  palling 
through  the  bafe  at  the  diftance  of  2  feet  from  the 
center ;  what  is  the  folidity  of  the  whole  cone  and 
of  the  two  pyramids,  GH&C,  GHAC,  into  which  it 
is  cut?  [Thelaftfig.] 

Now  ^7^6  =  974929  =  the  diameter  of  the  bafe. 

And  9  5*92?  =  4774648  =  the  radius. 

Therefore  4*  7  74648-2  =  277  4648 = the  verfed  fine 
of  the  lefs  fegment  of  the  circle. 

Then,  to  find  its  area  by  the  table  of  circular  feg- 

ments,  2774648+^  *  2'  7  74648  x  ^=27  74648 

x  1*0472  =.-29056 1 1  the  tabular  verfed  fine,  to  which 
anfwers  the  tabular  fegment  '18955709,  which  mul- 
tiplied by  the  fquare  of  the  diameter  gives  17*2856 
=  the  lefs  fegment,  or  bafe  of  the  lefs  pyramid. 

Buti*^l  X*7854=~T6=  71^197  =  thewhole 
bafe. 

Andhcnce  71*6  r  97-1 7*2856  =54*3341  =  the grea- 
ter fegment,  or  bafe  of  the  greater  pyramid. 

Then 
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Then    x  i 1 7*2856=  230*474|  =  *e  lefs  pyramid, 
7    ?54-334i  =  73*414T=::thegreaterPyr- 
their  fum  is  954*929!=  the  whole  cone. 
Or,  fince  7 1  *  6 1 9  7  is  the  area  of  the  bafe  of  the  cone, 

therefore  V6'97*4?  =  954-9297  =  the  folidity  of  the 
cone. 

Problem  VIII. 
To  find  the  folidity  of  the  fruftum  of  a  pyramid. 

Rule. 

Add  into  one  fum  the  areas  of  the  two  ends  and 
the  mean  proportional  between  them,  multiply  the 
fum  by  the  perpendicular  height,  and  y  of  the  pro- 
duct will  be  the  folidity. 

That  is,  If  A  be  the  area  of  the  greater  end, 

a  that  of  the  lek,  and  b  the  height, 

Then  A+d+\/Aa  xjh  will  be  the  folidity. 

Note  1.  If  the  ends  be  regular  polygons,  the  particular  rule  for 
them  will  be  eafier,  thus :  Add  together  the  fquare  of  a  fide  of  each 
end  of  the  fruftum,  and  the  product  of  thofc  fides,  multiply  the  fum 
into  the  height  and  the  product  into  the  tabular  area  anfwering  to  the 
particular  figure  of  the  ends,  and  ^  of  the  laft  product  will  be  the 
content. 

Or,  Divide  the  difference  of  the  cubes  of  the  faid  fides  by  their  dif- 
ference, and  multiply  the  quotient  by  the  height,  and  the  tabular  area, 
and  take  \  of  the  product. 

Note  2.  If  the  ends  be  circles,  the  fruftum  will  be  that  of  a  cone, 

and  then  multiply  •  2.618  l^^j  by  the  height,  and  the  produfl  either 

by  the  quotient  arifing  from  the  divifion  of  the  difference  of  theeubes 
of  the  diameters  by  the  difference  of  the  diameters,  or  by  the  fum 
arifing  from  the  addition  of  the  fquare  of  each  diameter  and  the  pro- 
duct of  the  diameters.* 

Ex- 


*  All  thefc  rules  come  from  the  demonftration  of  prob.  7  and  its 
corollaries. 


l6o 
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Example  I. 
How  many  folid  feet  are  there  in  a  tree  whofe 
bafes  are  fquares,  each  fide  of  the  one  being  1 5  inches, 
and  each  fide  of  the  other  6,  and  the  length  meafures 
along  the  fide  24  feet  ?    [Fig.  to  ex.  2  prob.  7.] 
Here  5x15  =  225  =  the  greater  bafe, 
6x6  =  36=  the  lefs, 
and  1 5x6  =  90  =  their  mean. 

their  fum  is  351   

But,  AB-DK-  -]--Z  =  4L.  =  AF,  and  s/DA'-AF* 

=  ^24x1  ^|1-4;r=287'9649  inches  =FD  =  the  per- 
pendicular height. 

Therefore 3  ?-IX283r  9649  =  1 1 7x287-9649=3360 1-8933 

inches  =  1 9*49762  feet  =  the  folidity. 

Example  IL 
If  a  calk  which  is  two  equal  conic  fruftums  joined 
together  at  the  bafes,  have  its  bung  diameter  28 
inches,  its  head  diameter  20  inches,  and  length  40 
inches  ;  how  many  gallons  of  wine  will  it  hold  ? 

Here  20*  x  7854= 3 14*16=  area  at  the  end, 
28V7854=6i5*7536  =  area  of  the  bung  circle, 
and  >/2oV7854x  28*x  7854=20x28x7854=439-824 
=  their  mean  proportional;  their  fum  is  13697376, 
which  multiplied  by  y  (T  of  the  length  of  both  fru- 
ftums together)  produces  18263-168  folid  inches; 
which  divided  by  231,  the  inches  in  a  wine  gallon, 

r  3)ip26yi68 
thus,  231  =3x7x11  i  7)60877*226; 

1 1  )86o-6746 

gives  79*0613  wine  gallons. 

Or, 
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Or,  2o,+28,+2ox28x4ox'26i8=  1744x10*472 
=  18263*  1 68= the  folidity  the  fame  as  before. 

Problem  IX. 
To  find  the  folidity  of  a  cuneus  or  wedge. 

A  wedge  is  a  fblid  having  a  rectangular  bafe  AC, 
and  two  of  the  oppofite  fides  ending  in  an  acies  or 
edge  EF. 

Rule. 

To  twice  the  length  of  the  bafe  add  the  length  of 
the  edge,  multiply  the  fum  by  the  product  of  the 
height  of  the  wedge  and  breadth  of  the  bafe,  and  | 
of  the  laft  product  will  be  the  folidity. 

That  is,  ufing  the  letters  in  the  demonflration  be- 
low, bh  x  ^p-=  the  content* 

2  S  Note. 

*  Demonstration. 
Put  L  =  BC  =  the  length  of  the  bafe, 
/  =      =  the  length  of  the  edge, 
b  =  HA  =  the  breadth  of  the  bafe, 
h  =s  EP  =  the  height  of  the  wedge. 
Then,  fince  it  is  evident  that,  according  as  the  edge  is  fhorter  or 
longer  than  the  bafe,  the  wedge  is  greater  or  lefs  than  half  a  prifm  of 
the  fnme  height  and  breadth  with  the  wedge  and  length  equal  to  that 
of  the  edge,  by  a  pyramid  of  the  fame  height  and  breadth  at  the  bafe 
alfo,  and  the  length  of  whofc  bafe  is  equal  to  the  difference  of  the 
lengths  of  the  edge  and  bafe  of  the  wedge;  wc  (hall  havef  bib  +  bb* 

^fl=im+u  x^=«,^=»»!iti.  h.e.d. 

CoRouAtr. 

If  /=  L,  the  rule  will  become  bb*  ^--ss  i  ML  =  -£-  a  prifm  of  the 

6 

fame  bafe  and  height,  as  it  ought. 

Scholium. 

It  is  evident  that  whether  the  two  ends  or  the  nvo  fides  of  the  wedge 
be  equally  or  unequally  inclined  to  the  bale,  it  will  mak;  no  difference 
in  the  rule. 
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Note.  If  the  length  of  the  edge  be  equal  to  the  length  of  the  bafe, 
the  wedge  will  be,  evidently,  equal  to  half  a  prifm  of  the  fame  bafe 
and  height,  or  equal  to  halt"  the  product  of  the  bafe  and  height. 

Example  I. 

How  many  folid  feet  are  in  a  wedge  whofe  baft 
is  3  feet  4  inches  long  and  10  inches  broad,  and  each 
end  is  inclined  to  the  bafe  in  an  angle  of  70%  the 
edge  being  2  feet  6  inches  long  ? 

Firft,  P*J^£3S         fi  * 

=  — =  c  inches. 
2  J 

And,  as  radius  :  tan* 
70°  =  L  P  ::            5:  R 
I3-737387=^  =  *-   B 

Then,  Mx^=lwiri™?****°  =ioxiiox 
2*2895645  =  1 100  x  2*2895645  =  2518*52095  folid 
inches  =  1*45747  ^o)id  feet. 

Example  II. 

If  the  length  and  breadth  of  the  bafe  of  a  wedge 
be  35  and  1 5  inches,  and  the  length  of  the  edge  55 ; 
what  will  be  its  folidity  in  feet,  fuppofmg  the  bafe 
to  make  an  angle  of  115°  with  the  one  end  of  the 
wedge  and  of  1250  with  the  other. 

Let  EP  be  perpendicular  to  the  bafe,  ER  parallel 
to  the  end  DCF,  and  RP^  perpendicular  to  AB. 

Then  R%j=  EF-BC=SSS$  =  2°»  and  the  angles 
at  R  and  ^-  (the  fupplements  of  the  angles  1150 
and  1 2 s°)  t>5°  and  550,  and  confequently  the  angle 
RE^=  6o°. 

Hence, 
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Hence,  as  s.  LE=  6o°:  s.  L%=550::  %R=2o:  RE= 
18*9175;  and  as  s.  L P=oo° :  s.  LR=6s° : : RE=  18*0175: 
EP  =  1 7  *  1 4508  =  the  height  of  the  wedge. 

Wherefore  bb  x       —  15  x  17*14508  x  7~^-s-  = 

8*57254x5x125  =  5357*8375  folid  inches  =  3*1006 
folid  feet  =  the  content  required. 

Problem  X. 

To  find  the  folidity  of  a  prifmoid. 
Definition, 

A  prifmoid  is  a  folid  having  for  its  two  ends  any 
diflimilar  parallel  plane  figures  of  the  fame  number 
of  fides,  and  all  the  fides  of  the  folid  plane  figures 
alio. 

It  is  evident  that  the  fides  of  this  folid  are  all  tra- 
pezoids. 

If  the  ends  of  the  prifmoid  be  bounded  by  curves, 
as  cllipfes,  &c.  the  number  of  its  fides  or  trapezoids 
will  be  infinite,  and  it  is  then  called,  fometimes,  a 
cylindroid. 

General  Rule. 

To  the  fum  of  the  areas  of  the  two  ends  add  four 
times  the  area  of  a  feclion  parallel  to  and  equally 
diftant  from  both  ends,  multiply  the  laft  fum  by  the 
height  and  i  of  the  product  will  be  the  folidity.* 

Par- 


*  It  is  evident  that  the  reflangular  prifmoid  is  compofed  of  two 
wedges  whofe  bafes  are  the  two  ends  of  the  prifmoid,  and  whofe 
heights  are  each  equal  to  that  of  the  prifmoid  ;  wherefore,  by  the  laft 
prcbicm,  its  folidity  will  he  -  2L-\-/xB+2l± Lxb x±h.  Which  is  the 
particular  rule.  C  o- 
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Or,  If  the  bafes  be  diflimular  rectangles,  take  two 
corresponding  dimenfions,  and  multiply  each  by  the 
lum  of  double  the  other  dimenfion  of  the  fame  end 
and  the  dimenfion  of  the  other  end  correfponding  to 
this  other  dimenfion ;  then  multiply  the  fum  of  the 
products  by  the  height,  and  r  of  the  laft  product 
will  be  the  folidtty. 

That  is,  if  L,  I  be  one  dimenfion  of 
each  correfponding  to  each  other,  and 
By  b  the  other  correfponding  dimen- 
fions, and  h  the  height. 

Then  2L+/  x  B+  il+L  *b*%h  =  the 
folidity. 

Note.  Correfponding  dimenfions  are  thofc  connected  by  a  fide  of 
the  folid,  as  is  evident  from  the  figure. 

Example  I. 

How  many  folid  feet  of  timber  are  in  a  tree  whofe 
ends  are  rectangles,  the  length  and  breadth  of  the 

one 


1  K 

k 

Since  =  M,  and 


Corollary  I. 

^L^t  =  tfs  are  the  length  and  breadth  of  a 


fection  parallel  to  and  equally  diflant  from  each  end,  the  above  rule 
liL+lx  n+  2/-I-L xl>  *  i  h  or  2liL+U/+3h/+bL  x  I  k,  will  become 
8L+bl+$Mmv.tfh.  That  is,  the  fum  of  the  areas  of  the  two  ends 
four  times  the  fection  in  the  middle  multiplied  into  ±  b. 

Corollary  II. 

This  laft  rule  will  fcrvc  for  any  prifmoid  or  cylindroid  of  whatever 
figures  the  ends  may  be,  inafmuch  as  they  may  be  conceived  to  be 
compofed  of  an  infinite  number  of  reflangidar  prifmoids.  Which  is 
the  general  rule. 
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one  being  14  and  12  inches,  and  their  coirefpondina: 
fides  of  the  other  6  and  4  inches  j  the  perpendicular 
length  being  307  feet?  r 

Firft,  by  the  general  rule, 
14x12  =  168;  r  ,  , 

6x  4  =    24^         of  the  ends 
14+6    20  ^ 

2=7=  10 
12+4  =  16  =  8  f  ^  dimenfions  in  the  middle 

1 0x8x4  =320  =  four  times  the  middle  area, 
their  fum  is  512  fquare  inches  =  1^*  fquare  feet  =* 
V  fquare  feet. 

Then  ^x?A;f'f=  l83Vfe«=the 
folidity. 

Secondly,  by  the  particular  rule, 
Here  £=14,  B=n,  /=6,  I? =4  inches,  and  6=30; 
feet;  therefore  2Z+/,  £+2/+ L+bxjh=2X+ 6X 1  i^T^TaZ 

= i8,Vfcet,  the  fame  as  before.  '      9  9 

Example  II. 

What  is  the  capacity  of  a  coal  waggon  whofc  in- 
iide  dimenfions  arc  thus:  at  the  top  the  length  and 
breadth  8i±,  and 55  inches;  at  the  bottom,  the  length 
41  and  breadth  29I ;  and  the  perpendicular  depth  474. 

Here  2Z+/  x  7?+  'if+Lxbxjh  = 
163+41  x 55+82+8 1  *5x  29-5  a 

1 02x55+8 1-75x29-5-  x  «X££  =  8o477 5  x  x J7 f  ^ 

126752-0625  cubic  inches  =  449-4754  ale  gallons 
the  content  required,  which  is  near  one  Newcaftlc 
chaldron  of  coals.  2  T  p  R  0 
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To  find  the  fotidity  of  the  tivo  Parts  {commonly  catted 
ungulas  or  hoofs)  into  ivhich  the  frujlum  of  a  recT- 
angular  or  a  fquare  pyramid,  or  a  reel  angular  pr  if 
moid,  is  cut  by  a  plane  inclined  to  its  bafe. 

Case  I. 

If  the  plane,  paffing  through  A 
and  B,  cut  the  end  in  EF,  between 
GH  and  DC ;  it  will  cut  off  the 
wedge  AGEFHB,  whofe  bafe  is 
GEFJf,  edge  ABr  and  height  the 
fame  with  that  of  the  fruftum,  or 
prifmoid,  and  the  remaining  part 
AEDCFB^P  wilt  be  a  prifmoid. 

Then,  by  problem  9,  nnd  the  content  of  the  wedge 
ABHFEG,  and  that  of  the  prifmoid  ABQPDCFE 
by  problem  10. 

Example. 

If  the  fruftum  of  a  fquare  pyramid  be  cut  by  a 
plane  pafhng  through  one  fide  of  the  lefs  end  and 
through  the  middle  of  the  greater  end ;  what  are  the 
contents  of  the  two  parts,  fuppofing  each  fide  of  the 
greater  end  to  be  1 5  inches,  each  fide  of  the  lefs  6, 
and  the  flant  height  24  feet  ? 

Since  by  example  r  problem  8,  the  perpendicular 
height  is  287*9649  inches,  therefore, 

Fif ft,  2X1*±f  x  7ix  287*9649  =  45  x  2^7*9649  = 

12958*4205  inches »  7*499086  feet  =  the  content  of 
the  wedge. 

And 
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And  ^o+6x7i+i2+i5H6x2!2^2«i8xi5+27x6,< 

a8?7649  =  72x287*9649  =  20733-4728  inches  = 
1 1*998536  feet  =  the  prifmoid. 

Case  II. 

If  the  plane  pafs  through  D  and  C  as  well  as  A 
and  By  the  folid  is  thereby  divided  into  two  wedges 
or  hoofs  AGDCIfB,  DPABQC,  whole  two  bafes  are 
the  ends  or  bafes  of  the  folid. 

And  then  the  contents  of  the  two  parts  will  be 
found  by  problem  9. 

Example. 

Let  there  be  taken  here  the  fame  figure  as  in  the' 
Jfctft  example,  to  find  the  content  of  the  two  wedges 
into  which  it  is  cut. 

Firft,3-^*  15x287-9649=90x287-9649=2591 6-841 
inches  =  14*99817  feet  a  the  greater  wedge. 

Ana  ii+if  x 6  x.287-0.649  s  27  x  287-9649  = 
777  5"°52S  inches  =  4*49945  feet  •=  the  lefs  wedge. 

Case  HI. 
If  the  plane  cut  the  fide  of  the  folid  in  ef\  the 
part  cut  off  ePAB$J  wUl  be  a  wedge  whofe  bafc 
is  if^,  and  which  being  taken  from  the  whole  figure 
will  leave  the  content  of  the  part  ABfeDC&G. 

Example. 

Let  there  be  taken  here  the  fame  figure,  fuppofing 
die  plane  to  cut  the  fide  PC  m  r/nt  the  diftance ;  oT 
r  10  feet 
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10  feet  from  P^j  to  find  the*  folidity  of  the  two 
.parts. 

Firft,  asP2)=24:P^=  lor.iSj-^y  inches  =  the 
height  of  the  whole  folid:  1 19*98536  inches  =e  the 
height  of  the  wedge  A%e.  And  as  PZ)  =  24  :P£=: 
10::  DC-P%  =  9 :  ef-P$j=  V  =  3 7 5  >  hence  ef-yys 
+  975=  tne  length  of  the  edge  of  the  cuneus. 
Wherefore  !24^'n  x6x  1 1 9-98536  =  2 i*xi 1 9*98536  = 

87x29*99634  =  2609*68158  inches  =  1*51023  feet  = 
the  folidity  of  the  wedge  A$e. 

Which  taken  from  19*49762  =  the  content  of  the 
whole  fmftum  found  by  problem  9,  leaves  17*98739 
for  the  content  of  the  part  ABfeDCHC. 

Problem  XII, 

To  find  the  folidity  of  the  elliptic  hoofs  of  the  frufhim 
of  a  cone,  made  by  a  plane  cutting  diagonally  the  op- 
j>ofite  extremities  of  the  ends. 

*  R  u  L  E. 

From  the  fquarc  of  the  diameter  of  the  bafc  of  the 
hoof,  fubtraa  the  product  of  the  diameter  of  the 

other 


*  Let  ARBF  be  the  bafe  of  a 
cone,  or  of  any  other  pyramid, 
right,  or  oblique  ;  AVB  a  fetfion 
through  the  vertex  by  a  plane  per- 
pendicular to  the  bale  j  and  VFEt 
£CF,  two  other  fccTions  perpendi- 
cular to  AVBt  the  former  through 
the  vertex  and  the  latter  through 
the  fide,  at  C,  between  V  and  -B. 
On  A  IS  let  fall  the  perpendiculars 
VH,  Cf;  and  on  DC  the  perpen- 
diculars VK,  BL  ;  and  draw  CG 
parallel,  to  AB,  and  meeting  Ay 
and  Win  G  and  M. 
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other  end  of  the  fruftum  and  a  mean  proportional 
between  the  diameters ;  divide  the  difierence  by  the 
difference  of  the  diameters ;  multiply  the  quotient 
by  the  height  of  the  hoof  and  the  product '  by  the 
diameter  of  its  bafe ;  fo  ftiall  the  laft  product  mul- 
tiplied by  '2618  (-^*)  produce  the  content  of  the 
hoof. 

That  is,  Putting  D=AB  the  diameter  of  the  grea*> 
ter  end, 

d=CG  the  leis  diameter, 
and  £=C/the  perpendicular  height,  or  diftance 
^of  the  bafe  and  end. 

Then  D%~£^J*-*  o'26iSdh=  the  greater  hoof  ABC 

And  D^ft^di  *  o*26i8<///=the  lefc  orcomplemen- 

tal  hoof  ACG.  A  plane  being  conceived  to  be  drawn 
through  C  and  A. — The  proof  in  corollary  2. 

2U  Ex- 

Then  it  will  be  evident  that  F.FBV  is  a  pyramid  whofe  bafe  is  EFB 
(A),  altitude  VH  (a)  ;  and  therefore  its  content  is  equal  to  !fAa\ 
and  that  EFCV  is  a  pyramid  whofe  bafe  is  EFC  (B),  height  VK 
and  therefore  its  content  equal  to  \Bb ;  and  moreover  that  the  dif- 
ference of  thefc  pyramids,  or \Aa-\Bb  is  the  content  of  the  hoof 
F.FBC. 

But,  by  the  Omilar  triangles  ABV,  VCG,  it  will  be  AB-CC :  CI 
(Hy-yM)::AB:Hr(a)=^£^-,  alfo  AB-CC ':  CI  (::  ABt 

UV)  :\GCxVMzz  jy^fc  I  and  CD-.DB::  (by  the  fimilar  triangles 

ICD,  DDL)  CI:  BL : :  (becaufe  of  the  fimilar  triangte  BCI  and  CMV, 

,  ^..v*.,,/      GCxCl  \  GCxCfxBD 
VKC^  CLB)  MV  (=^e7)  :  VK^—^^. 

.  Wherefore  the  hoof  EFBC  will  be  =x  jJ^gQ  *A%AB—Bx^^¥-* 
vhich  is  a  general  theorem  for  any  hoof  of  any  pyramid. 

Co- 
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Example  I. 

If  a  conical  vcflel  whofc  bottom  diameter  is  30 
inches,  be  inclined  to  the  horizon  till  the  liquor  in 
it  juft  cover  the  bottom,  and  its  furface,  difpofing 
itielf  into  the  pofition  ACy  cut  the  fide  BC  of  the  vef- 
fel  in  C  at  the  diftance  of  18  inches  from  the  bot- 
tom AB  ;  how  many  wine  gallons  of  liquor  are  in 
it,  fuppofing  the  diameter  GC  of  the  veffei  at  C  to  be 
19*2  inches? 

Here  £  =  30,  ^=19*2,  and  h= 

Whence  ^^-x  '261 8  Dh=  •  Agpjpi* 

30—19*3  0  ^eS^^/ 

430-f  x^Qx  i8x'26l8  2196X3OX  i8x'36i8  ^r> 

=  21 96x*26i8x  10=^749*128  inches.  Which  being 
divided  by  231 

f  3)5749-128 


thus,  231  =  3x7x11-1  7)1916-376 

[mT  273-76* 


1)  273768 

gives  24*588  wine  gallons 
for  the  content  required. 

Ex- 

 —  ....  — — — ■ — ■  1  ■* 

Corollary  I. 

If  the  bafc  be  circular,  or  the  pyramid  a  cone,  and  the  angle  CD// 
he  lefs  than  the  angle  V  AD ;  or,  which  is  the  fame,  if  CD  and  VA> 
produced,  intcrfetf  in  N\  the  feclion  ECF  will  be  a  fegmcnt  of  an 
ellipfe  whofc  tranfvcrfe axe  isCN,  and  conjugate  ^//sOmCCl,  NO  being 
drawn  parallel  to  AB  and  meeting  VBt  produced,  in  0.    And  then 

the  above  general  theorem  will  become  x ;  ABx  circular  feg- 
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,  'E  X  AMPLE  II. 

Let  there  be  taken  here  the  fame  dimenfions  as  in 
the  laft  example,  fuppofmg  the  vefTel  to  be  narrowed 
at  the  bottom,  to  find  how  many  ale  gallons  are  in 
it. 

Here  -2618  A* 

^£^?9-- -'^18x1^x18  = 

io>  ~  54 

=  ny_'Txy6><,26i8=ii7,i2x96x 
'2618=2943*^5  inches.  Which 
being  divided  by  282,  give  10*43  for  the  number  of 
ale  gallons  required 

»  Pro- 

racnt  EBF  x elliptic fegment  ECFss  (by  prob.  6 fcd.a  part  3 ) 

ZBCC*  r^xcr.  feg.  W  x  c.r.  feg.  whofc 

diameter  is  CNxnd  height  CD  ac  (fince  fimilar  fegments  are  as  the 
fquares  of  their  diameters)  ^-J^.^.x  :  ^2?  x  circular  fegment  EBF~ 

 ^6v^jy.  x  feg.  of  the  cir.  whofe  height «  -^-^ 

=  the  elliptic  hoof  EFCB> 
But,  by  fun.  As,  CG—AD :  DC.xCG -.CNss-^f^  and  CG— 

AD  :DB  ::CG  :NO  =  Qgz^jD  *  *h'ch  Valucs  of  N0  and  CArbeIng 
fubftituted  inftead  of  them  in  the  above  expreffion  of  the  elliptic  hoof, 


the  cir.  AEBF  whofe  height  is^*^"^  circular  feg. 


< 
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Problem  XIII. 

To  find  the  folidity  of  the  elliptic  hoofs  of  ihe  fruftum  of 
a  cone  made  by  a  plane  cutting  off  a  part  of  the  bafe. 

Rule. 

i  .  From  the  vcrfed  fine  or  height  of  the  bafe  of 
the  hoof  fubtracl  the  difference  of  the  diameters  of 
the  bafe  and  end  of  the  fruftum,  and  divide  the  re* 
mainder  by  the  diameter  of  the  end  of  the  fruftum ; 
find  the  tabular  fegment  whofe  verfed  fine  is  equal 
to  the  quotient ;  find  alfo  the  tabular  fegment  whofe 
verfed  fine  is  exprefled  by  the  quotient  of  the  verfed 
fine  of  the  bafe  of  the  hoof  divided  by  the  diameter 
of  the  bafe  of  the  fruftum;  multiply  the  former  feg- 
ment by  the  cube  of  the  diameter  of  the  end,  by 
the  quotient  of  the  verfed  fine  of  the  bafe  of  the  hoof 

divided 


EBF~~);  X  ^^^-—=j^x  fegment  of  the  circle  AB  whofe  height  is 

DxBD~D~^  =      elliptic  hoof  EfCB ;  putting  b  for  the  height  of 

the  hoof,  and  D  and  d  for  the  diameters  of  the  bafe  and  end  or  top 
of  the  fruflum  refpcclivcly. 

Or,  if  we  would  reduce  the  circular  fegments  in  the  Iaft  expreffion 
to  thofe  of  a  circle  whofe  diameter  is  i,  to  be  found  in  the  table  of 
circular  fegments  at  die  end  of  the  book,  that  expreffion  will  be- 

n,       u  r         u  r  u  •  u    •    BD      j.  || 

come  'pj^j  x :  D '  x  tab.  leg.  whofe  height  is     —  d 1  x  -^-^ — 2|  X 

tab.  feg.  whofe  height  is  BD~^-d _  the  cl];ptic  hoof  EFCB%  And 
this  is  the  rule  in  prob.  13. 

(D*—dl  \ 


that  of  the  whole  conic  fruftum,  the  remainder -* : d*  **  — 


Digitized  by  Google 


SecVI.  Conic  Ungulas.  173 

divided  by  the  difference  between  the  faid  verled  fine 
And  the  difference  of  the  diameters,  and  by  the 
root  of  the  faid  quotient;  and  multiply  the  latter 
fegment  by  the  cube  of  the  greater  diameter;  mul- 
tiply the  difference  of  thefe  two  produces  by  }  of  the 
height  of  the  hoof,  and  the  product  divided  by  the 
difference  of  the  diameters  will  give  the  content  of 
the  hoof  required. 

2o  Subtract  the  meafure  of  the  hoof,  found  above, 
from  that  of  the  whole  fruftum,  and  the  remainder 
will  be  the  meafure  of  the  complcmental  hoof. 

2  X  That 


Z>1  xtab.  fcg.  whofe  height  is       +  d*  ^£D^^Jt *  tabu,ar  feS' 

whofe  height  is  gP~7Wbr  Jl_x:         +  D>  x  tab.  feg.  whofe 

.  .  ,  .AD  ,  TD  U  ,  ,  ,  r  .  .  .  .  BD-D^d 
height  is  -~ — yd*  xta°.  *e&#  whofc  height  is  ^  

will  erprefs  the  meafure  of  the  complcmental  elliptic  hoof  EFCGA. 

Corollary  II. 

If  the  points  D  and  A  coincide,  the  fetfion  EFC  will  be  a  whole 

DD—d^/Dd 

cllipfe,  and  the  rules  in  corollary  i  will  become  ^Dhnx  — 

=s  the  elliptic  hoof  ACB,  and  f  dhn  x  =  tne  complcmen- 

tal  elliptic  hoof  ACG>    And  thefe  are  the  rules  in  prob.  12. 

Corollary  III. 

h  M 

■  Since  -j— ^ts  —  (//denoting  the  height  of  the  whole  cone),  the  left 
theorems  will  become  {nHx  Dl—a^lfdss  ACB,  and  j  nH x  L>  JQd-dd 

Corollary  IV. 

Buifw/ZD'^the  whole  cone  and  therefore  \nHD'—\nHt 

iF-dJDd = \nHdJDd  =s  the  top  part  ^C.    Which  top  part, 

conic- 
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•  That  is,  if  D  and  d  be  the  extreme  diameters  of 
the  fruftum,  and  h  its  height;  alfo  P  =  the  tabular 

legmeni  whofe  verfed  fine  that  wbofe  verfed 

fine  is  *?~~f~d>  and  »= 785398  &c. 

Then  PxD'-^'x  ^/^/ife  = 
the  content  of  the  elliptic  hoof  EFCB. 

And  ^x^fl'+WxssJWlE 


=  to  that  of  the  complemental  hoof  J^CG^f. 

— Thefe  are  proved  in  corollary  2  to  prob.  12. — See 
the  fig.  in  page  168. 

Ex- 


confequcntly,  is  to  the  whole  cone  VAB  as  [\nHd>/Dd  to  \nHD%  as) 
d\  to      ;  or  the  fquare  of  the  whole  cone  VAB  is  to  the  fquarc  of 
the  top  part  VAC,  as  D*  tod*. 

COROLLARY  V. 

If  the  angle  CDB  be  equal  to  the  angle  VAB,  or  if  the  feftion  ECF 
be  parallel  to  the  fide  AC  of  the  cone,  it  will  be  a  parabola  whofe  axe 

is  CD,  bafe£/"=s  2*/BDxDAss  2V£^y  d,  and  its  area  (by  prob.  5 

fefl.  4  part  3)  =  » CZ>x£F=»  fCfl  s/  D-dxd ;  and  therefore  the  gen. 

theor.  will  become q^jx&* 

cir.  kg.EBF-dI^x*CD\/D-Jx  d 

=  |A  x        x  tab«  fcg«  whofe  height  is  —j—  —  $d\/ D—d x sc  the 
parabolic  hoof  EFBC. 

D*—dl 

Which  being  taken  from       x  —  -      a  the  meafure  of  the 

whole  fraftum  ABCG,  the  remainder  \b  x  :  $d  s/ D-dxd  — 
£L +^L,ub.fcg.who(eh.lght  ^  .£7, 

— W»  +  Z> '  x  tab.  feg.  whofe  height  is  will  exprefc  the  meafure  of 
the  complemental  parabolic  hoof  EFCCA.  C 
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Example  I. 

If  a  veflel  in  the  form  of  the  fruftum  of  a  cone, 
whofe  bottom  diameter  is  30  inches,  be  inclined  to 
the  horizon  till  the  furface  of  the  liquor  in  it  cut  the 
bottom,  leaving  1  o  inches  of  its  diameter  dry,  and 
meeting  with  the  fide  in  C  at  the  diftance  CI  of  1 8 
inches  from  the  bafe:  How  many  Winchefter  gal- 
lons are  in  it,  fuppofing  the  diameter  CG  of  the  veflel 
at  the  top  of  the  liquor  to  be  19^  inches  ? 

Here D=$o,  ^=19;,  h=i8,  and  £Z)= 30- 10=20. 
Whence -5- 

refponding  to  which  is  ;  and 

x9«      -   191  ~i9f~96~48~  6  ~  47°T,tneta- 


-=~3  =  *6666y,  the  tabular  area  cor- 

RD-D^d 


bular  area  anfwering  to  which  is  '37 187 178. 


Again, 


Corollary  VT. 

If  the  L  CDS  exceed  the  L  VAB%  or,  which 

is  the  tune  thing,  if  CD  and  VA,  produced,. 

intcrfect  above  V,  in  N,  the  feaion  ECF  wilt 

be  an  hyperbola,  whofe  tranfverfe  axe  is  CN. 

But  in  the  hyperbola,  as  well  as  in  the  other 

.  ,  _r       r„  GCxCD 

come  fcftions,  the  tranfverfe  axe  CNss  — rr-^r- 

DP 

d*CD 

CP  being  drawn  parallel  to  VA)  =  D_d_jjD> 

r        •  „  /BD 

and  the  conjugate  of  eaca  alio  =  Gu%r  -jjj> 

s     ^p~~)~jfp'*  and  thc  area  of  ^e  hyperbolic  fertion  being  found 

by  prob.  6  feci.  5  part  3,  and  fubftituted  in  the  general  theorem,  will 
give  the  folidity  of  the  hyperbolic  uaguia. 

Co- 
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Again, D '  =2  7  00 o,  which  multiplied  into  "55  622573, 
the  former  area,produces  1 50 1 8*0947 1  ,and^'x-^_^=-^ 

,9'2x34x8^x4V46=22686'47o698,  which  multipliedby 

•37187178,  the  latter  area,  gives  8436*45824. 

Then  658 1*63647,  the  difference  of  thefe  two  pro- 
duces, being  multiplied  by  ~j  =  |2  =  i  =  ^  «  the 

quotient  of  t  of  the  height  divided  by  the  difference 
of  the  diameters,  will  produce  3656*4647  for  the  fo- 
lidity  in  inches ;  which  being  divided  by  2687,  the 
inches  in  a  corn  gallon,  give  13*6029  corn  or  win- 
chefter  gallons  for  the  quantity  of  liquor  in  the  vef- 
ieL 

Example  IL 

If  a  veflfel,  in  form  of  the  fruftum  of  a  cone, 
clofe  at  both  ends,  be  placed  in  fuch  pofition  that 
the  liquor  juft  covers  the  lefs  end  and  1  o  inches  of 
the  diameter  of  the  greater ;  what  number  of  wine 
gallons  are  in  it,  fuppofing  the  diameters  of  the  two 
ends  to  be  30  and  19!  inches,  and  their  diftance  18 
inches  ? 

Here  the  part  filled  is  the  complemental  hoof 
to  that  in  the  laft  example.    Wherefore  if  from 

Corollary  VII. 

If  D  coinciJc  with  /,  or  CDB  be  a  right  angle,  the  tranfrerfc  and 

idh 

conjugate  axes  of  the  hyperbolic  fcclion  will  become  j^—j  and  d  re- 
fpefiiveljr. 


Digitized  by  Google 


Sect.  I.  -  Conic  Ungulas.  177 

D*+d xD+d*\nh  =  ^o^i^jx^ * 6 X78539B  &c.  = 
8692*661,  the  content  of  the  whole  fruftum,  be 
taken  3656*4647,  that  of  the  hoof  in  the  laft  exam- 
ple, the  remainder  5036'  1963  will  be  the  content, 
in  inches,  of  the  complemental  hoof ;  which  being 
divided  by  231,  will  give  21*8018  wine  gallons  for 
the  content  required. 

Problem  XIV. 

*     *  1        '  1 

;  ■  ■ 

To fold  the  parabolic  hoofs  of  the  frujlum  of  a  cone ;  that 
is,  of  the  hoofs  made  by  a  plane  pafftng  parallel  ta 

the  fide  of  the  cone, 

■ 

Rule. 

Multiply  the  bafe  of  the  hoof  by  the  greater  diar 
meter  of  the  fruftum,  and  divide  the  product  by  the 
difference  of  the  diameters ;  from  the  quotient  fub- 
tract  j  of  the  product  arifing  from  the  multiplication 
of  the  le(s  diameter  by  the  iquare  root  of  the  product: 
of  the  lefs  diameter  and  difference  of  the  diameters ; 
then  the  remainder  multiplied  by  t  of  the  height  will 
be  the  content  of  the  hoof  required. 

That  is,^-^yZG/^/x  |A= the  parabolic  hoof 

EFCB  ;  where  D  and  d  are  the  diameters  AB  and 
CG,  of  the  fruftum,  h  the  height  CI,  and  A  the  bafe 
EBF  of  the  hoof.— See  the  figure  in  page  168. 

Example. 

If  a  veffel  in  the  form  of  the  fruftum  of  a  cone 
be  laid  with  its  upper  fide  parallel  to  the  horizon, 

2  Y  and 
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and  if  the  greateft  diftance  of  the  furface  of  the  li- 
quor from  the  bottom,  whofe  diameter  is  30  inches, 
be  18  inches ;  how  many  ale  gallons  of  liquor  are 
in  it,  fuppofing  the  diameter  of  the  veflel  at  the 
gieateft  diftance  of  the  furfece  of  die  liquor  from 
the  bottom  to  be  lyf  inches. 

Here  the  dimenfions  are  the  A.  Gr 
fame  as  in  the  laft  problems ;  and 
BD=D-J=  30-197=  10}=  io-8 
the  verfed  fine  or  height  of  the 
bafe  ;  which  divided  by  the  dia- 
meter 30,  gives  '36  =  the  tabular 
verfed  fine,  the  area  anfwering  to 
which  is  '25455056  ;  which  multiplied  by  900, 
the  fquare  of  the  diameter,  gives  229*095504  for 
the  circular  fegment  or  bafe  of  the  hoof.  Then 

Again  W^i£5x</«  txI9t  s/ioU  191=  t  x  19-2* 
v/y*V  =  I*  i?2*  I4'4=4x6*4x  i4'4=368-64. 

Then  636'37639-368*64x y  =  26773639  x6 ■= 
!  6000*41934  inches,  equal  to  the  fblidity ;  which  be- 
ing divided  by  282,  give  s'^9^S2^  ale  gallons  for 
the  quantity  of  liquor  required. 

Noti  1.  If  from  8692*661,  the  content  of  the  whole  fniflum,  found 
In  the  fecond  example  of  the  lafl  problem,  be  taken  1606*419,  th* 
content  of  the  hoof,  above  found,  the  remainder,  7086*242,  will  be 
that  of  the  complement^  parabolic  hoof  DACC. 

Note  2.  If  the  i'etfion  EGF  be  an  hyperbola,  the  hoofs  may  then 
be  found  after  the  manner  defcribed  in  the  futh  corollary  to  prob. 

Pro- 
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*  T<? convex  Jurface  of  the  elliptic  hoofs  of  the 
frqfiork  of  u  cone,  mbde  by  a  plane  cutting  the  oppo- 
Jitc  extremities  of  the  ends. 

Rule. 

To  four  times  the  fquare  of  the  height  of  the  fru- 
ftum  add  the  fquare  of  the  difference  of  the  diameters 
of  the  bafe  and  end>  drride  the  fquare  root  of  the 
fum  by  the  difference  of  the  fatd  diameters,  and  call 
the  quotient 

Multiply 


•  Let  the  right-angled  triangle  VOH 
be  conceived  to  revolve  about  the  axe 
VO,  the  part  Hh  of  the  hypothenufe 
defcribing  the  furface  of  the  ungula, 
whilft  the  part  HP  of  the  radius  of  the 
bafe  of  the  cone,  cut  off  by  the  perpen- 
dicular hP,  defcribes  the  fpate  FPIEBF. 
—Then  fince,  by  the  fimilar  As  VOH, 
HhP,  it  is  every -where  as  PH :  H6:: 
OB  (OH) :  BV  UiV)y  the  fpaces  gene- 
rated by  thefe  lines  w4H  be,  likewtfe, 
in  the  fame  ratio,  viz.  OB  :  BV  \\  the 
area  FJEBF :  the  furface  FCEB  CS)  ar 
VB 

~*FIEBF. — And  in  the  fame  man- 
ner, by  reafon  of  the  fimilar  As  DIC, 
Pb,  (QP  being  drawn  parallel  to  BD)  we  (hall  have  CD:DI:: 
:EF  (=  B  be  the  fpace  defcribed  by  i£j :  FIEF  (the  fpace  defcribed 

in  the  fame  time  by  §>P)  =        FCEF  =  jjg*B' — ®ut  ***e  *Pace 

ID 

FIEBF=  the  circular  feg.  FBEF  (A)  —  F7FF=  A—  ffi*B-  And 

confequcntly  S  —  ~xFIEBF=  j^x A—  fi£*B:isjjj  DC 
the  convex  furface  of  the  ungula  EFBC.  And 
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Multiply  half  the  fum  of  the  faid  diameters  by  the 
fquare  root  of  their  product,  and  call  the  product  P. 
Then 

1.  ^multiplied  by  P  and  by  785398  &c.  will 
produce  the  convex  furface  of  the  oblique  cone  ACV. 

That  is,  '*  x  ^y/Dd^  the  curve  fur- 

face  of  ACV. 

2.  ^multiplied  by  the  difference  between  P  and 
thefquareof  the  diameter  of  the  bafe,  and  by  '785398 
&c.  will  produce  that  of  the  hoof,  ABC,  including 
the  bafe.  

That  is,  -y&£]E*  *DD-2?jDi*a*  curve 
furface  of  ABC. 

3.*. 


And  the  method  of  proceeding  will  be  the  fame  for  any  other  kind 
of  pyramid. 

Corollary  I. 

VB 

If  from  t^x  the  circle  AB,  the  convex  furface  of  the  whole  cone* 
BO 

VB 

be  taken  that*  of  the  ungula,  above  found,  the  remainder  —  x 

   BJ 

FAEF+  —xFCEF,  will  exprefs  the  convex  furface  of  the  remaining 
part,  EFCVJ,  of  the  cone. 

Corollary  II. 

And  if  from  the  value  of  the  part  laft  found  be  taken  ^  x  circle 

BO 

VC 

CG(=-rjx  circle  CG)  the  convex  furface  of  the  top  cone  CVG,  the 

remainder,  ^  x  FJEF+  —,x  FCEF—  circle  CG,  will  exprefs  that 
•f  the  complemcntal  ungula  EFACC. 

Co- 
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3.  ^multiplied  by  the  difference  between  P  and 
the  fquareof  the  diameter  of  die  top,  and  by  '765398 
&c.  wiB  produce  that  of  the  hoof,  JCG,  including 
the  top.       '   •  _____ 

That  i8,-^£j^        y/Dd-dd  =  the  curve 

furface  of  AOG, 

Where  the  letters  denote  the  fame  Quantities  as 
in  the  foregoing  problems. — All  thefe  are  proved  in 
corollary  4. 

2  Z  E  x- 


COHOIIHT  III. 


If  the  LCDB  be  left  than  the  L  GAB,  or  the  feci.  FCK  be  an-gliipfc, 

ifte  furface  of  the  ungula  will  be      x  cir.  feg.  FBE—j~*eH.  feg.FC£ 

^VB    T,DC  CG*xID 
s  (by  proceedmg  ft.  m  cor.  1  prob.  12)  ^EBF-—-^-* 

JcC^AD  *  ftg*  °f      ciPcle  AB  Wh°fe  hdght  '*  ^  X  ~ET^  = 

D-d  DD    JfD-D=d  V  BD-D-d  5 

BD—D^d  \Sj>x  +  D—d\* 
the  circle  ^  whofe  height  is  Z>x  — —  =:  ...   '    x :  L»  x 

tab.fCg.whofehetght,S_-*x  ^^7  ^/^ 

feg.  whofe  height  \sBD~f^.  Where  -i  U  the  height,  ami  D  and 

if  the  diameters  of  the  bafe  and  top  6f  the  fruftam. 

And  the  value  of  the  furface  of  the  remaining  QZit'EFCVA,  in 

VR  ID 
corollary  1,  will  become^  x  :  cir.  feg.'  FAE  +  _^x  elhp.  feg.  F CE 

whofc 


l8l 


GONIC  UNGULAS. 


Part  III. 


Example. 

Required  the  convex  furfaces  of  the  two  hoofs  of 
a  conic  fruftum  whofe  bale  and  top  diameters  are 
30  and  1  of,  and  height  18  inches,  the  feclion  being 
made  through  the  contrary  extremities  of  the  diame- 
ters ;  together  with  that  of  the  oblique  cone  ACV. 

Here  £=30,  ^=19},  and  18, 
Whence  ^=^±^= 

^4*18*+ io8»_  W+i  a*  , 
10*8  i*2  *~*TV 

=  t\/io9=3'48oio2I7. 


whofe  height  is  AB  *££=2d£  _^ >+Z)-4'  U 
BD—>i*DZd   /  BP 

J~D~—  S=j  *  bD~b~Zrd%  fc*  of  c5r-  **  ^ofe  height  is  D  x 
BD-B=d    ^HiH'  ^ 

— j —  =  — iszre — x^'xub.fcg. 

BD-*xjJZj    ,  BD 


BD  —  UZj  BD—D-t 


fcg.  whofe  height  is 
x  tab.  feg.  whofe  height  is^HE?. 


Or  it  is  =  ^^±?3-  x .  FAE+JL  x  t^W-^Z)  /ZWZ> 
x  feg.  of  the  cir.  AB  whofe  height  is  D*d~AD  K  \/y*H^^ 
x :  D»  x  tab.  feg.  whofe  height  is  ~  +  rf»  *  **D*JJpD  ^D~JD 
x  tab.  feg.  whofe  height  is 


Abb 
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And  then 

1.  J^x  P  x ""fls%&  =  273326528  *  *9°*4  = 
16137198213  inches =  1 1*2063876  feet = the  convex 
furface  of  the  oblique  cone  ACV, 

2.  Qx 785398 * Dt~F  =  78$398*3'4801 02 1 7 * 
900-590-4=273326528x309*6=846*2189307  inches 
*  5*87652  feet  =  that  of  the  hoof  ABC 

3«  *7S5398  x  P-dx  =  '785398  x  3*4801 021 7  x 
509*4-368*64  =  273326528X  22 1*7  6= 6o6*  1 289085 
inches  =  4*2092285  feet  =  that  of  the  complemented 
hoof  ACG» 

Pro- 

VB 

Alfo  that  of  the  coraplemental  hoof  in  cor.  2,  will  become  —  x :  cir. 

rr\  yn 

fcg.  FAE+~x ellip.  feg. /TC-the  dr.  Off  as  ^|x  :_  „  xCC  + 
^/  J~^^x  fegment  of  the  circle       whofc  height  is  D  x  ss 

tJ^ri?  ub.  feg.  whof.  heigh,  i, 

Corollary  IV. 

If  D  coincide  with  A,  the  rules  in  the  laft  cor»  will  become  ^5  y. : 

^»  x»_„h  IASTEhZ' s  — 4A*t?"^1>  x  D*-?±ijD4  for  * 
the  convex  furface  of  the  ungula  ABC, 

And 


il?4  Conic  Ungul as.  Part  HI. 

P  R  O  B  L  £  M  XVI. 


To  find  the  convex  furf aces  of  the  elliptic  ungulas  op  a 

cone,  made  by  a  plane  cutting  -off  a  part  of  the  bafe  J 

•    •  •  ■       •    '         •  ■■■-•( 

Rule.. 

Multiply  continually  together  the  four  following 
quantities,  viz.  the  quotient  arifing  from  the  divifion 

of 


x  —  */Dd  for  that  of  the  oblique  cone  ACV, 

VB*n  7J  .  .-^  rr%     W \h*+D-d\'  D+d  /nv  /» 
Alio  — — -  x  lAi/AB*L  G  —CG%  =  L  x  v 

for  that  of  the  complemerital  elliptic  hdOf  ^Ct7. 

Corollary  ^V* 
If  CD  be  parallel  to  PV/,  or  the  feftion  a  parabola;  fince  its  area 
£J?)  is  $CD*DFss$CD  i/AD*DB~>  the  general  theorem  for  the  un- 
gula will  become  ^ »  fcg.  FBE^\lD</AO*Uli  =  ^^ffi^l 

x  •  ftg.  (its  height  BD^D—d)^D^d^/d^D^d  for  the  con- 
▼ex  fcrface  of  the  parabolic  ungula  FEBC. 

And  the  rule  in  cor.  i  will  be        :  feg./^£  +  *  ID  ^Aj>xDB=z 


D-d  x:rCS'  ^  hdght  J^Q  +  THD-ly/toD-d 
for  that  of  the  part  AEFCG. 

Alfo  that  in  cor.  2  will  be  £gx :  feg.  FAEx+$TD*/.iD*DB—AD% 

xn a  x :  fegment  F^  (Jts height  ^Z>  =  ^)+| x  5=5 

 — »  •     ■«'"'.  . 

WdxD—d—add,  for  that  of  the  complcmcnul  parabolic  ungula 
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of  the  fquare  of  the  lefs  diameter  by  that  of  the  greater, 
the  quotient  arillng  from  the  divilion  of  the  difference 
between  the  part  of  the  diameter  of  the  bafe  not  cut 
off  and  half  the  fum  of  the  diameters  by  the  diffe- 
rence between  the  foid  part  of  the  diameter  of  the 
i>afe  and  the  lefs  diameter,  the  fquare  root  of  the 
quotient  anting  from  the  divifion  of  the  part  cut  off 
the  diameter  of  the  bafe  by  the  difference  between 
the  part  not  cut  off  and  the  lefs  diameter,  and  fuch 
a  fegment  of  the  bale  of  the  fruftum  whofe  height 
is  equal  to  the  product  ariiing  from  the  multiplica- 

3  A  tion 


Corollary  VI. 

If  the  LCDS  be  greater  than  the  L  VAR,  or  the  fcaion  be  an  hy- 
perbola, its  area  being  found  and  fubftitutcd  for  B  in  the  general 
rules,  will  give  the  furfaces  of  the  hyperbolic  ungulas. 

Corollary  VII. 
If  the  hyperbolic  fetfion  be  perpendicular  to  the  bafe,  IV  will  va« 

nifb,  and  the  general  theorems  will  become  ^£x  feg.  FEE  =  ^  x  feg. 

FEE  (its  height  being  31)  =  ^**+^%  x  feg.  of  the  circle  A3 

whofe  height  is  — ~  for  the  curve  furface  of  the  perpendicular  un- 
gula  CIS.   

Alfo  ~x  feg.  FAE  =  ™  x  feg.  whofe  height  is  AI=^-±^* 

X  Teg.  of  the  cir.  AB  whofe  height  is  -~  for  that  of  the  remaining 
part  A ICy. 


And  —  xieg.  FAE-*r.CG=^     J"a  g|  x:  feg.  of  the  circle 

lofe  height  is-  — 
dicular  ungula  AICG. 


AB  whofe  height  is-  — *i*  for  that  of  the  complemental  perpen- 
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tion  of  the  quotient  of  the  greater  diameter  divided 
by  the  lei's  into  the  difference  between  the  lefs  dia- 
meter and  the  part  of  the  bafe  diameter  not  cut  off; 
and  call  the  laft  product  R. 
Then 

1 .  The  difference  between  R  and  the  bafe  of  the  hoof 
multiplied  by  the  quantity  in  the  laft  problem,  will 
produce  the  convex  furface  of  the  unguia  required. 

That  is,  *  D_d —  x:kg.FBE-mx  -~dzAD-* 
J  J^Ab  x  °^  ^e  c*rck  whofe  height  is  D  x 
d-^-  =  the  convex  furface  of  the  hoof  FEBC.  Ufmg 

ftill  the  fame  letters  as  in  the  former  problems.  (The 
fig.  in  page  179. 

2.  The  fum  of  R  and  the  remaining  fegment  of 
the  bafe,  not  included  by  the  hoof  above,  multiplied 
by  will  give  the  furface  of  the  remaining  part 
of  the  whole  cone. 

That  is,  27=5  x :  leS*  *  AE  +  dd  x  ~H=AD 

^/_^_  x  feg.  of  the  circle  AB  whofe  height  is  D  x 

dT^-  -  the  convex  furface  of  the  part  FEAVC. 

From  the  furface  of  the  part  in  the  laft  article 


5' 


fubtracl  that  of  the  little  cone  at  the  top,  viz.  the 
prodndl  of  ^  by  the  area  of  the  top  of  the  fruftum, 
and  the  remainder  will  be  the  furface  of  the  comple- 
mental  unguia.  

That  is,  x  :  -  ndd  +  feg.  FAE  +  i%x 

y-f^-x  feg.  of  the  cir.  AB  whofe  height 


is 
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is  D  xd~f°  =  the  convex  furface  of  the  complemen- 

tal  hoof  FEJGC. — All  thefe  are  proved  in  cor.  3 
prob.  15. 

Example. 

* 

Required  the  convex  furfaces  of  the  parts  into 
which  a  cone  is  cut  by  a  plane  which  enters  the  fide 
at  the  diftance  of  1 8  inches  from  the  bafe,  and  cuts 
off  20  inches  of  the  diameter  of  the  bafe,  that  dia- 
meter being  30  and  the  diameter  at  the  top  of  the 
(eclion  1  yr  inches. 

Here £=30,  <*=iqt»  h=iSyBD=zo)  and  AD  =10. 
Whence  

^-_^W^3!=iv/I09=3-48oio2i7. 

The  feg.  FBE-^^' 55^511  =  500*603 157. 
The  feg.  FAE  =  zo%  x'2291  7243  =  20-6*255187. 

R  =  ~\  *jr       x  feg.  whofe  diameter  is  30  and? 

height  i|^=8-^k6x3o'  xtab.  feg.  whofe  height 

is^=^^x-37i87i78=32076ii73:  . 
And  «i^=,7.85398x  19-rl*  =280*529 179. 

« 

Wherefore 

1.  ^x  luE-R  =  3-48010217  x  179*841984 
625:868479  =  the  convex  furface  of  the  hoof  FEBC. 

2.  ^_x  FAE+R  =  3*48010217  x  {27*01636  =s. 
1834*070779  =  that  of  the  part  FAECV. 

3.  QjiFAE+R-ndd  as  3*48010217  x 237*487 184 
=826*479654=thatof  thecomplemental  hoof  FAECG. 

Pro- 
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Problem  XVII. 

To  find  the  cmvex  furfaces  of  the  parabolic  hoofs  made 
by  a  plane  cutting  a  cone  parallel  to  one  fide. 

Rule. 

Multiply  t  of  the  difference  of  the  diameters  of  the 
bafe  and  top  of  the  fruftum  by  the  fquare  Foot  of  the 
product  of  the  faid  difference  and  the  lefs  diame- 
ter, and  call  the  product  S. 

Then 

1.  The  difference  between  S  and  the  bafe  of  the 
hoof  multiplied  into  ^,  in  the  15th  problem,  will 
give  the  furface  of  the  hoof. 

Thatis,  ^^F21  x :  fegment  FBE  -\xD=d 

sf  dxD-d-  the  convex  furface  of  the  ungula  FEBC. 
Ufing  (till  the  fame  letters. 

2.  The  Sum  of  S  and  the  complemental  bafe  mul 
tiplied  by  ^,  will  produce  the  convex  furface  of  the 
remaining  part  of  the  cone. 

That  is,  — 4*iw"~^  x :  fegment  FAE  +  f  x  D-d 

s/dxD^l-  the  furface  of  the  part  FAECV. 

3.  The  difference  between  the  circle  CG  and  the 
fum  of  S  and  the  complemental  bafe  multiplied  by 

will  give  the  furface  of  the  complemental  hoof. 


That  is,   TfZd  x  :  fegment  FAE  +  *  x  D-d 

J dxD-d -ndd  =  the  convex  furface  of  the  comple- 
mental hoof  FAECG. 

Ex- 
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Example. 
Required  the  convex  furfaces  of  the  parabolic 
hoofs  of  the  fruftum  of  a  cone  whole  height  is  1 8 
and  its  diameters  30  and  iof  inches. 

Here  again       3*480 1 02 1 7. 

5=  \  xD^ds/dxD-d = ix  1  of  v/lpTTFol  =  3*"»6*^ 

3xSxS 

The  feg.  FBEts^o*  xtab.  feg.  whofe  verfed  fine  is 

(^  =  ^=)  '3 6  =  9oox^545^o^^  =  229-09549^ 
The  feg.  jFJ£  =  304  x  tab.  feg.  whofe  height  is 

(^=6^=)  '64=  9°o*  '7*SZ9*-'2S4SS0SS  =  9°°* 
•53084761  =477762849. 

And       as  before,  =289*529179. 

Whence 

1.  <§^x  FBE-Sss  3*48010217  x  125*415495  = 
436*458737  =  the  convex  furface  of  the  hoof  FEBC. 

2.  i^x  FAE+S  =  3*48010217  x  581*442849  = 
2023*480521  =that  of  the  part  FAECV. 

3.  <2>j*FAE+S-ndd=  3*48010217  x  291*91367  = 
1 0 1 5*889396=  that  of  the  complemental  hoof  FAEOG. 

Problem  XVIII. 
To  find  the  curve  furfaces  of  the  hyperbolic  hoofs  of  the 
frujlum  of  a  cone,  made  by  a  plane  cutting  it  per- 
pendicular to  the  bafe. 

Rule. 

I.  Multiply  the  quantity  found  as  in  the  pre- 
ceding problems,  by  the  Safe  of  the  hoof,  and  the 
product  will  be  its  furface. 

3  B  That 
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That  is,  £5*  feg.  F££=  ^M^*'  x  fegi  of  ^ 

circle  AB  whole  height  is  — -—' =  die  curve  furface  of 

the  perpendicular  hoof  FEBC.  (See  the  figure  at 
page  175.) 

2.  Multiply  ^by  the  complemental  bate,  and  the 
product  will  be  that  of  the  complemental  part  of  the 
whole  cone.  ' 

That  is,  g  x  feg.  FAE  =  ^ff31'"  *  feg.  of  the 

circle  AB  whofe  height  is  ^^(=^D=^/)=the  curve 

fiirface  of  the  part  FAECV** 

3.  Multiply  if^by  the  difference  between  the  com- 
plemental fegment  and  the  circle  CG,  and  the  pro- 
duct, will  be  that  of  the  complemental  hoof. 

^ndd+  feg.  of  the  circle  AB  whole  height  is       -  the 

curve  furface  of  the  complemental  hoof  FAECG. 
Ufing  ftill  the  fame  letters  as  in  the  former  problems. 

Note.  The  two  firft  articles  are  the  fame  rule,  and  fervc  fpr  the^ 
tyhoie  co«p  a*  vr«U  as  auy  perpendicular  part. 

Ex  AMP  L  E. 

Required  the  curve  furfaces  of  the  perpendicular 
hoofs  of  a  cone  whofe  bafe  diameter,  is  30  inches ; 
the  height  of  the  fection  being  18  and  the  diameter 
of  the  cone  at  the  top  of  the  lection  iof  inches. 

=  3*48010217, 

The 


dorc  again  ^*?8o. 
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The  fegment  FJ3E  =*  30*  x  tab.  leg.  whole  height  iV 

M  8  «  900^-096 1 3451  =  86-52  iQ7  7. 
The  fegment-FMS=  3o\  talx  feg.  whofe  height  is 
(^I^)  *82  =  900x^8926363  =620-337267. 
Whence 

1 .  §>*FBE=i  3*480 1 02 1 7  x86*52 1 07  7 =3  q  r  1 02 1 8  8 
•=  the  curve  furface  of  the  hoof  FEBC. 

2.  F^^T  =  3*48010217  x  620*337267  = 
2158-837068  =  that  of  the  part  FEACV. 

3.  ^_x  FAE—ndd  =  3-48010217  x  330*808088  = 
1 1 5  x  '245945  =  thatof  thecomplemental  hoof FEAOG- 

Problem  XIX. 

To  f &  <rnrw  furface  of  a  fphere,  or  of  any  fegment 

or  zone  of  it* 

Rule. 

Multiply  the  circumference  of  the  fphere  into  the 
height  of  the  part  required,  and  the  product  will  be 
the  curve  furface,.  whether  it  be  fegment,  zone,  he- 
mifphere,  or  the  whole  fphere.* 

Note.  The  height  of  the  whole  fphere  is  its  diameter. 

  EXr 

•  Dbmon»tr.atioh. 

Put  dat  the  diameter  jiB  or  2CG,  ya 
CP  the  height  of  the  zone  ADFBty  =.ED% 
z  =  /?y^,/=  3*14159  &c.  and  /  =  the  fur- 
face required. 

Then/  =  2/>jrz;  but  as  y\\jd :  :x  :  z  = 

d'x 

therefore/  and  confequcntlf  /  = 

pix ;  viz.  the  product  of  the  circumference 
of  the  fphere  and  height  of  the  zone,  for 
fjiss:  thecircumfetenceofthe circlcwhofi: 
diameter  u  <L  Co- 
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*    *■  » 

Example  I. 

If  the  diameter  or  axe  of  the  earth  be  7957? 
miles,  what  is  the  whole  furface,  fuppofing  it  a  per- 
fect fphere? 

7  95  7?  x  3*  1 4 1 592  =  25000  miles,  (extremely  near) 
—  the  circumference. 

Then  7957?  x  25000  =  1 98943750  fquare  miles  = 
the  whole  furface  required.  And  thehalf  is  9947 1875 
=  the  furface  of  the  hemifphere. 

Ex- 


Corollary  I. 
When  x  becomes  e=  CG  =i</,  /  will  be  =  \pdd  ss  the  furface  of 
the  hemifphere     And  confequently  that  of  the  whole  fphere  is  pddt 
"the  produft  of  the  circumference  and  height  or  diameter. 

Corollary  II. 

To  or  from  \pdd,  the  furface  of  the  hemifphere,  add  or  fubtralt 
pdx,  that  of  the  zone  JI>FB,  and  the  remainder  pdx\d3zx=pd*GE 
will  be  the  furface  of  the  fegmcnt  DGF,  viz.  the  producl  of  the  cir- 
cumference and  height.    So  that  the  rule  is  general,    j£,  ■£./), 

Corollary  III. 
The  furfaccs  of  fpheres,  and  alfo  of  their  fimUar  parts,  are  to  each 
other  as  the  J'quarcs  of  their  diameters.  For,  by  exterminating  the 
common  given  quantity  p,  they  are  as  J,  the  diameter,  into  the  height 
Of  the  part ;  but  the  heights  of  fimilar  parts  arc  as  the  diameters ; 
wherefore  Sec. 

Corollary  IV. 

The  furfaces  of  any  fegments  or  zones  of  a  fphere  are  to  each  other, 
or  to  that  of  the  whole  Iphere,  as  their -heights.  For  pd  is  common 
to  them  all. 

Cor  o  l  l a  r  y  V. 
Or  the  furface  of  any  fegmcnt  or  zone  of  a  fphere  is  as  its  height. 

Corollary  VI. 

The  furface  of  any  fegmcnt  or  /one  is  equal  to  4  time*  a  circle 
whofe  diameter  is  a  mean  proportional  between  its  height  and  the  di- 
ameter of  the  fphere.  For  this  circle  is  =  lp* \^dx\*  s  ipdx. 

Co- 
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Example  II. 

»         •  « 

To  find  the  furface  of  the  two  frigid  zones  of 
the  earth. 

<  1 

Note.  The  frigid  zones  arc  the  two  oppoftte  fegments  DGF,  dHft 
in  which  each  ot  the  arcs  DG%  dH%  or  half  the  breadth  of  the  zone, 
is  23i  degrees., 

Draw  the  radius  CF\  then  the  angle  FCE=2$? 
degrees,  and  the  angle  EFC=  90-231  =  66j  degrees ; 
alio  the  angle  E=  90  degrees. 

Then,ass.^£:s.^F::K^39784:CE=3^48*8675054. 

And  EG  =  GC-CE  =  3978*875-3648-8675054  = 
330*0074946  =  the  height. 

Hence  25000  (the  circumference)  x  330*0074946* 
=  8250187*365=  the  furface  of  the  fegment  DGF  or 
frigid  zone. 

3  C  Ex- 


Corollary  VII. 
Hence  the  furface  of  a  fegment  DGF  is  equal  to  4  times  the  circle 
whofe  diameter  is  the  chord  CD  drawn  from  the  Yertea  to  the  extre- 
mity of  the  bafe ;  or  equal  to  a  circle  whofe  radius  is  that  chord.  For 
CD  =  </HG*(JE  s*  ^dx. 

Corollary  VIII. 
And  hence  the  furface  of  a  fphere  is  equal  to  4  times  the  area  of 
a  great  circle  of  it ;  that  is,  4  times  the  area  of  a  circle  of  the  fame 
diameter  with  the  fphere.    And1  confequencly  the  furface  of  an  he- 
mifphere  is  double  the  area  of  its  bafe. 

Corollary  IX. 
Or  the  furface  of  a  fphere  is  equal  to  a  circle  whofe  diameter  is 
double  to  that  of  the  fphere. 

Corollary  X. 
The  furface  of  any  fegment  or  zone  of  a  fphere  is  equal  to  the  curve 
furface  of  a  cylinder  of  the  fame  height  with  it,  and  whofe  diameter 
is  equal  to  that  of  the  fphere. 

Corollary  XI. 
Hence  the  furface  of  a  whole  fphere,  or  of  a  hemisphere,  is  equal- 
to  the  curve  furface  of  the  circumscribed  cylinder. 
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EX  A  M  P  L  £  III. 

To  find  the  fhrface  of  the  torrid  zone  IKki,  which 
extends  to  the  diftance  of  {IA  or  At)  23?  degrees  on 
each  fide  from  AB  the  diameter. 

Here  the  LLKC=2Z%  degrees. 
Then,  s.  LLis.LLKC::  AC:  CZ,=  1586*572. 
And  Zi/=2C£=3 173*1 44  =the  height. 
.  Wherefore  25000x3173*144  =  79328600  fquare 
miles = the  furface  of  the  torrid  zone. 

Example  IV. 
Required  the  convex  furface  of  each  of  the  tem- 
perate zones  DFKf,  dfki,  whkh  are  included  between 
the  frigid  and  torrid  zones. 

By.  the  xft  ex.  CE^aS'^S 
and  by  the  2d  ex.  CL-  1586-572 

.  their  difference  is  LE=  2062*295 5  =  the  height. 

.  Wherefore  25000x2062*2955=51557387*  fquare 

mile9  =  each  temperate  zone. 

Hence  the  two  frigid  zones  w  16500375 
the  two  temperate  zones*  103 1 14775 
the  torrid  zone       =  79328600 

their  fum  is  1 98943  750  =  the 

iurface  of  the  fphere. 

Problem  XX. 

To  find  the  lunar  furface  ABDCA  included  between  two 
t  great  circles  ABD,  DCA  of  a  fphere. 

Rule  I.  B 

Multiply  the  diameter  AD  into  the 
breadth  BC  of  the  furface  in  the  mid- 
dle, that  is,  into  the  arc  that  mea- 
sures the  angle  BAC  of  inclination  of 
the  two  circles,  and  the  product  will 
be  the  furface  ABDCA.  That 
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That  is,  if  //^  *4x9  the  diameter, 

a  =  the  length  of  the  arc  i?Covcr  the 
.  middle  of  the  furface. 
Then  ad  is  the  furface. 

♦Rule  II. 

*  »       .  »  > 

As  four  right  angles  are  to  die  furface  of  thefphere ; 
Qr,  As  one  right  angle  is  to  a  great  circle  of  the  fphere ; 
So  is  the  angle  made  by  the  two  great  circles, 
To  the  furface  included  by  them* 

Example. 

Required  the  furface  included  by  two  great  cir- 
cles forming  an  angle  of  25  degrees,  the  diameter  of 
the  fphere  being  10  feet. 

1.  By  rule  1. 

Firft,  3-1415926x10  »  31-415926  » the  circum- 
ference. 

And 


•Demom»trat»on. 

If  die  great  circle  BCE,  whofe  poles  are  A  and  D,  be  conceived 
to  he  dfrided  into  an  indefinite  nnmber  of  equal  parts,  and  great  etr* 
cles  be  conceived  to  be  drawn  through  the  point*  of  divition  and 
through  A  and  D  ;  it  is  evident  that  the  whole  furface  wilt  be  di- 
vided, by  tbe  circles,  into  the  fame  number  of  parts  fimilar  and  equal 
to  one  another,  and  that,  therefore,  the  furface  included  between 
any  two  of  thofe  circles  will  be  as  the  number  of  parts,  or  as  the  arc 
of  the  circle  BE  included  by  them;  wherefore  as  the  whole  circum- 
ference BE  is  to  the  arc  BC,  or  as  four  right  angles  to  the  angle 
B AC,  fo  is  the  furface  of  the  fphere  to  the  lunar  lurface  ABDCA ; 
or  alfo  as  one  right  angle  is  to  the  angle  B AC,  fo  is  the  area  of  a 
great  circle  of  the  fphere  of  the  furface)  to  the  lunar  furface.  Which 
is  rule  a. 

COROLL  AKT, 

If  4  be  the  diameter  and  c  the  circumference  of  the  fphere,  and  a 
the  arc  BC ;  then,  from  the  procefs  above,  cawed  (the  furface  of 
tJieTpherc)  :ad a  the  lunar  furface.    Which  is  rule  I.  - 
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And  36o:25(::72:5)--  3i,4I592^:2,l8l66la=thc 
created  breadth  of  the  furface. 

Then  2'i8i66ixio  =  21S1661  =  the  furface  re- 
quired. 

2.  By  rule  2. 

Here  31*41 5Q26(thecircumference)xi  0=3 14*  1 5920 
=  the  furface  of  the  fphere. 

And  360  :  25  ::  (72:5::)  Z^'1S926  :  21*81661  a 
the  furface  required. 

Problem  XXI. 
To  find  the  area  of  a  fpheric  triangle,  that  is,  thefpheric 
furface  included  by  the  arcs  of  three  great  circles  of 
the  fphere  interfering  one  another. 

Rule. 
As  S  right  angles  or  7200, 
To  the  furface  of  the  fphere; 
Or,  As  2  right  angles  or  180% 

To  a  great  circle  of  the  fphere ; 

So  is  the  excefs  of  the  3  angles  above  2  right  angles, 

To  the  area  of  the  triangle.* 

That 

*  Demonstration. 
For  having  produced  all  the  fides  of  the  tri- 
angle ABC  (P)  till  they  interfeA  again  and  form 
the  triangle  py  which  by  the  principles  of  the 
fphere  will  be  equal  to  the  former  triangle  P  \ 
put  1 5  =  t  the  furface  of  the  fphere  =  P + 
R  +  T.  Then,  by  the  laft  problem, 
(  l8o°  :  A ::±S:P+T, 
J  180  :B  ::\S:P+Z> 

hence  180  :A+B+C:.iSi  (3/»+r+^+/?=) 

2P+iS, 

and  as  1 80  :  A+B+C— 180 : : \S :  2P : :  $S :  P=: 


Sx 


A+B+C-iBo 
720 


Q.E.D. 


Co- 
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That  is,  pdd  x~~«  the  area  of  the  triangle,  put- 
ting />  =  3*14159  &c.  d xs  the  diameter  of  the  fphere, 
and  x  =  the  fum  of  the  3  angles  of  the  triangle* 

•  * 

Example. 

* 

If  the  angles  be  55,  60,  and  85  degrees,  what  is 
the  trilineal  furface  ;  fuppofing  the  diameter  to  be 

Here  7 853 982 x  10x10  =  78*53982  =  £  of  the  fur- 
face  of  the  fphere. 

Then  180  :  20  (=  55+60+85-180): :  78'53982r 

^^=8-72664=the  area  of  the  triangle  required. 

* 

Problem  XXII. 

To  find  the  area  of  a  fpheric  polygon,  or  to  find  thefphc- 
rical  furface  included  by  any  number  of  interfering 
great  circles. 

Rule. 

As  8  right  angles  or  720°, 
To  the  furface  of  the  fphere ; 
Or,  As  2  right  angles  or  180% 
To  a  great  circle  of  the  fphere; 
So  is  the  excefsof  all  the  angles  above  the  produft 
of  180  and  2  lefs  than  the  number  of  angles, 
To  the  area  of  the  fpheric  polygon, 

3D  That 

Conor.  I.  ART. 

When  P=ro,  then  {J+B+C  or)  /=  180;  but  when  P  =  tyJ, 
half  the  furface  of  the  fphere,  then  /-.i8os=j6o,  or /=  540;  con- 
fequently  J+B+C  is  always  between  i9o  and  540,  that  u,  greater 
than  2  and  lefc  than  6  right  angles. 


*9*  Sphere.  Fart  IIL 

That  is,  putting  «=the  number  of  angles, 

j=  the  fum  of  all  the  angles, 
d=  the  diameter  of  the  fphere, 
and /^=3 -1415980:. 

Then  pd*  x  *~l*°*0"~2-  =  die  area  of  the  fpheric  po- 
lygon,* 

Example. 

What  furface  is  included  by  the  intercepted  arcs 
of  five  interfering  great  circles  of  a  fphere  of  10  feet 
diameter ;  fuppofmg  the  fum  of  the  angles  formed 
by  thofe  arcs  to  be  640  degrees. 

Here  the  furface  of  the  fphere  is  3-1415926x10x10 
=  314-15926. 

And 


♦Demonstration. 
For  if  the  polygon  be  fuppofed  to  be  divided  in  as  many  triangles 
as  it  has  fides  by  great  circles  dmwn  to  all  the  angles  through  any 
point  within  it,  forming  at  that  point  the  vertical  angles  of  all  the 
triangles.  Then,  by  the  laft  problem,  it  will  be  iu  any  one  trumelc 
As  720:  Sr.  fum  of  its  angles  — 180:  its  area,  ' 
Wherefore  by  compofition.  As  720  :  S ::      't8on :  Aim  of  all  the 

triangles  or  area  of  the  polygon. 
But  all  the  vertical  angles  =  360  or  180x2. 

Wherefore,  As  720:  St^-iSox^:  Sx  '^SffZ?  =  thearca 
of  the  polygon.  Q.E.D. 

Co  ROLLARY. 

When  the  polygon  is  =  0,  then  ,  is=  iSoxiZ?  ;  and  when  the 
polygon  is  ==  the  femi-fpheric  furface,  then  /=  !8ox  ^  + ,6c  =» 
i8ox»  ;  confequcntly/rtc  fum  of  all  die  angles  of  any  polygon  is  al- 
ways .between  i8oxif--ajnd  iSox/,,  that  is,  IcG*  than  »  times  2  right 

ISbSr  of  ^  "~2  timCS  2  rlS'U  ™*hS>  *  UiDS  ^ 
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And  1 80 xn-2=s  180x3=540,  which  taken  from 
640  leaves  100. 

Whence,  as  720: 100  ::  314M 5Q26:392'^"p8  = 

43*63323  =  the  area  of  the  polygon  required. 

■  ■• 

Problem  XXIII. 

To  find  the  furface  AEBF  included  between  two  inter- 
Jecling  little  circles  of  a  fphere. 

* 

Rule. 

Through  the  poles  D,  C,  and  in- 
terferons -4,  By  of  the  two  little  cir- 
cles AFB,  AEB,  draw  the  great  cir- 
cles AD,  DB,  BCt  CA ;  and  alfo  the 
great  circle  DEFC, 

By  prob.  2 1  find  the  area  of  the 
triangle  BCD,  having  firft  found  the 
angles  at  B,  Q  and  D,  from  the  given  fides,  by  the 
principles  of  fpherical  trigonometry. 

By  prob.  1 9  find  the  furface  of  the  fegment  cut 
off  by  the  circle  of  which  AFB  is  a  part,  thus,  viz. 
As  the  diameter  is  to  the  verfed  fine  of  the  arc  DF 
or  DB,  fo  is  the  furface  of  the  fphcrc  to  that  of  the 
fegment. 

Then  as  4  right  angles,  to  the  LBDC,  fo  is  that 
furface,  to  the  part  of  it  DBF, 

In  the  fame  manner  find  the  furface  CBE. 

Then  from  the  fum  of  DBF  and  CBE  take  the 
triangle  DBC,  and  the  remainder  will  be  the  part 
BEF-,  the  double  of  which  will  be  the  whole 
JEBFA. 

Pro- 


zoo  Sphere.  Part  III. 

Problem  XXIV. 

To  find  the  folidity  of  a  fphere  or  globe. 

♦Rule  I. 

Multiply  the  furface  by  j  of  the  radius  or  by  t  of 
the  diameter,  and  the  product  will  be  the  folidity. 

Rule  II. 

Multiply  the  cube  of  the  diameter  by  '5236,  and 
the  product  wil  be  the  folidity. 

That  is  (3-^)  ^236^  =  the  folidity. 

Ex- 


*  De 


M  ON  3TRATION, 


The  fphere  may  be  confidered  as  conftituted  of  an  infinite  number 
of  pyramids  whofe  bafes  compofe  the  fpheric  furfacc,  and  all  whofe 
rertexes  concur  in  the  center,  their  common  height  being  equal  to 
the  radius  of  the  fphere.  And  confequently  the  fphere,  or  any  lpheric 
pyramid  (being  a  part  contained  within  right  lines  drawn  from  the 
furface  to  the  center)  is  equal  to  a  pyramid  whofe  bafe  is  equal  to 
the  fpheric  furface  and  height  equal  to  the  radius.  And  therefore 
the  furfacc  of  the  whole,  or  of  any  fuch  part,  being  drawn  into  |  of 
the  radius  will  give  the  folidity,  as  in  rule  i. 

Corollary  I. 

Since  the  furface  of  the  fphere  is  =5  pdd,  we  (hall  have  pdi x  (j-  of 
the  radius  or)  {d  =  y>d*  ='523598775  &c.  x</>  (which  is  rule  2.) 
ss  y  of  a  cylinder  of  the  fame  diameter  and  height. 

Corollary  II. 

If  Abe  the  height  or  verfed  fine  of  any  fegment;  then,  Cmccpdh=s 
its  furface,  #dxh  =  '523598775  Sec.  xd*6  will  be  the  folidity  of  the 
fpheric  pyramid  or  cone  whofe  bafe  is  the  furface  of  the  fegment. 

Corollary  III. 

Heoce  fphcrcs  and  their  fimilar  pyramids,  and  alfo  any  other  fimi- 
Iar  parts  of  thcra,  are  as  the  cubes  of  the  diameters. 

Co- 
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EX  AMPLE* 

Suppofing  the  earth  to  be  fpherical,  and  its  dia- 
meter 7957^  miles,  what  is  its  folidity. 

1.  By  rule  1. 
By  exam.  1  ofprob.  19  thefurface  is  1989437^0, 

then  1 98943  75  ox~^  =  2638^7437760  miles  =  the 

folidity.  V., 
2.  By  the  2d  rule.  ' 

Here  -5236V  =  7236x7957*!'  =  26385762494^ 
miles  =  the  folidity  by  this  rule  :  the  difference  ari- 
fing  by  taking  the  number  '5236  a  little  too  great. 

3  E  Pro- 

 i-4  —  :  

COIOLIARY.IV. 

If  to  or  from  (iJ>d*&)  the  fpheric  cone  be  added  or  fubtrafled  {\px 
^i^i*4!,x£Ib=*tf4H±\t>dk^y>h>)  the  cone  whofe  bafc 

is  the  ferae  with  tie  bafc  of  the  fegment,  and  whofe  vertex  is  in  the 

center,  the  fum  or  difference  \pdil— — -f^*  x  wi"  bc  tnc 

fpheric  fegment  whofe  height  is  h,  either  greater  or  lefs  than  the  he- 
juifphcre,  or  of  whatever  magnitude  b\  s,  not  exceeding  d.  Or  if  r  be 

=  the  radius  of  the  fegment's  bafc,  unce  d  =  j — ,  the  fegment  will 

Cor ouiit  V. 

Hence  the  difference  between  two  fegments  whofe  heights  are  ff, 
h,  and  the  radiufes  of  their  bafes  R,  r,  will  give  for  the  fruftum  or 
zone  i/x :  3/?1  ^r*h— fi^ ,  which,  putting  a  for  the  altitude  of 

the  fruftum,  and  exterminating  H  and  h  by  means  of  the  two  cqua- 
Dixjyi      r%+£%  — — — — — 
tions  — 4j —  =  — ~— ,  and  a = //— will  become  ftf/xtf*  -tr'+±a*. 
Ho 

Corollary  VI. 
If  one  end  of  the  fruftum  pafs  through  the  center,  then  Rl  =sf</*=- 
r»+<» » ,  and  the  laft  theorem  will  become  ap  xrH^i1  =  ap         |a» . 

Co- 
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Problem  X&V. 
■    To  find  the  folidity  of  the figment of  a  fiber*.  . 

R  U  L  E    I.  \  ~ 

To  three  times  the  fquare  of  the  radius  of  its  bafe 
add  the  fquare  of  its  height,  multiply  the  fum  by 
the  .height  and  the  product  by  '5236;  and  the  laft 
product  will  be  the  folidity. 

That  is,  if  r=DE  the  radius  of  its  bale, 
b-EG  the  height ; 

Then  '523  6h  x  yrr+hh  -  the  folidity  of  the  fegment 
DGF.  By  cor.  4  to  the  laft  problem.  [See  the  figure 
in  page  uj/.] 

Rule  II. 

From  three  times  the  diameter  of  the  fphere  fub- 
tract  twice  the  height  of  the  fruftum,  multiply  the 
difference  into  the  fquare  of  the  height  and  into 
•5236,  and  the  laft  product  will  be  the  folidity. 

That  is,  if  d^GH  the  diameter  of  the  fphere, 
h-EG  the  height  of  the  fruftum; 

Then  -52  3  6h 1  x  $d-ih  =  the  folidity  of  DGF.  By 
cor.  4  to  the  laft  problem. 

Example. 

What  is  the  folidity  of  each  of  the  frigid  zones 
of  the  earth,  the  axe  being  7957?  miles,  and  half 

the 


Corollary  VII. 
Hence  the  middle  zone,  or  the  double  of  the  laft  expreffion  will  be 
a^xrl+^i»  s=  napx^-^a* ,  where  a  is  \  its  altitude  and  r  =  -£  the 
diameter  of  each  end.    But  if  A  be  its  whole  altitude,  and  D  the 

diameter  of  each  end,  thofc  theorems  will  become  i^x2F*+^/7*  s 
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the  breadth,  or  arc  VAX  of  the  zone  being  23 i  de- 
grees? 

By  rule  2. 

As  1  =  tabular  radius  .-397  8^= radius  of  the  earth:: 
•0829399  =  tab.  verfed  fine  of  231  degrees :  '0829399 
x  3978^=  330*0074946  =  the  verfed  fine  or  height  of 
the  fegment.  _______ 

Then  'S2$6h9  x  3-^-2 h  =  '5236  x  330*0074946  x 
330*0074946  x  23213*2350108=  1323679710  =  the 
content  of  the  fegment. 

By  rule  1. 

As  I  -3978$::  '3987491  =  tabular  fine  of  23;  de- 
grees:'3987491  x  3978;=  1586*57282526  =  the  ra- 
dius of  the  fegment's  bafe. 

Then  -5236/*  x  zr*+b*  =  '5236  x  330*0074946  x 
7660544*936=  1323680299*69  =  the  folidity  of  the 
fegment. 

Problem  XXVI. 
To  find  the  folidity  of  a  frufium  or  zone  of  afpherc- 

Rule. 

Add  together  the  fquarcs  of  the  radiufes  of  the 
ends  and  j  of  the  fquare  of  their  diftance  or  of  the 
height,  multiply  the  fiim  into  the  faid  height,  and 
the  product  multiplied  into  1*5708  will  produce  the 
content  required. 

That  is,  /J'+r'+j**1  x^b=the  folidity  of  the  fru- 
ftum  whofe  height  is  b,  and  the  radiufes  of  its  ends 
R  and  r,  p  being  equal  3*1416.  By  cor.  5  to  prob. 


304  SfHERE.  Part  III. 

Example  I. 

What  is  the  folidity  of  the  fruftum  of  a  fphere, 
the  diameter  of  whofe  greater  end  is  4  feet,  the  dia- 
meter of  the  lefs  3  feet,  and  the  height  2  j  feet. 

 ,    

x  2 1  =  8;  x  3 '  92  7  =  3  2 *  7  2 5  =  the  folidity  of  the  fruftum 
required. 

Example  II. 

What  is  the  folidity  of  each  temperate  zone  of  the 
earth,  they  extending  from  237  degrees  to  66i  de- 
grees of  latitude,  and  the  diameter  of  the  earth  be- 
ing 795 7t  miles. 

By  the  example  to  the  laft  problem  the  radius  of 
the  top  is  1586-57282526. 

And  as  1 : 3978;.-: -91 70601  =  tabular  fine  of  66j 
degrees  :  *3978tx  -9170601  =  3648*86750538  =  the 
radius  of  th 

Alfo  by  example  4  prob.  1 9,  the  height  is  2  o 62  '2  955. 

Then  ^*+r*+TA*xr57o8/?=  1 7249 1 36x2062*2955 
i*57°8  =  55877778668  =  the  folidity  of  each  tempe- 
rate zone. 

Otherwife. 

♦ 

Since  the  radiufes  of  the  ends  of  this  zone  are  the 
fines  of  23  i  and  66  j  degrees,  which  are  complements 
the  one  of  the  other,  the  fum  of  the  fquarcs  of  thofc 
radiufes  will  be  equal  tothefquare  of  the  radius  of  the 
fphere;  and  therefore  V</+yMx  1*5708/;=  17249 136 
x 2062-2955  x  1-5708  =55877778668  =  the  content 
the  fame  as  before. 

Pro- 
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Problem  XXVIL 
To  find  the  folidity  of  the  middle  zone  of  a  fphere. 

Rule... 

Multiply  either  the  fum  of  the  fquare  of  the  dia- 
meter of  the  end  and  \  of  the  ifquare  of  the  height, 
or  the  difference  between  the  fquare  of  the  diameter 
.  of  the  fphere  and  j  of  the  fquare  of  the  height,  into 
the  height,  and  the  product  by  7854  for  the  con- 
tent.   - 

That  is,  dd+jhbx"jSs/\h  or  DD-^hhx 7854/^=5 
the  content  of  the  middle  zone  whofe  height  is  hy 
the  diameter  of  each  end  d>  and  the  diameter  of  the 
fphere  D.    By  cor.  6.  to  prob.  24. 

ExampleI. 

Required  the  folidity  of  the  middle  zone  of  a 
fphere  whofe  top  and  bottom  diameters  are  each  3 
feet,  and  height  4  feet.   

Here  ddt\hh  x  78546  =  3 N-jM-*  *4*  7854  =  5°* 
x4x'26 1 8  =  6 17848  =  the  content  required. 

Example  II. 
What  is  the  folidity  of  the  torrid  zone  of  the  earth, 
which  extends  to  23 £  degrees  on  each  fide  of  the 
equator ;  the  diameter  of  the  earth  being  7057^ 
miles  ? 

By  the  example  to  prob.  25,  the  fine  of  23  \  degrees, 
or  '  the  height  of  the  zone,  is  1586*57282526,  and 
the  whole  height  is  31 73*14565052  =  />. 

Then  DD~jhh X7 $54^=__ 

7957*75,  ::  '  *  3'73"i4565052"  *  3I73'H5^52  x 
7854=  14945508 1 137  =  the  content  required. 

3  F  Scho- 


SjJIE**. 

Scholium, 


Part  m; 


Trom  the  laft  three  problems  we  find  that 
The  two  frigid  zones      =  2647350420 
The  two  temperate  zones  =  u  i  755557330" 
The  torrid  zone       =       1 49455081137 

whofe  fum  263857997893  is 
the  whole  fphere,  nearly  the  lame  as  found  in  prob. 

Problem  XXVIII. 

1 

To  find  the  folidity  of  the  fecond  fegment  of  a  fphere. 

Definition. 

A  fecond  fegment  is  a  part  cut  off  a  fegment  by 
a  plane  perpendicular  to  the  bafc. 

Rule. 

By  prob.  23  find  the  curve 
furface  of  the  fecond  fegment 
AECey  which  being  drawn  into 
■f  of  the  radius  of  the  fphere,  will 
produce  the  content  of  the  fphe-  K  O 
ric  fedtor  OEAeC,  from  which 
if  there  be  taken  the  pyramid  OEAe  whofe  bale  is 
the  fegment  AEe  and  height  ON,  and  from  the  re- 
mainder be  taken  the  pyramid  OECe  whofe  bafe  is 
the  fegment  CEe  ami  height  KG  or  HI9  it  is  evident 
that  the  laft  remainder  will  be  the  fecond  fegment 
AfyC :  for  thefc  two  pyramids  and  the  fecond  feg- 
ment compofe  the  fpheric  pyramid. 

Pro- 


i 
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Problem  XXIX. 

Tofnd  the  furfacs  of  a  circular  fpindle,  or  -of  tthyfeg* 
mcne  or  frUjhxm  of  it* 

Defi  nit  ion. 

A  circular  fpindle  is  a  folid  ACBDA  conceived  to 
be  generated  by  the  rotation  of  a  fegrnent  ACB  of  a 
circle  about  its  chord  AB  as  an  axe. — The  diftance 
FE  of  the  middle  of  the  chord,  Or  center  of  the  fpin- 
dle, from  the  center  of  the  circle,  or  of  the  revolving 
arc,  is  called  the  central  diftance. 

From  the  produft  of  the  height  of  the  folid  and 
radius  of  the  revolving  arc  fubtraft  the  produA  of 
th$  faid  arc  and  central  diftance,  multiply  the  re- 
mainder by  3*1416,  and  double  the  product  tvill  be 
the  f  urface  defcribed  by  that  arc,  whether  it  be  the 
-whole  or  any  part  of  the  fpindle.* 

that 


*  Demonstration. 

Put  z  =s  the  arc  CP,  x  =  its  fine  R£,  r  and  c  for  the  radius  and 
central  diftance,  and  />  j  3- 14 1 59  &c.  Then  the  fluxion  of  the  fur- 

face/  is  =s  2j>zx  RP  =  2fixzvrr— AV_ cz\  but,  by  the  property  of 
the  circle,  z>/rr — xx'is  =  rx  ;  therefore  /  3  2j>xrx—czt  and 
X  rx-cz  =  i^xrxa- f  xCP. 

CoiOlL  A  %  T  I, 

When  ER^EA*  the  rule  becomes  2f>xr^.EA—CKC^  for  the  fuf- 
facc  of  half  the  fpindle,  or  2p*r*AU—c*ACB  for  that  of  the  whole, 

CoAOLLARY  II. 

If  from  the  furface  of  the  femi-fpindle  be  taken  that  of  the  fruftum, 
there  will  remain  2p*r*RA—c*AP  for  that  cf  the  fegrcent  PA^: 
So  that  the  rule  is  general,  Co 


2o8 


Circular  Spindle. 


That  is,  if 
r=jFCthe  rati,  of  the  arc, 
c  -FE  the  central  diftance, 
h=Rr  the  height  of  any 

part  pPQj?, 
a=Pp  its  revolving  arc, 

Then  hr—acy^zp- the  fur- 
face  of  that  part  j>P%. 

>  *  * 

Example. 

Required  the  furface  of  a  circular  fpindle  whole 
greateft  diameter  is  30  and  its  length  40  inches. 

Here,  by  the  property  of  the  circleL£A'=  AE'~EC 
sio'-r  15  =  400-4-15=  261,  and  26}+ 1 5 -5-2 =417-5-2 
=  2ot=  the  radius  of  the  circle. 

And  EF=FC-CE=2oi-is=S*=l  the  central  di£ 
tance.  -  - 

Alfb,  . 


Corollary  III. 

When  E  coincides  with  F,  c  vanishes,  the  fpindle  becomes  afphcrc,, 
and  the  theorem  becomes  barely  2/rx,  the  lame  with  that  before 
found  for  the  fphcre. 

Corollary  IV. 

From  cor,  1 ,  it  appears  that  the  radius  is  to  the  cofme  of  an  arc 
always  in  a  greater  proportion  than  that  of  the  arc  to  its  fine,  or  of 
the  double  arc  to  its  chord ;  but  thofe  ratios  approximate  to  an  equa- 
lity as  the  arc  diminilhcs,  till,  when  the  arc  vanifhes,  they  become 
accurately  equal,  and  the  arc  and  chord  vanifh  alfo  in  a  ratio  of 
equality.— Confequently,  in  fmall  arcs  the  arc  is  a  fourth  proportional 
to  the  cofme,  fine,  and  radius,  nearly.  Thus,  the  fine  and  cofine  of 
an  arc  of  1  degree  are  •0174524  and  '9998477  to  the  radius  t;  then 
•9998477  : -0174524::  1  : -0174550=  the  arc  nearly,  the  true  figures 
being -0174533. 
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Alfo,  as  20*:  20::  i:  24+25* o6-r 100*3*96*  the 
tabular  fine  of  the  arc  AC,  to  which  belong  73*7398 
degrees,  the  double  of  which  147*4796  are  the  num- 
ber of  degrees  in  the  whole  arc  ACB.  And  there- 
fore by  rule  1  prob.  6  feci.  1  part  2,  we  have 
•01745329x147-4796x201  =  53*62508  =  the  length 
of  the  revolving  arc. 

Wherefore,  by  the  rule,  hr-ac  x  2  />  = 

2olx40-53-625obx5ix6-2832=25X4o-53'625o8x7 

xix6-2832=624-62444X5-236=327o-5335=thc  fur- 
face  required. 

Problem  XXX. 

To  find  ihefolidity  of  a  circular  fpindle. 

Rule. 

From  j  of  the  cube  of  half  the  length  of  the  fphv 
die  fubtract  the  product  of  the  central  diftance  and 
half  the  generating  circular  fegmcnt,  multiply  the 
remainder  by  four  times  3*14159  &c.  and  die  pro- 
duct will  be  the  content  of  the  fpindle.* 

3  G  That 


*  General  Investigation. 
Putting  RE=ix  (fee  the  fig.  to  the laft  prob.)  £f=f,  y  14159  &c 
asp ;  the  fluxion  of  the  fol'rd  .jwill  btespxxPR*  =gpX)tJiP—  f|*  3- 
p'xxHP*  —c*1tii'  -c=px-xFfP*-cX3RP+c  =s t>xxr*—c*—xl—2cxRt> j 
and  5  s=  px  x  r*-c  *  -fx* — j  x  RPCE  =  px  AE>— |x*  x  x—2cxRPCE 
ex  the  fruftum  generated  by  RPCE. 

Corollary  I. 


When  x  becomes  as  AE,  the  theorem  above  becomes  irAEi — ex  ACE 
x  ip  =;  \  the  fpirulle,  and  \AE  '-fx  ACE  %  4^  as:  the  whole  fpindle. 

Co* 
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That  is,  if  l=AE*  =  the  length, 

c=E¥=  the  central  diftance, 
6=the  area  ACE, 
and  p-  3*14159  &c. 

Then  jl'-ac  xtf^xht  whole  fpindle  ACBDA. 

Example. 

If  the  length  of  a  circular  fpindle  be  40,  and  its 
greateft  diameter  30;  what  is  its  folidity. 

By  the  laft  problem  the  radius  is  20*,  the  central 
diftanceii,  and  the  length  of  the  whole  arc  53*62508; 
hence,  53*62508  x  20t= the  double  of  the  fedtor  FAB, 
(lines  being  fuppofed  to  be  drawn  from  the  center 
to  A  and  B)  and  40x5!=  the  double  of  the  triangle 
FAB,  and  confequently  53*62508x20*— 40x5!  = 
53*62508  x  25-40  x  7  x  I  =  883*8558  =  the  double  of 
the  fegmcnt  ACB,  *  of  which,  or  220*9639  is  the 
half  of  that  fegment.  

Then  jIi—acx^p=iX2oi -220*9639x5 7x4x3*141 6 

sz  *  X  20"  —  220*9639  X  It  X  20  X  3*1416  =  275*542  X 

62*832  =1731 2*858  =  the  folidity  required. 

Pro- 


Cor  o  l  l  a  r  y  II. 

If  from  the  f  fpindle  be  taken  the  fruftura,  thcrx  will  remain 

\AR 1  *  3  ^£  — M—icx/lPR  for  the  fegment  Psf$_of  the  fpindle. 

Corollary  III. 

If  E  coincide  with  F,  the  fpindle  will  become  a  fpherc,  c  will  va- 
nifli,  and  the  theorems  above  become  fyxGF*  =y/>x6'/1  for  the  whole 
iphcrc;  pxFHxG  F*—\t'H*  for  the  fphcric  fruftum;  and  \pxGHx x 
lUt'—UH  for  the  fphcric  fegment;  and  arc  the  fame  with  the  theo- 
rems in  problems  24,  25,  and  27. 
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Problem  XXXI. 

To  find  the  content  of  the  middle  frujlum  or  zone  of  a 

circular  fpindle. 

Rule. 

From  the  fquarc  of  half  the  length  of  the  fpindle 
take  y  of  the  fquare  of  half  the  length  of  the  middle 
zone,  and  multiply  the  remainder  into  the  laid  half 
length  of  the  zone,  from  the  product  fubtract  the 
product  of  the  generating  circular  area  and  central 
diftance ;  then  the  remainder  drawn  into  2  times. 
3*14159  &c.  wilt  be  the  content  of  the  middle  zone- 
That  is, 

putting  /  =  ER  =  half  the  length  of  the  zone, 
L  =  EA  =  half  the  length  of  the  fpindle, 
c  =  FE  the  central  diftance, 
and  a  =  the  generating  area  KPYW. 

Then  LL^yUl-ac*2p  =  the  zone  PTZ^ 

Example. 

If  a  calk,  in  form  of  the  middle  fruftum  of  a  cir- 
cular fpindle,  have  its  head  diameter  24,  bung  dia- 
meter 3  2,  and  length  40  inches  j  how  many  ale  gal- 
lons will  it  hold. 

HercC£-PJR=^  =  4  =  rc,  ^=^=122  = 

I oo  =  TK\  hence  1 00+4  =  1 04  =  the  diameter,  and52 
as  the  radius  of  the  generating  circle. 

FC-CE=$2- 16=3 6= EF  the  central  diftance,  and 
y/AF'-FE^s/^-  36,=4v/i3 -9,=4v/88=8%/22 
=  E A  -  half  the  length  of  the  whole  fpindle. 

PRxRWzz  12x40  =  48o=the  area  RPTYW,  and 

the. 
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the  fegment  PCTt  found  by  the  table  of  circular 
fegments,  is  107*5185. 

The  fum  of  thefc  two  is  587*5 1 85  ss  the  generating 
area  RPCTW. 

Whence  LL- Ml  x  l-ac  x  2p  = 
64x22— 1x400x20—36x587*5 185x2x3*14159  &C.*s 
4342*7879x6*28318  &c. =27286*541 1256=  the  foli- 
dity  in  inches. 

Then  27286.541 1256-1-282  =  96*7608  ale  gallons. 

Problem  XXXII. 
To  find  the  content  of  the  fegment  of  a  circular  fpindle. 

Rule. 

From  3  times  half  the  length  of  the  fpindle  fub- 
tract  the  height  of  the  fegment,  and  multiply  the 
remainder  into  the  fquare  of  the  faid  height,  from  j 
of  the  producl  fubtradl  the  double  of  the  producl  of 
the  generating  area  and  central  diftance ;  then  the 
remainder  drawn  into  3*  141 59  &c.  will  produce  the 
content.  

That  is,  3EA-AR x'AR'-zFEx APR x  />  =  the  fo- 

Example. 

If  the  length  of  the  whole  fpindle  be  1 2,  and  its 
greateft  diameter  9s  what  will  be  the  content  of  a 
legment  of  it  whofe  height  is  1. 

7Z:=;-t  =  73£8  =  ^  KE+EC* 8+4;  =  124  =  the 
diameter,  and  6|  =  the  radius  of  the  generating  cir- 
cle; FC-CE  =  6?  -4  j  =  i  ?  =  EF  the  central  diftance  ; 

x/fp'-pt  =  v/oti  w  Wlh5wW=rc>  CF- 
rr=6i-3;-=2iym  By 
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By  the  table  of  circular  fegments  the  half  fegment 
PCT  is  8736234375,  to  which  adding  KT=  5 x2  = 
10,  makes  18736234375=  the  area  RC. 

And  in  like  manner,  the  half  fegment  ACE  is 
19-886763281.  Hence  ACE-RC=  19*886763281  - 
^,7*6234375  »  1-150528906  =  the  generating  area 

Wherefore  jEA-AR  x +AR*  -  2FE  x  ACE  x  />  = 
I7x^-37xri50528906x3-i4i59&c.=  r6398i5495 
X3'i4i59&c.=5-i5i6323=the  content  required. 


SECTION  II. 

Of  conic  feilions,  and  of  the  figures  ariftng  from  or 

depending  on  them. 

General  Definitions. 

A Conic  fection  is  the  plane  furface  made  by  a 
plane  cutting  a  cone. 
According  to  the  different  places  or  portions  in 
which  the  cone  is  cut  by  the  plane,  there  arife  five 
different  fe&ions,  viz.  an  ifofceles  triangle,  a  circle, 
an  ellipfe,  a  parabola,  and  an  hyperbola ;  the  three 
laft  of  which  only  are  peculiarly  called  conic  fections^ 
becaufe  the  two  firft,  the  triangle  and  circle,  are  fi- 
gures whofe  properties  are  known  prior  to  thole  of 
the  cone. 

If  the  cutting  plane  pafs  through  the  vertex  of 
the  cone,  the  fection  will  be  an  ifofceles  triangle 
ATR,  whofe  fides  R  A,  AT,  are  each  equal  to  the 

3  H  flant 
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flant  height  of  the  cone, 
and  bafe  TR  is  a  chord 
of  the  circular  bafe  of  the 
Cone ;  and  the  cone  will 
be  cut  into  two  pyramids 
B  TRA,  CTRA>  each  of 
the  fame  height  with  the 
cone,  and  whofe  bates  are 
the  fegments  BTR,  CTR, 
of  the  circle  BTCRB.  If 
the  plane  pafs  through 
the  axe,  the  cone  and  its 
bafe  will  be  divided  e- 
qually  in  two. 

If  the  plane  cut  the  fide 
of  the  cone  below  the  ver-  i 
tex,thefe<5lionwillbeone  ^ 
of  the  other  four  figures  according  to  the  various 
inclinations  of  the  plane  to  the  fides  of  the  cone. 

If  the  cutting  plane  make  no  angle  with  the  plane 
of  the  bafe,  that  is,  if  the  plane  be  parallel  to  the 
bafe,  the  fe€Hon  VI  will  be  a  circle ;  for  every  fecYion 
of  a  pyramid  parallel  to  the  bafe,  is  fimilar  to  the 
bafe  ;  and  will  cut  off  a  fruftum,  VCBI. 

If  the  plane,  cutting  the  fide,  make  an  angle  with 
the  plane  of  the  bafe,  the  fe&ion  will  be  either  an 
ellipfe,  parabola,  or  hyperbola,  and  will  cut  off  a 
hoof. 

If  the  plane  be  inclined  to  the  bafe  in  a  lefs  angle 
than  the  fide  is,  the  feclion  VE  will  be  an  ellipfe, 
land  will,  therefore,  cut  the  other  fide  of  the  cone, 
produced  if  neceffary,  fomewhere  below  the  vertex 
A. 

If 
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If  the  cutting  plane  be  inclined  to  the  bate  in  the 
fame  angle  as  the  fide  is,  the  fectton  VP^  will  be 
a  parabola;  which  will  not  meet  the  oppofite  fide 
AB  of  the  cone,  fince  it  is  parallel  to  it,  by  reafon 
of  its  equal  inclination  to  the  bale. 

If  the  cutting  plane  make  a  greater  angle  with  the 
plane  of  the  bafe  than  the  fide  of  the  cone  doth,  the 
the  lection  VLH will  be  an  hyperbola,  and  will,  there- 
fore, cut  the  oppofite  fide  of  die  cone,  produced  up- 
wards, in  V  above  the  vertex.  And  if  the  fide  of  the 
cone  be  continued  in  every  direction  through  the 
vertex,  lb  as  to  form  above  the  vertex  another  cone 
equal  to  the  original  one ;  the  fection  of  the  cutting 
plane,  produced,  and  the  upper  cone  will  be  an  hy- 
perbola equal  to  the  lower  one;  and  the  two  are 
called  oppofite  hyperbolas. 

The  points  V,  E,  v>  where  the  cutting  plane  meets 
the  upright  triangular  fection  BCA,  arc  called  the 
principal  vertexes  of  the  fection. — Hence  the  elliple 
and  hyperbola  have  each  two  vertexes,  the  parabola 
only  one :  or  the  parabola  may  alfo  be  faid  to  have 
two,  by  confidering  the  one  as  infinitely  diftant  from 
the  other. 

A  line  connecting  the  principal  vertexes  is  the  axe, 
axis,  or  tranfverfe  diameter  of  the  fection. 

The  center  of  the  fection  is  the  middle  of  the  axe. 
— Hence  the  center  of  a  parabola  is  infinitely  diftant 
from  the  vertex. 

A  diameter  is  any  right  line  drawn  through  the 
center  and  terminated  on  each  fide  by  the  curve,  the 
interfections  of  the  diameter  and  curve  being  the 
vertexes  of  the  diameter. — 'Hence  every  diameter  of 
the  ellipfc  and  hyperbola  have  two  vertexes ;  but  of 

the 
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the  parabola  only  one,  unlefs  we  confider  the  other 
as  infinitely  diftant.  And  hence,  aHb,  all  the  diame- 
ters of  a  parabola  are  parallel  to  each  other  and  infinite. 

If  a  tangent  to  the  curve  be  drawn  through  the 
vertex  of  any  diameter,  and  another  diameter  be 
drawn  parallel  to  the  tangent,  thofe  diameters  are 
faid  to  be  conjugates  the  one  to  the  other. — The 
axes,  or  principal  conjugate  diameters,  are  perpen- 
dicular to  each  other. 

An  abfcilTa  is  any  part  of  a  diameter  terminated 
at  the  vertex. 

An  ordinate  to  any  diameter  is  a  line  contained 
between  the  diameter  and  the  curve,  and  is  parallel 
to  the  conjugate  diameter,  or  to  the  tangent  at  the 
vertex. — The  ordinates  to  the  axe  are  perpendicular 
to  it.  And  in  the  ellipfe  and  hyperbola  every  ordi- 
nate hath  two  abfeiflas,  in  the  parabola  only  one. 

The  parameter  of  any  diameter  is  a  third  propor- 
tional to  that  diameter  and  its  conjugate. 

The  focus  is  the  point  of  interferon  of  the  axe 
and  an  ordinate,  to  it,  which  is  equal  to  half  the 
parameter  of  the  axe. — The  ellipfe  and  hyperbola 
have  each  two  focufes,  the  parabola  only  one. 

A  fpindle  is  a  body  conceived  to  be  generated  by 
the  revolution  of  the  fection  about  its  double  ordi- 
nate, and  is  denominated  elliptic,  parabolic,  or  hy- 
perbolic, acccording  as  it  is  generated  from  the  re- 
volution of  the  ellipfe,  parabola,  or  hyperbola. 

A  fpheroid  is  the  body  conceived  to  be  generated 
by  the  revolution  of  an  ellipfe  about  its  axe,  and  is 
denominated  either  prolate  (oblong)  or  oblate  ac- 
cording as  the  revolution  is  made  about  the  tranf- 
verfe  axe  or  its  conjugate.    The  axe  about  which 

the 
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the  revolution  k  made,  i*  the  fixed  axe,  the  o#er  is 
the  revolving  axe.. 

A  conoid  is  a  iblid  conceived  to  be  generated  from 
the  revolution  of  ^  parabola  or  hypedaola  about 
the  txaafverfe  axe,  and  is  accordingly  denominated 
either  parabolic  or  hyperbolic.  The  former  of  thefe 
is,  aii$>,  called  a  paraboloid;  the  latter^  an  hyper- 
boloid,  :  ' 

Proportion  I. 

If  any  fblid  formed  by  the  revolution  of  a  conic 
feclion  about  its  axe,  i.  e.  a  fpheroid,  parabolid,  or 
hyperboloid,.  be  cut  by  a  plane  in  any  pofition;  the 
feciion  will  be  a  conk  feclion,  and  all  the  parallel 
fections  will  be  like  and  firrala*  figures* 


,  *  - .  - 

Demonstration.. 


Let  ABC  be  the  generating  lection,  or  a  feelion  of 
the  given  folid  through  its  axe  BQ,  and  perpendi- 
cular to  the  propofed  feciion  AFCy  their  common 
interferon  being  AC\  let  GIT  be  any  other  line' 
meeting  with  the  generating  feciion  in  G  and  Hy  and 
cutting  AC  in  E  \  and  erect  EF  perpendicular  to  the 
plane  ABC  and  meeting  with  the  propofed  plane  in  F. 

3  *  Then,, 
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Then,  if  AC  and  Gil  be  conceived  to  be  moved 
continually  parallel  to  themfelvcs,  will  the  rectangle 
AExEC  be  to  the  rectangle  &ExEH  always  in  a 
-conftant  ratio  ;  but  if  GH  be  perpendicular  to  BD, 
the  points  G>  F,  II  wilt  be  in  the  circumference  of  a 
circle  whofe  diameter  is  GHy  fb  that  GExEH  will 
be  =EF*  wherefore  AExEC  will  be  to  EFl  always 
in  a  conllant  ratio  ;  confequently  AFC  is  a  conk: 
fection,  and  every  fe&ion  parallel  to  AFC  will  be  of 
the  fame  kind  with  and  .fimilar  to  it.  ^E.D. 

L.  . .  r  .  V."  it 

Corollary  I. 

The  above  conftant  ratio,  in  which  AExEC  is  to 
EF\  is*hat  of  KP  to  /Ara  the  fqU&res  of  the  dia- 
meters of  the  generating  feaion  refpe&ively  parallel 
to  AC,  GH\  that  is,  the  ratio  of  the  fquare  of  the 
diameter  parallel  to  the  fc&ion  to  the  fquare  of  the 
revolving  axe  of  the  generating  plane. 

This  will  appear  by  conceiving  AC  and  GHto  be 
moved  into  the  pofitions  AX,  MNt  interie&ing  in  /, 
the  center  of  the  generating  fe&ion. 

Corollary  II. 

And  hence  it  appears  that  the  axes  AC  and  2EF 
(fuppofing  E  now  to  be  the  middle  of  AC)  of  the 
lection  will  be  to  each  other  as  the  diameter  KL  is 
to  the  diameter  MN  of  the  generating  fcclion. 

Co  ROLLARY  III. 

If  the  fecYion  of  the  folid  be  made  fo  as  to  return 
into  itfclf,  it  will  evidently  be  an  ellipfe.  Which 
always  happens  in  the  fpheroid,  except  when  it  is 
perpendicular  to  the  axe,  which  pofition  is  alfo  to 

be 
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be  excepted  in  the  other  folids,  the  fcclion  being  al- 
ways then  a  circle:  in  the  paraboloid  the,  feclion  is 
always  an  ellipfe  excepting  when  it  is  parallel  to  the 
axe:  and  in  the  hyperboloid  the  fe&ion  is  always  an 
ellipfe  when  its  axe  makes  with  the  axe  of  the  folid 
jin  angle  greater  than  that  made  by  the  faid  axe  of 
the'  folid  and  the  afymptote  of  the  generating  hy- 
perbola, the  fection  being  an  hyperbola  in  all  other 
cafes,  but  when  thofe  angles  are  equal,  and  then  it 
is  a  parabola. 

Corollary  IV. 

But  if  the  feclion  be  parallel  to  the  fixed  axe  BDy 
it  will  be  of  the  fame  kind,  with  and  fimilar  to  the 
generating  plane  ABC\  that  is,  the  fe&ion  parallel 
po  t.he  axe,  in~a  fpheroid,  is  an  ellipfe  fimilar  to  the 
generating  ellipfe  ;  in  the  paraboloid,  the  fedion  is 
a  parabola  fimilar  to  the  generating  parabola ;  and 
in  an  hyperboloid,  it  is  an  hyperbola  fimilar  to  the 

generating  hyperbola  of  the  iblkk 

..  ,r~  -  >«  .  1 . .    ,,-.,,.«..-,..«    -  * . 

1.  1  I  .  ......   I       ■     ■  -    -      *  si     +  l 

Corolla  r  y  V. 

In  the  fpheroid,  the  fec"lion  through  the  axe  is 
the  greateft  of  the  parallel  fections ;  but  in  the  hy- 
perboloid it  is  the  leaft ;  and  in  the  paraboloid,  all  the 
fe&ions  parallel  to  the  axe  are  equal  to  one  another. 

For  the  axe  is  the  greateft  parallel  chord  line  in 
the  ellipfe,  but  the  leaft  in  the  oppofite  hyperbolas, 
and  all  the  diameters  are  equal  in  a  parabola. 

Corollary  VI. 

If  the  extremities  of  the  diameters  KL>  MN9  be 
joined  by  the  line  KN,  and  JO  be  drawn  parallel  to 

KN 
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KN arid  'meeting  with.  QEH  in  0,  E  being  the  mkk 
die  of  AC,  or  tr^4emi-axe,  arid  GH  parallel  to 
MN.  Then  EO  will  be  . equal  to  EE  the  other  lemi- 

axe  of  the  fection.      ;  .  I  

For,  by  fimilar  triangles,  JCI :  AV :  r  y/£ :  £0%  Qn 
upon  C//  as  a  diameter  ddcribea circle  meeting 
perpendicular  to&B  in  %j  and  it  is  evident  that 
£^Avili  be  equal  to  the  femi-diameter;  EE* 

•  r 

Corollary  VII. 

Draw  parallel  to  the  axe  BZ>.  of  the  folid  and 
meeting  the  perpendicular  GH  in  P.  And  it  will  be 
evident  that,  in  the  fpheroid,  the  femi-axe  EF±EO 
will  be  greater  than  EP ;  but  in  the  hyperbbloid,  the 
iemi-axe  EF=  EO  of  the  elliptic  fecYiori  will  be  lels 
than  EP ;  and  in  the  paraboloid,  EF^EG  is  always 
equal  to  EP. 

Scholium. 

The  analogy  of  the  fections  of  an  hyperbolpid  to 
thofe  of  the  cone  are  very  remarkable,  all  the  three 
conic  fections  being  formed  by  cutting  an  hyperbo- 
Ipid  in  the  lame  positions  as  the  cone  is  cut. 

Thus  let  an  hyperbola  and  its  aiymptote  bs  re- 
volved together  about  the  tranfverfe  axe;  the  former 
deicribiug  an  hypcrboloid  and  the  latter  a  cone  cir* 
cumfcribing  it ;  then  let  them  be  fuppofed  to  be 
both  cut  by  a  plane  in  any  pofition  j  and  the  twp 
fections  will  be  like,  fimilar,  and  concentric  figures : 
that  is,  if  the  plane  cut  both  the  fides  of  each,  the 
lections  will  be  concentric,  fimilar  ellipfes  ;  if  the 
cutting  plane  be  parallel  to  the  afymptote  or  to  the 
fide  of  the  cone,  the  fections  will  be  parabolas  j  and 

in 
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in  all  other  pofitions,  the  feftions  will  be  fimilar 
and  concentric  hyperbolas. 

That  the  fe&ions  are  like  figures,  appears  from 
the  foregoing  corollaries  ;  that  they  are  concentric, 
will  be  evident  when  we  confider  that  Cc  is  =  Aa,  pro- 
ducing AC  both  ways  to  meet  with  the  afymptotes  in 
a  and  c  ;  and  that  they  are  fimilar,  or  have  their 
tranfverie  and  conjugate  axes  proportional  to  each 
other,  will  appear  thus :  Produce  GH  both  ways  to 
meet  the  afymptotes  in  g,h,  and  on  the  diameters  GH, 
gh,  defcribe  the  femi-circlcs  G^H,  gRb,  meeting 
E%R,  drawn  perpendicular  to  GH,  in  <^and  R-,  E^ 
and  ER  being  then  evidently  the  femi  conjugate  axes, 
and  EC,  Ec,  the  femi-tranfverfe  axes  of  the  feclions : 
Now  if  GH  and  AC  be  conceived  to  be  moved  pa- 
rallel to  themfelves,  AExEC or  CE*  will  be  to  GExEH 

CK 

or  E^  in  a  conftant  ratio,  or      will  be  a  conftant 

ratio ;  and  fince  c E  is  as  Eg,  and  aE  as  Eh,  aExEc 
or  cE*  will  be  togExEb  or  ER1  in  a  conftant  ratio, 

or  ^  will  be  a  conftant  ratio ;  but  at  an  infinite  dis- 
tance from  the  vertex  C  and  c  coincide,  or  EC-Ec, 
as  alfb  EG  -  Eg,  confequently  E£>=ER,  and  then 

CE  cF 

^  will  be  =  £jt ;  but  as  thefe  ratios  are  conftant,  if 

they  be  equal  to  each  other  in  one  place,  they  muft 
be  always  fo,  and  confequently  CE  :Ec::g>E:  ER. 

And  this  analogy  of  the  fcftions  will  not  fcem 
ftrange  when  we  confider  that  a  cone  is  a  fpecies  of 
the  hyperboloid,  or  a  triangle  a  fpecies  of  the  hy- 
perbola, whofe  axes  are  infinitely  little. 

3K  Pro- 
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Proposition  II. 

If  SI  be  the  femi-diameter  belonging  to  the  double 
ordinate  AEC  of  the  generating  plane,  AEC  being 
the  diameter  of  the  fection  AFC  conceived  to  be 
moved  continually  parallel  to  itfelf,  and  if  x  denote 
any  part  of  the  diameter  ST  intercepted  by  E  the 
middle  of  AC  and  any  given  fixed  point  taken 
in  SI;  then  will  the  feclion  AFC  be  always  as  A+ 
Bx+Cxx ;  A,  B,  C,  being  conftant  quantities ;  B  in 
fome  cafes  affirmative,  and  in  others  negative ;  C 
being  affirmative  in  the  hyperbola,  negative  in  the 
ellipfe,  and  nothing  in  the  parabola;  and  A  may 
always  be  fuppofed  to  denote  the  diflance  of  the 
given  fixed  point  from  the  vertex  5. 

Demonstration. 

In  any  conic  feftion,  AC*  is  as  A+Bx+Cxx;  but 
all  the  parallel  fecYions  are  like  and  fimilar  figures, 
and  fimilar  plane  figures  are  as  the  fquares  of  their 
like  dimenfions  ;  therefore  the  fcclion  AFC  is  as 
AC\  that  is,  as  A+Bx+Cxx.  ^E.D* 

Corollary. 

If  the  given  fixed  point,  where  x  begins,  coincide 
with  the  vertex  S,  then  will  A  be  equal  to  nothing, 
and  the  feclion  will  be  as  BxdtCxx  or  as  x±Dxx  in 
the  hyperbola  and  ellipfe,  and  as  Bx  or  as  x  in  the 
parabola. 


SECT. 
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SECTION  III. 
Of  the  ellipfe,  and  the  figures  generated from  it. 

Problem  I. 

To  defcribe  an  ellipfe ;  having  the  tranfverfe  and  con- 
jugate axes  given. 

Rule.* 

i.TH\RAW  the  tranfverfe 
JL/  TR  and  its  conjugate 
09  oife&ing  each  other  per-  x 
pendicularly  in  the  center  c. 

2.  With  the  radius  Tc  and 
center  C,  defcribe  an  arc  cut- 
ting TR  in  the  points  F,f 
which  will  be  the  focufes  of  the  ellipfe. 

3.  Take  any  point  P  in  the  tranfverfe,  then  with 
the  radiufes  TP,  PR,  and  centers  Ftf,  defcribe  two 
arcs  interfering  in  /;  fo  will  the  point  /  be  in  the 
curve  or  circumference  of  the  ellipfe. 

And  thus,  by  alfuming  feveral  points  P  in  the 
tranfverfe,  there  will  be  found  as  many  points  in 
the  curve  as  we  fhail  chufe ;  through  all  which  let 
the  curve  line  be  drawn. 
The  fame  performed  from  the  fame  principle  by  means 

of  a  firing. 

Having  found  the  focufes  F,f  take  a  thread  of 
the  length  of  the  tranfverfe;  fatten  its  ends  with 

pins 


f  »  The  truth  of  this  conftruftion  will  appear  by  obfervinz  that  tht 
tranfverfe  axe  is  equal  to  the  fum  of  two  lines  drawn  from  the  ibcufe* 
to  meet  in  any  point  in  the  curve. 
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pins  in  the  focufes ;  then  ftrctch  the  thread  FIf  and 
it  will  reach  to  /  in  the  curve:  and  by  moving  a 
pencil  round  within  the  thread,  keeping  it  always 
ftretched,  it  will  trace  out  the  curve. 

Problem  II. 

In  an  ellipfe,  to  find  any  two  conjugate  diameters,  an 
ordinate  to  one  of  them,  and  its  abfeiffa,  one  from 
another ;  viz.  having  any  three  cf  them  given,  to 
find  the  fourth. 

Case  I.    *  To  find  the  ordinate. 

Rule. 

j  > 

As  any  diameter : 
Is  to  its  conjugate:: 

So  is  the  mean  proportional  between  the  two 

abfeiffas  or  fegments  of  the  diameter : 
To  the  ordinate.   

That  is,  as  die::  \/ xxd-x  : e-j*/xxd-x=y ;  putting 

d  for  the  diameter,  c  its  conjugate,  and  x  an  abfcifla 
to  the  ordinate  y. 

Example. 

If  the  tranfVerfe  be  35,  the  conjugate  25,  and  the 
abfcifla  7;  what  is  the  ordinate. 

Here^v/xxJ-x=^y7x3i^=|v/7><2«=^7Ix4 

-i2«=,0  =  the  ordinate. 
7 

Case 

*  The  values  of  the  fcvcral  quantities  in  the  four  cafes  of  this  pro- 
blem arc  found  from  the  general  equation  cxprcfling  the  property  of 

the  curve,  v]z.  dd\  cc:  :xxd—x  :yj, 


Digitized  by  Google 


Sect  III.  Ellipse.  225 

Case  II.  To  find  the  abfeiffas. 

R  u  L  E. 

As  the  conjugate : 
Is  t6  the  diameter : : 

So  is  the  fquare  root  of  the  difference  of  the 

fquares  of  the  ordinate  and  femi-conjugate : 
To  the  diftance  between  the  ordinate  and  center. 
Then  that  diftance  being  added  to  and  fubtracled 
from  the  femi-diameter,  will  give  the  two 

That  is,  \d±-(K/±cc-yy=x. 

Example. 

What  are  the  two  abfciflas  of  the  ordinate  10, 
the  diameters  being  35  and  25. 

Here  W±'v/|^=f  ±jj/fi'-io*=^± 
1  y/s*-^*  -  ?sd^31  =  28  and  7  the  two  abfciflas  re- 
quired. 

Case  III.    To  find  the  conjugate. 
Rule. 

As  the  mean  proportional  between  the  two  ab- 
fciflas : 
Is  to  the  ordinate:: 
So  is  the  diameter : 
To  its  conjugate. 

That  is,  as«/xx<i-x  'J ::  d:  -j£==£*c. 

3  L  Ex- 
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Example. 

•  * 

What  is  the  conjugate  to  the  diameter  3  j ;  the 
abfciffa  to  an  ordinate  of  10  being  7. 

Here  =  ^  =  ^  =  25  the  conjugate  re- 

quired. 

Case  IV.    To  find  the  diameter. 
Rule. 

To  or  from  the  femi-conjugatc,  according  as  the 
lefs  or  greater  abfciffa  is  ufed,  add  or  fubtracl  the 
root  of  the  difference  of  the  fquares  of  the  ordinate 
and  femi-conjugate :  Then,  as  the  fquare  of  the  or-  9 
dinate  is  to  the  product  of  the  conjugate  and  abfciffa, 
fo  is  the  fum  or  difference  above  found  to  the  dia- 
meter. 

That  is,  jy  x  hc+s/\cc-yy  =  d. 

Example. 

If  an  ordinate  and  its  lefs  abfciffa  be  10  and  7 ; 
what  is  the  diameter,  fuppofing  the  conjugate  to  be 

*S-   _ 

Here  ^x^=         ?  +  J%^?  = 
I  x  ££±il  =  7x5  =  35  the  tranfverfe. 

Problem  III. 
To  find  the  length  of  the  circumference  of  an  ellipfe. 

Rule. 


Digitized  by  Google 


Sed.  III. 


Ellipse. 


227 


♦Rule  I. 
Multiply  the  circumference  of  the  circumfcrib- 
ing  circle  into  the  fenes  1  -  ^-3^-^433- 

3  "M ^4^-5  &c.  where  <f=  the  difference  between  an 
2.2.4.4.0.6.0.0 

unit  and  the  fquare  of  the  quotient  of  the  lefs  axe 
divided  by  the  greater,  and  the  product  will  be  the 
periphery  of  the.  ellipfe  fought. 

Ex- 


•Demonstration. 

Let  die  femi-tranfverfc  axe  Te  be  called  a ;  the 
femi -conjugate  cC,  c;  the  ordinate  AB,  j;  and 
ks  diftancc  cA  from  the  center,  x ;  alfo  the  arc 
CB,  z. 

Then  fince,  by  the  nature  of  the  curve,  y  is  s 


•v.v 


L^aa—xx,  j  will  be  s=  - 
m  ayaa — xx 


;andconfequent- 


x  v  a  


X  X* 


aa 

ft  x<s 


ax 

or  1  1  =  — 


^ aa — xx 

•  /  dxx 
xV  I  


x\/aa — dxx 
t^ua — xx 


(by  writing 


ax 


t/aa—xx 


f/x*  d*x* 

  .  Jt  ;  I .       

»/aa—xx  2a1  2.4a* 


_  JL!^_  &c.  by  throwing  the  numerator  into  a  feries.  But  the  fluent 


ax 


of   S"    ■  is  se  the  correfponding  circular  arc  CF  defcrjbed  with  tha 
n/aa—xx  '  ^ 

center  c  and  radius  cT,  which  call  A :  then,  per  page  66  Coiefti  Harnto- 

d  d*  id* 

niaMe»furarum,ihc  fluent  comes  out  //— —  B—-—C—  2*  ^  D 


.      .     _       aaA—x^aa—xx  3aa3—x*  </aa—xx  n 

Sec.  wherein  B  =  ,  C=  I  ,  D: 

2  4 


yaC-xWaa-xx^  ^   ^  ^  rf  ^  ^  ^ 


But 
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* 

Example. 

Required  the  periphery  of  an  ellipfe  whofe  axes 
are  24  and  1 8. 

Here  i-£f  =  i-ff=  £='437*=^ 

Then 


But  when  A  arrives  at  T,  x  is  =  and  »/aa— xx  =  o;  hence  the 
values  of  the  quantities  li,C,D,kc.  become  barely  B=—A,  C=  B 

*  4 

3  3— ^,  £>=i^C=^^,  &c.   And,  confequently,  the  feries 
2.4  6  2.4.0 

above  becomes  Ax :  i  ~~TTk  &c'  for  *  of 

2.2    2.2.4.4  2.2.4.4.0.0 

elliptic  periphery,  where  A  is  £  of  the  periphery  of  the  circle,  or  as 

the  whole  circumference  of  the  ellipfe  when  A  is  that  of  the  circle. 

Q.E.D. 

Corollary  I. 

Hence  the  peripheries  of  fimilar  ellipfes  are  to  each  other  as  thofe 
of  their  circumfcribcd  circles,  or  as  any  two  fimilar  diameters  of  thofc 
ellipfes. 

Cor  o  l  l a  r  v  II. 

If  a  be  the  lefs  femi-axe,  and  c  =  the  greater,  the  fluxion  of  the 

arc  will  be  z  =  x%/^^— »  and  if  <z=si,  and  cssi/2,  the  fame  fluxion 
^  aa—xx 

z  will  be  =  V—  =  -  =  - = +  -4=L  .-And  if wc 

^  1— xx       a/i—x*  x*     1/1— x4 

write  v  for  xx,  wc  mall  have  z  as  JL-Jl+Z,  as  Mr  Landtn  found 

2^?       I— V 

in  page  142  of  his  Math.  Lucub. — Or,  by  writing  u"  for  x,  we  (hall 
have  univerfally  k  =  aW1  ™</l±™l!!.  Which  theorems  are  of 
ufc  ia  determining  fomc  fluents. 
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Then  the  2d  term  A=  j  =-10938 
the  3d  —  B=  ]\  ^='00897 
the4th  -  C=3^  £='00164 
the  5th  -  />=  ^=-00039 
the  6th  -  £=^=-00011 
the  7th-  ^=^  =  '00003 

the  8th  —  6=^^-00001 

their  fum  is '12053,  which  ta- 
ken from  the  firft  term  1,  leaves  '87947  for  the  value 
of  the  feries;  and  being  drawn  into  3*1416x24  the 
periphery  of  the  circumfcribing  circle,  gives  66*3 1 056 
for  that  of  the  ellipfe  required. 

♦Rule  II, 

Multiply  \  the  fum  of  the  two  axes  by  3*  141 6,  and 
the  produa  will  be  the  circumference  nearly. 

That  is,  ^  *P  = tne  circumference  nearly,  putting 
/  for  the  tranfverfe,  c  for  its  conjugate  axe,  and/)  for 
3-1416. 

3  M  Ex- 


•  It  will  be  evident  that  this  rule  will  not  differ  much  from  the 
truth,  iF  it  be  confidcrcd  that  this  arithmetical  mean  between  the 
-axes  exceeds  their  geometrical  mean,  and  that  the  geometrical  mean 
(;is  will  he  proved  hereafter)  is  the  diameter  of  a  circle  equal  in  area 
to  the  ellipfe,  which  circle  is  of  a  lefs  ambit  than  the  ellipfe,  or  any 
other  figure,  of  the  fame  area. 
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E  X  A  M  P  L  e. 

Let  there  be  here  taken  the  fame  example  as  be- 
fore, in  which  the  axes  are  24  and  1 8. 

Then  ^y^-x  3*141 6  =  2 1  X3*  141 6= 65-9736  =  the 
circumference  nearly. 

*  R  u  l  e  III. 

Multiply  the  fquare  root  of  i  thefum  of  thcfquares 
of  the  two  axes  by  3*1416,  and  the  product  will  be 
the  circumference  nearly. 

That  is,  ps/1^-—-^  the  circumference  nearly. 

Example. 
Taking  again  the  fame  example. 
We  liave  \/24^181  x  3-1416=  15^2x3-1416  = 
2 1  - 1 3  2  x  3  •  1 4 1 6=  66*643  3 = the  circumferencenearly . 

Rule 


*  Call  the  infinite  ferics  in  rule  1,  S;  viz.  S=.  1-  i  1^1. 


wc  fhall  have  S-Si-V  =  ~  ~g  *c  Wherefore  rowing 
thit  laft  remaining  feries,  on  account  of  its  fmaJmefs,  we  have  S  — 
Vi— U  nearly,  and  confequcntly  the  circumference  of  the  ellipfc 
C=c</i-\l  nearly,  c  being  the  circumference  of  the  circumfcribcd 

circle.     Or  C  =  //  =  pt V       +  —  =  ptS/\  +  —  = 

/ItJfCC  ...... 

P  v  — wnicfc'is  the  3d  rule,  ^  being  5s  3*14159  &c. 

Again 
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R  u  l  e  IV.* 

Find  the  fquare  root  of  |  the  fum  of  the  Squares 
of  the  axes  as  in  the  laft  rale,  and  call  it  A, 

To  3  times  the  greater  axe  add  its  parameter,  di- 
vide the  fum  by  4,  and  call  the  quotient  B. 

Then  multiply  the  difference  between  B  and  3 

times  A  by  1*5708^=  ^f""")>  an^  tne  product  will 
be  the  periphery  nearer  than  by  the  laft  rule. 

That  is,  7p  x  3  V"-^—  -  =  the  periphery,  P  be- 
ing the  parameter. 

Example. 

» 

Taking  the  fame  example  as  in  the  former  rules, 

We  have  A=k^2—^—-  i 5^2  =  21*2132. 

As  24: 18::  18: 1 3^  =the  parameter,  by  the  definition. 

And  i2i±Il*  =  2 1 ;  =  2 1  •  3  7  5  =  B. 

4   

Then  3^i-Z*x  1*5708  =  2 1*2 132x3-2 1*3  75x1 -570$ 
=  42*2646  x  1*5708  =  66*3802  =  the  circumference 
nearly. 

Rule 

♦  Again,  S_I+4V=-^-f£&c.  but  3S-W—J  =  -l£ 

_  X.-&C  wherefore  2S— 3^*1— ii+i— i</=  —  T  &c.  hence  S  = 
a;6  6 4  

^x^T7^!^  where 
/» is  the  parameter  of  the  axe.    And  this  is  the  4th  rule. 

Farther, 
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Rule  V.* 

Find  A  and  B  as  in  the  laft  rule. 

Divide  the  difference  of  the  fquares  of  the  axes  by 
the  fquare  of  the  greater  axe,  multiply  the  fquare  of  the 
quotient  by  tV  of  the  greater  axe,  and  call  the  refultC 

Then  from  5  times  A  take  3  times  Bt  to  the  re- 
mainder add  C,  multiply  the  fum  by  1*5708,  and 
the  product  will  give  the  circumference  of  the  ellipfe 
{till  nearer. 

Or, 

From  5  times  A  fubtract  -\  of  the  fum  of  35  times 
the  greater  axe  and  14  times  its  parameter,  to  the 
remainder  add  7V  of  the  product  arifing  from  the 
multiplication  of  the  faid  parameter  by  the  quotient 
of  the  fquare  of  the  lefs  axe  divided  by  that  of  the 
greater,  and  multiply  the  fum  by  1*5708. 

That  is,  }p  x  5J'J^^+™f^T.  or  ,P  x 


sJ'HZ—  +      -  the  periphery  very  nearly. 

Ex- 


•     5- + ? +'£ = -  £ -  js- ■;-+ r + £  - 

,  which  t*l;cn  from  tlic  laft  approximation,  and  reduced,  give* 
Sz=  ix \J—3X- — ^  +  ^;  and  confequcntly  Csz\ptx 


,  r-j  4—d.dJ  /tt+cc         v+l'    ~tt—cc\x  t 

=  VMn/'-^-34^+^;.  Which  is  the  ,&  rule.  And 
thus  we  may  proceed  to  any  degree  of  accuracy  required. 
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Example. 
Taking  again  the  fame  example  as  before,  we  have 
^=21*2132, 
#  =  21-37;,  __ 

Then  5 A-$B+Cx  1  '5708=  1  06*066-64*  1 2s+'i8ji 
xi*57o8=42*228ixr57o8=66*33i9  =  the  circumfe- 
rence very  near. 

 Or,  to  ufe  the  latter  part  of  the  rule, 

^^F^+W*  7°8=4^"8:  x  17078 
=  66*3319  die  fame  as  before. 

Rule  VI. 

Take  y  the  fum  of  the  quantities  in  the  fecond  and 
third  rules,  and  it  will  give  the  circumference  very 
nearly.* 

That  is,  hp  x  /-~+ J -7^= tn^  periphery. 

Example. 

Taking,  Mill,  the  fame  example, 
The  number  found  by  the  2d  rule  is  65*9736, 
And  by  the  3d  rule  is  66*6433, 

their  fum  is  132*6169,  the 
half  of  which  is  66*3084  for  the  circumference,  and 
is  nearer  to  the  true  number  found  by  rule  1  than 
any  of  the  other  approximations. 

3  N  Pro- 


*  For  the  one  being  nearly  as  much  too  great  as  the  other  is  too 
little,  i  their  fum  muft  be  near  the  truth. 


^34 
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Problem  W. 
To  find  the  length  of  any  arc  of  an  ellipfe. 

*  R  u  l  e  I. 
If  a  denote  the  femi-tranf- 
verfeTi:,  c  the  femi-conjugate 
cCy  and  x  the  diftance  cA  of 
the  ordinate  AB  from  the  cen- 
ter, then  will  the  arc  CB  be 


I  I  20 


x'  &c. 


And  the  feries  will  be  the  fame  if  x  be  confidered 
as  an  ordinate  to  either  axe  2r,  the  other  axe  being 
20,  the  arc  beginning  at  the  vertex  of  the  axe  ic 
and  terminated  by  the  ordinate  x. 
_^  Ex- 

•Demonstration 

By  proceeding  as  in  the  inveftigation  of  problem  3,  we  have  the 

a    •      e  x.  '  /aa—dxx     •  cl  Aaxc*—c* 

fluxion  of  the  curve  2  =  x  v    =  xx:H  x*  +  x* 

aa—xx  ^ 2a*  8«* 

2a*C%  Aa*C*+C6 

-\  ioa"         **  &C'  rcftorinS  c  and  exterminating  i\  and  the 

ilu=nt«s  =  xx:i  +  — -    +        -f—  *4  +   4  „ 

6tf*  40*'  ii2al% 

Corollary  I. 

When  .v  becomes  =  a,  the  rule  becomes  ax  :  1+  —  4-  4*Xf>~f- 

6«*  4o«* 

 TTitf*   one-fourth  of  the  periphery  of  the  ellipfe. 

Q.E.D.  Corollary  II. 

By  feppofing  a  =  c ,  the  ellipfe  will  become  a  circle,  and  the  ge- 
neral ferics  for  the  elliptic  arc  will  become  for  the  circular  arc  x  x  : 

6f       4Oa*       MM'  T2.?rt»  +2.4.Jrt*+  3.4.6.7^ 

&c.  the  farac  us  was  determined  at  page  88. 
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Example. 

If  the  two  axes  be  24  and  1 8,  and  the  diftance  cA 
be  3 ;  Required  the  length  of  the  arc  BC 

Here  a  =  12,  c=%  andx=3- 

Then  the  ift  term  =      —       —  1*00000 

2d  term^i^-  =  ^=        —        —  0-00586 

3dterm£  =  3x^£*f^=         —  0*00019 

4th  term  C^^x8"*'^***  *' B m  —  o'ooooi 

the  fum  is  r 00 606 
And  3  x  1  '00606  =  3*0 1 8 1 8  =  the  arc  required. 

*  R  u  l  e  n. 

Find  the  length  of  the  circular  arc  FE  intercepted 
by  Cc,  cB,  and  whofe  radius  is  i  the  fum  of  the  lines 
Cc,  cB }  and  it  will  be  equal  to  the  elliptic  arc  BC 
nearly. 

Example. 

Taking  here  the  fame  example, 
We  have  2M=Q,  and  AT  =  15. 
Hence  Tc* : cC  v.TAxAR:  AB%  =ffl-=2!^Ii,and 

BC=y/cA'+AB*=</  o+^^=^ij:i=9-2i()i6. 

Then 


•  For  the  circular  arc  FE  is  equal  to  the  arithmetical  meau  be- 
tween the  circular  arcs  3G,  CD,  defcribed  with  the  radiufes  Be,  cC% 
to  which  it  is  evident  the  elliptic  arc  muft  be  nearly  equal,  and  fo 
much  the  nearer,  the  lefs  the  arc  itfelf  is.— Rule  2  of  the  laft  problem 
is  a  particular  cafe  of  this  general  rule. 

This  rule  will  alfo  be  the  more  exaft  the  nearer  the  axes  of  the  cl- 
lipfc  approach  towards  an  equality. 
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Then  ^  = =  0-10808=:  the  radius  of  the 
circular  arc  EF. 

But"^T=^T676  =  '32^Ii':=thc  fine  of  Wangle 
CcB  or  arc  EF  to  the  radius  1,  to  which  belong 
18*9968  degrees. 

Wherefore,  by  rule  1  prob.  6  feci.  1  part  2,  '01745 
xi8,9968x9*io8o8=3*oi92  =  the  circular  arc  EF,  or 
elliptic  arc  BC  nearly. 

*  R  u  l  e  III. 

Divide  the  difference  of  the  fquares  of  the  femi- 
axes  by  the  fquare  of  the  greater,  and  call  the  quo- 
tient q. 

Then  divide  the  difference  between  the  fquare  of 
the  greater  femi-axe  and  the  product  of  \  of  the  fquare 
of  the  diftancc  cA  of  the  ordinate  from  the  center 

mul- 

•  Demonstration, 

By  the  firft  ruk  the  arc  A  is  equal  to  vx :  1  +—  x*  +  ^Ifl^t  x* 

6a*  4oa* 

Sa*c*—4^  c*+c6  . 
H  ,  a  x'&c.  butinthe  inveP.igationofthat  rulcit  appears 

hence  it  is  evident  that  x^raa    iX  x  :  1 4-  —  x»  +  c* x*+ 

8/»*r»—  4«V+<-«   .  „  .  /aa—ldxx 

 772a'*  &C'  aDd  confc<luentl7  ~,  nearly 

<l.E.D.  yAV 

Corollary. 

When  the  two  axes  arc  equal  to  each  other,  the  cilipfc  will  become 

a  circle,  d  will  be  =  o,  and  the  rule  will  become  xJ  — for  the 

aa-\xx 

crcular  arc. 
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multiplied  into  q,  by  the  difference  between  the  fquare 
of  the  faid  greater  femi-axe  and  j  of  the  (quare  of 
the  laid  diftance;  and  the  root  of  the  quotient  mul- 
tiplied into  the  fkid  diftance  will  be  the  arc  nearly. 

That  is,  xs/MaT^ll  =  *e  arc»  wnere  *  =  Tc  tn« 


greater  femi-axe,  x=cJ,  and  ^=~r=i~»  c being 
the  lefs  femi-axe  cC. 

Example. 
Taking  again  the  fame  example, 

We  have  i-£=i-£f=,-f'  =  i=?. 

And  x  ^^-3^^^-  3-oi  7898=the 
arc  required  nearly. 

*  R  u  l  e  IV. 

Call  the  quantity  found  by  the  laft  rule  B. 
 3O  Mulr 

*  Demonstration. 

For fince  yfsxx:i+7-Jx»  +  = —  x* ^  .»  x* 

6a*  40*1*  II2«** 


&c.andlgxx:i+^»»+4g?g<>,    x*+  43^»»  «**c» 

we  hare  ^-5  =  xx  _x*+*»  >—  8tc.  but 


*»x»" 

rejecting  the  feries,  y/ssf  xo5— 4*xi  +  ^j- = 
*****  ^^^-4x1+ ^nearly. 
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Multiply  the  diftancc  cA  Hnto  the  lefs  fcmi-axe, 
divide  the  product  by  the  fquare  of  the  greater,  to 
x  of  the  fquare  of  the  quotient  add  1 ,  multiply  the 
fum  into  the  diftance  cJ,  and  call  the  product  C. 

Then  from  o  times  3  take  4  times  C.  divide  the 
remainder  by  5,  and  the  quotient  will  be  the  arc 
very  near. 

That  is,  A=l*^=}x9xs/?±^-^xi+e£. 
Example. 

■ 

Taking  dill  the  fame  example, 
The  Quantity  found  by  the  laft  rule  is  3*017898 
=       

And  ^xi+^  =  xi+^=3xi+^»3,oi7578 
rrI  „  <)B—4C_  37- 161082— 12*070312  15*09077 

lhen~T~  — 5  =~r~= 

3-0 1 8 1 54  =  the  arc  very  nearly. 

Rule  V. 

,  •  a 

,  *  ■       r  « 

As  the  fum  of  15  times  the  parameter  of  the  axe, 
at  whofe  vertex  the  arc  begins,  and  a  third  propor- 
tional to  the  faid  axe,  the  abfchTa,  and  the  difference 
between  9  times  the  faid  axe  and  2 1  times  its  para- 
meter; is  to  the  fum  of  1  c  times  the  parameter  and 
a  third  proportional  to  the  axe,  the  abfeiffa,  and  the 

dif. 

Corollary. 


When  a  is  as  c,  then  the  rule  becomes  f  x  x  9  y/ — ^  4  x 

for  the  circular  arc 
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difference  between  1 9  times  the  axe  and  2 1  times  its 
parameter;  To  is  the  ordinate,  to  the  length  of  the 
arc,  very  nearly.* 

10C— 2I/> 

isp+  c  *y 

That  is,  — 7c— ^  xx  ~ tllc  arc  wn€re 

c  *? 

C=the  whole  axe  CO  at  whofe  vertex  the  arc  com* 

mences 


De  monstration. 


Since  y  is  =  c-  C^"a  **  =  — ,  +  ~  &c.  it  is  evident  that  a 
y  a  sa*  Ha* 

fraftion  of  this  form  x  x -X         ,  when  expanded  in  a  ferics,  will 

A+dj 

produce  a  fcries  of  the  fame  form  with  that  expreffing  the  length  of 
the  arc  in  the  firft  rule,  and  which  being  put  equal  to  it  will  afford 
equations  for  determining  the  values  of  A  and  B, 

—             A+JJ+ix:          —  &c. 
Thus  xx-  VL  •  is  =  xx  7«»~7v4  =  x  x  ''  1  + 

iil+ii^iO&c.whichk^ 

Ice.    Then,  by  equating  the  correfponding  terms,  we  obtain  — 

2  Aa* 

=  ^'°r^==V  =  ^;  ^  =  Si—,  hence  5  = 


21<M 

9£l=^  -  —  =  putting  <T«  2C  and  /  « its  p» 

!<>«■  IOC  IOC 

2tf<* 

ramcter  — . 

c 

TT'1'  *>+^  '»+-cv<> 

Co- 
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menccs,  p  -  its  parameter  =  y  =  uie  abfcifla  C77, 
and  x  =  the  ordinate  HB. 

Example. 
Taking,  ftill,  the  fame  example,  in  which  r=  9, 
n  =  i2,  C=  18,  /)  =  -^~ -4=  32,  and  x  =  3 hence  7  = 

c-  —  =  9-      ,„  *  =  9  -  -  -  —  =  9  x        -  = 

4»  '  12  '         4         '  4 

•28578747I5. 

Then 

»  •  ■  ■  ■ 

Corollary-  I. 

Hence,  in  the  eJlipfe  AH  whofe  ver- 
tex is  At  either  axe  AK,  and  latu* 
rectum  AP ;  if  there  be  drawn  the  or- 
dinate HD,  and  PC  be  taken  =z\AP 
+  }9'1K-2iAP  x  ^  ^  therc  b£ 

io^ta  DA 


drawn  the  right  line  CHE  meeting  the 
tangent  AE  in  E ;  then  will  //£  be  =  to  the  arc  A3,  very  nearly. 

For,  by  fimilar  triangles,  CD  :  DH  ::CA :       =  = 

ttfchb"***  (*wo— ^knr—^ 

which  is  the  arc,  nearly,  by  the  above  demonftration. 

And  this  proves  the  truth  of"  the  conflruftion  given  by  Sir  I.  New- 
ton* in  his  letter  of  June  13,  1676,  to  Mr  Old«nburg.  But  Mr  Jones, 
in  publiihiog  this  letter,  hath  printed  AP  in&cad  of  AD. 

Corollary  II. 

When  the  ellipfe  becomes  a  circle,  then  AKzs.  AP,  and  the  above 
ic  'IP— 2  AD 

rule  will  become       ,n  Tr\*DB  *°r  tnc  length  of  the  circular 

15  AP—17AD  0 

arc  whofe  diameter  is  AP,  verfed  fine  AD,  and  right  fine  DB.  And 

this  is  nearer  the  truth  than  any  of  the  other  approximations  before 

given  for  the  circular  arc,  except  that  in  rule  6  for  that  purpofc, 

for  the  example  in  that  rule  calculated  by  this  approximation,  gives 

4- 1 170598  for  the  length  of  the  arc, 
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24I 


+ '**3*  +  ,8  / 

Then*x  .  =  3x 


rs 


874715 


_-x 18*1 5x33+i9xi£-qix;2atf _     3x1^x32+ I9^7j^6*'28  57 
~      i8x  x  5*33+5*  1 B-2 1x3  2*0'  ~~  3xi$x33+9*3-7xiox,28578747i5 
=3x1  '006056  =  3*018168= the  length  of  the  arc  very 
nearly. 

P*  O  B  L  E  M  V. 

*  To  find  the  area  of  on  ellipfe* 
Rule  I. 

"  ■  *         *  *  * 

"Multiply  continually  together  the  two  axes  and 
the  number  7854  for  the  area  of  the  ellipfe. 

That  is,  ntc-  the  area,  putting  the  tranfverfe, 
c  =  the  conjugate,  and  n=mj$S4>  By  corollary  4; 

3P  Ex- 


•General  Investigation. 

Let  AB,  DE,  be  any  two  conjugate  di- 
ameters of  the  ellipfe  ADBEA,  OH  a  dou- 
ble ordinate  to  the  diameter  AB,  AKBL 
,  a  circle  whofe  diameter  is  AB^  KL  a  dou- 
ble ordinate  of  the  circle  to  the  diameter 
AB,  and  A  I  perpendicular  to  67/. 

Now  whilft  KL  by  flowing  generates  the 
circular  legment  KAL,  GH  will  defcribe 
the  elliptic  fegment  GAff;  but  th<J  velo- 
city of  KL  is  to  that  of  GH  as  FA  to 
y//;  arid  by  the  property  of  all,  conjugate 
diameters,  as  AC :  CD :       At'xt'B-ss ,  by  - 
the  nature  of  the  circle,)  AT:  FG  \  wherefore  ai  the  circular,  fcg- 
ment  KAL  is  to  the  elliptic  fegment  GAff,  fo  is  ACxAF  to  CDxA/, 
•**b;is  ?/6'x radius  to  CDxfint \  LlFA,  fo  is  AC  to  CD  x  fine  LC,  put- 
tin?  i  for  the  radius. 
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Example. 
If  the  axes  of  an  ellipfe  be  35  and  25,  what  is 
the  area. 

•7854x35x25  =  68 7*225= the  area  required. 

Rule 


Corollary  I. 
The  whole  ellipfe  and  circle,  defcribedupon  any  diameter  of  it, 

arc  to  each  other  as  the  ^ 
particular  double  ordixtttes  6B*  KLt  paffiug  through  the  fame  pome 

of  that  diameter. 

Cor  0  l  l  a  r  y  II. 

As  radius  :  fine  of  the  angfe  made  by  any  two  conjugate  diame- 
ters ::  a  mean  proportional  between  the  two  circles  defer i  bed  upon 
thofe  diameter* :  the  ellipfe 

(rxd'.txc  ::©rf:0  l  by  cor.  I. 

Hence  {r*cd  :  t*cd'.:)  r»  :  /»  ::  OJx&  :  0\ 
.    And  r :  j    i/®**Oc !  O- 

Where  d  and  c  are  the  diameters,  /  the  fine  of  the  L  made  by  them 
to  the  radius  r,  0  denotes  a  circle,  and  O  '"'P**- 

Corollary  III. 
If  the  coniujrate  diameters  be  equal  to  each  other,  it  will  follow 
that,  As  radius  :  to  the  fine  of  the  angle  made  by  the  equal  conjugate 
diameters  ::  fo  is  the  circle  defcribed  on  one  of  thofe  d.ameters  :  to 

the  ellipfe.  v 

Corollary  IV. 

The  ellipfe  is  a  mean  proportional  between  the  two  circles  defcribed 

"Vcr  they  make  with  each  other  a  right  angle,  whofc  fine  is  ss  to 

the  radius.  ,. 

Corollary  V. 

As  radius :  to  the  fine  of  the  angle  made  by  any  two  conjugate  di- 
ameters ::  fo  is  the  circle  whofc  diameter  is  a  mean  proportional  be- 
tween the  conjugate  diameters  :  to  the  ellipfe. 

This  follows  from  corollary  a. 

Corollary  VI. 
The  ellipfe  is  equal  to  a  circle  whofc  diameter  is  a  mean  proper- 
ticnal  between  the  two  axes. 
From  corollary  4.  co" 
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Rule  H.  ' 

Multiply  continually  together  any  two  conjugate 
diameters,  the  natural  line  of  their  included  angle, 
and  the  number  '7854. 

That  is,  dens = the  area,  putting  d  and  c=  any  two 
conjugate  diameters,  x=fine  of  their  included  L,  and 
*=7854-  Ex- 

Corollary  VII.  .  . 

As  an  ellipfe  :  is  to  the  re&angle  of  its  two  aaes  (or  to  the  red- 
angle  of  any  two  conjugate  diameters  drawn  into  the  fine  of  their 
included  L,  the  radius  being  1 ) : :  fo  is  any  circle  :  to  the  fquare  of  its 
diameter. — Any  two  like  fegments  or  zones  of  the  ellipfe  and  circle 
are  alfo  in  the  fame  proportion. 

Corollary  VIII. 

Ellipfes,  and  their  like  fegments,  are  to  one  another  as  the  rectangles 
of  their  axes,  or  as  the  rectangles  of  any  conjugate  diameters  forming 
the  fame  angle  in  each. 

Corollary  IX. 

Similar  ellipfes  are  to  one  another  as  the  fquares  of  their  like  dia- 


CoROLLARY  X. 

From  corollary  7  comes  alfo  the  following 

Let  ADE  be  an  oblique  fegment  of  the 
elKpfe  AFBGA,  cut  off  by  a  double  or- 
dinate to  the  diameter  AB,  FG  being  the 
conjugate.  Through  the  center  C  draw 
sP  perpendicular  to  FG  and  meeting,  in 
*,,P,  with  Am,  BP,  both  parallel  to  FG\ 
then  about  the  axes  aP,  FG,  defcribe  the 
ellipfe  aFPGa,  meeting  the  ordinate,  pro- 
duced, in  t  and  d.  Then  will  the  right 
elliptic  fegment  dae  be  equal  to  the  ob- 
lique fegment  DAE,  as  well  as  the  whole 
tl\\pfeaFPGa  equal  to  the  ellipfe  AFBGA; 
moreover  their  correfponding  ordinates  de, 
DE,  parallel  to  the  common  diameter  FG,  are  every  where  equal, 
as  are  the  like  parts  or  tones  contained  between  any  two  of  fuch  or- 
dinates. And  the  fame  may  be  faid  of  all  ellipfes  contained  between 
the  parallels  Aa,  BP,  infinitely  produced  :  in  which  property  ther 
referable  parallelograms  of  the  fame  bafe  and  between  the  fame  pa- 

M11J«  * 


ma  Ellipse* 

.Part  III. 

E  X  A  M  P  L  E. 

If  «w)  omjugate'diame^ 
*2,  and  their  included  angle  7 70  34^  *  required  it* 
area.  *•  '* 

'    the  fine  of  77#  34*'  is  ^7*5**5*  wherefore 
~97&SfcS X32X28-X7854  =  687-22^- the  area. 

Problem  VI. 
To  find  the  area  of  the  ferment  of  an  ellipfe  cut  off 

by  a  double  ordinate  to  either  axe,  that  is,  by  a 

line  perpendicular  to  that  axe* 

Rule  I. 

Find  the  corresponding  Tegment  of  the  circle  de- 
scribed upon  the  fame  axe  to which  the  cutting  line 
or  bafe  of  the  fegment  is  perpendicular.  Then  as 
.this  axe  :  is  to  the  other  aXC ::  fo  is  the  circular  feg- 
ment: to  the  elliptic  fegment. 

This  follows  from  corollary  7  to  the  laft  problem. 

Rule  II. 

find  the  tabular  circular  fegment  whofc  verfedfine 
•or  height  is  equal  to  the  quotient  of  the  height  of  die 
elliptic  fegment  divided  by  its  axe :  Then  multiply 
continually  together  this  fegment  and  the  two  axes 
of  the  ellipfe,  for  the  area  of  the  fegment  required. 

This  follows  from  the  former.  | 

Example. 
What  is  the  area  of  an  elliptic  fegment  cut  off  by 
•a  line  parallel  to  and  at  the  diftance  of  7!  from  the 
,Jefs  axe,  the  axes  being  35  and  25. 
*    Here  1 7  ^-ji  *  1  o  =*  the  height  of  the  fegment. 

-  .And 
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And  10+35  =  2+7  =  'iSsjr  =  the  tabular  vcrfed 
fine,  whole  fegment  is  '185 1669. 

Then  -1851669x35x25=  162*02 103  75= the  area 
of  the  left  fegment. 

If  the  greater  fegment  had  been  required.  Then 
•78539816—  '185 1 669  ='60023 126.  And  '60023126 
x25X35  =  525*2023525=the  area  of  the  greater  feg- 
ment. 

Example  II. 

What  is  the  area  of  the  elliptic  fegment  cut  off 
by  a  double  ordinate  perpendicular  to  the  conjugate 
axe  at  the  diftance  of  jj  from  the  center,  the  axes 
being  35  and  25. 

Here  12^-77= 5 =the  altitude  of  the  ferment. 

And  5-5-  25  =  1  -5-5  =  *2  =  the  tabular  verfed  fine, 
whofe  corref^onding  fegment  is  'i  r  18238. 

Hence  '1 118238x25x35  =  97-845825=  the  area 
of  the  lefs  fegment. 

Again,  -78539816--!  1 18238  = -67357436.  And 
'67357436x25x35  =589*377565  _  greater  feg- 
ment. 

.• .    .  ' 

Problem  VII. 

■ 

To  find  the  area  of  an  elliptic  fegntent  cut  off  by  a 
double  ordinate  to  any  diameter;  that  is,  by  a  line 
oblique  to  the  axes. 

Rule. 

Divide  the  abfcifTa  AF  (fig.  to  prob.  5)  of  the  dou- 
ble ordinate  by  its  diameter  ABt  and  find  the  tabu- 

3Q_  tor 
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lar  circular  iegfncht  whole  verled  line  is  die  quotient : 
Then  multiply  continually  together  the  tabular  area 
and  the  two  axes.  Or  the  tabular  area,  the  diameter 
AB  to  which  the  bafe  of  the  fegment  is  a  double  or1- 
dinate,  its  conjugate  diameter  GHy  and  the  fine  of 
their  included  angle,  for  the  area  of  the  elliptic  feg- 
ment required.* 

Example. 

The  axes  of  an  ellipfe  being  35  and  25,  it  is  re» 
quired  to  find  the.  area  of  a  fegment  whole  bafe  is 
a  double  ordinate  to  a  diameter  whofe  length  is  33, 
it  being  divided  by  the  double  ordinate  into  the  two 
abfciflas  7  and  26. 

Here  FA+AB  =  7*33  =  '212117  »  the  tabular 
verfed  line ;  to  which  correfponds  the  area  *  1 2 1 62869. 

Hence  '12162869x25x35  =  1 06*42  5  i  04  =  the  feg- 
ment GAH* 

Moreover,  '7853981 6-*  1 2 162869  =  '66376947. 
And  '663 7 6947  x 25 x 3 5  =  5807  9828625  s=  the  grear 
ter  legment  GBH. 

Pro- 


"Demonstration.  ' 

For,  by  cor.  7,  prob.  j ,  as  JB*  t  to  circular  fegment  LAK  w  Co  is 
(AB  x  DE  x  s.  lC=)  reflanglc  of  the  two  axes :  to  elliptic  ferment 
CAH ;  but  circular  fegment  LJKs*.AB*x  tabular  circular  fegment 

(/)  \vhafe  ijcffcd  fine  is  •^^j  therefore  (AB* :  AB*  x/::)  1 :  tn  red* 

angle  of  the  axes  to  elliptic  fegment.  .  %jE.D. 
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Pr  o  b  l  e  m  VWC 

To  find  the  trilineal  area  KKQJncluded  by  either  axe, 
a  line  drawn  from  any  point  in  it,  and  their  inter- 
cepted arc. 

R  U  L  E. 

Draw  the  ordinate  DB  meeting  the  circle  defcribed 
upon  the  faid  axe  in  C,  and  draw  AC,  OC. 

Then,  As  the  above-faid  axe: 
Is  to  the  other  axe:: 
So  is  the  circular  trilineal  AC$j 
To  the  elliptic  trilineal  AB%J*  p  aoa" 
•  Note. 


•Demonstratioh. 

For,  by  the  inveftigation  and  corollaries  to  prob.  f ,  As  the 
A :  to  the  axe  a  ::CD  :  DB  : :  circular  fegment  <$CD  :  elliptic  fegmcnt 
<?BD  ::  (becaufe  of  the  common  bafe  AD)  triangle  ACD  :  tnangle 
ABD  :  :  (by  compofition)  the  trilineal  ACQ:  trilineal  JBQ  Q.B.D. 

Corollary  I. 

Since,  by  rule  2  prob.  6  feci.  1  part  2,  the  circular  arc  $C  (put- 

,„>gO>=,.  *ni  OZ=r)  U  =/x  : ■  + 

&c.  wc  ball  have  i  r,  x  : .  +^  +  •«.  =  A. 

fcrtor  0C7i£.,  which  being  increaied  or  diminillied  by  \OAxDC  =  the 
triangle  ACO,  we  lhall  have  V  x :  ^+  ^  +  ^+  ^g- 
&c.  for  the  general  value  of  the  trilineal  ACQ;  and  aonlcqucntly 
<>.  ^0  4.2l+_iL*^  +  ~il^lT  4c.  =  the  elliptic  trilineal 

ABQ,  r  being  the  radius  of  the  circle,  or  femi-axe  OQof  thecllipfc; 
and7  the  other  femi-axe. 


rz 


And  fincc  riCHJi  BD  =  z,  we  lhall  have y  =  ~,  and confequcntly 

the  value  of  (Tic  elliptic  trilinear  ABQ  exprcfled  ia  terms  of  its  own 

ordinate. 


Ellipse*  i>*rtIH. 

Note.  It  is  evident  that  the  triangle  AOO  added 
to  or  fubtraaed  from  the  circular  fe&or  0C^_,  will 
give  the  circular  trilineal  JC^  according  as 
is  greater  or  lefs  than  half  the  axe.  Or  the  femi- 
fegment  CD^  increafed  or  diminiflied  by  the  trian- 
gle ACD  will  give  the  fame. 

Ex- 


ordinate  z  (BD)  and  femi-axes  r,  c,  will  be  *  2  x  :  A9  4-  rz| ,  _l 
5.2.4c4  7.2.4.6c* 

Corollary  II. 
If  A  coincide  with  0,  the  triangle  AOB  will  vanifli,  and  the  trili- 
neal become  barely  a  &Aor  Oti^j  whofe value  will  befrr  x:i  1  a* 

+  5.2.4<<+7^6ci*C- 

Corollary  III. 
When  2  =  f,  then  the  quadrant  Op§_  will  be  \  rc  x  :  1  +  JL  4. 

y.2.4  + 72.4-6 

Corollary  IV. 
If    coincide  with  P,  then  A<1=  $P  =  2r,  and  the  trilineal  P B9 

willbesirrxra  +  ^+^^^HL  &c 
3.2c*     5.2.4**  ^ 7.2.4.6c4 
And  when  B  coincides  with      then  will  the  trilineal  PfiQbc  ss 

3-2  5.2.4^72.4.6 

Corollary  V. 
If  from  the  double  of  the  quadrant  in  corollary  h  be  taken  the 

trilineal  in  corol.  4,  there  will  remain  r x :  —  +  2el~z\ ,2fLz^L 
2,,_g,  1       6.2f»  +3 ,0.2.4c* 

*i>3 14.3.4.6c*  &C"  for      vsUue     ^  fcgment  PpB, 

Co- 
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Example, 

Given  the  axes  35  and  25  of  an  ellipfe,  and  an 
ordinate  to  the  tranfverfe  io  ;  required  the  area  in- 
cluded by  the  tranfverfe  and  a  line  drawn  from  the 
 3  R    top 

Corollary  VI. 
If  from  the  value  of  the  fcclor  OB^in  corollary  2,  be  taken  that 

of  the  triangle  OBQjss  i  rz,  there  will  remain  \  rz  x :  —  \    3  *  * 


&c.  for  the  value  of  the  fegment 


Corollary  VH. 
When  S  comcides  with/,  the  feries  in  each  of  the  two  laft  co- 
rollaries beconfcs  i  re  x  :  -i-  +  -1~  +  -id-  &c.  for  the  value  of 
each  of  the  fegments  P/>,  p%. 

Corollary  VWI. 
If    be  the  focus  of  the  ellipfe,  then  A^ja  r  ±.  Jrr—ci,  and  the 

Corollary  IX. 
Putting  r=JB^=±rzxza  +  £-+-JZL-Scc.  (a  being  - 

,drV/i~^^?=iI=zx:-+^+^ftc.wemallharel 

•  •      ,    -  .       '   0      a*  10 — Ort 

by  reverting  the  fencs,  z  =  -\  A  -»  2_  tfi 

«     be*  a*     \20cAa'1  * 

5040c**'0      7  r      a    6«*r  T  i20fl'  ^ 

 5040*' 0       *  *C*  Whcre^  =  7;  »  wh'ch  feries  generally 

converges  very  faft,  ^and  affords  a  good  direct  folution  of  Kepler\ 
problem. 

Snppofe,  for  example,  it  were  required  to  find  the  true  anomaly 
«f*he  earth,  and  its  diftaace  from  the  lus,  aaAvering  to  the  mean 

anomaly 
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top  of  the  ordinate  to  cut  the  tranfverfe  in  an  angle 
of  40  degrees.  t 

Here,  as  pq- 25:  P$J=*  35::  DBs*  io:DC=  14' 
As  rad. :  tang.  L  B  (500) : :  BD :  DA  =  1 1  \o  1 7536. 
Hence  AD*iDC=  83*422752  —  the  A  viDC 
As  25  :  35  ::s/i2's*'io* :  10'$  =  OD,  and  hence 
<3*g-OD=7=D^    Then,  by  the  table  of  circular 
Jegments,  the  femi-fegment  CD^  will  come  out 
68*4920775. 

The  triangle  JZX?+fegment  CD%=  isi'9HSS9S 
=  the  trilineal  CA^ 

Wherefore  as  35:25::  iSW&W'- 108*5102425 
=  the  area  of  the  elliptic  trilineal  ^^required. 

Pro- 


anomaly  of  i  fign  or  30  degrees,  the  excentricity  being  -01681  to  th« 
mean  diftance  1. 

Here  P5=:r=i,^=3-oi68i,^/>=:f  =  ^i— •oi68i1='9998587, 
the  area  of  a  quadrant  of  the  cllipfe  ss  -78539s  &c-  x  rc  =  -7852872 ; 

then,  as  gfigns  :  1  fign  ::  -7852872  :  -2617624  as 7*;  hence  ~  =e  2T 

= -5235248,  and  ~==  ^==^x'78539&c-='5235988  ==/ :alfo /i ss 
*» 

i-oi68x,  and  —. ■  s=  -2589869. 
a' 

Then,  ift  term  —      —      ~  +-98346790 

1  ** 

2d  —  B  =  -r^x  x  =       —       —  —-04245088 

6       8 ' 

3d  -  C-^B*£m       -  +00046655 
4th  -  0  =  a«o-fQ4^Hat^ Cx/_1  =   _.00OO0O44  ' 

the  fum  rs  '94148313 

2T 

vhich  drawn  into  —  ssafa  -5235248^8^  •4928897  =  0-0=  *. 

But 
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* 

Problem  IX. 
To  find  the  fur/ace  of  a  fphcroid. 
*  R  u  l  E  I. 

For  both  fphcroids. 

Let  /  denote  the  fixed  axe*  or  the  axe  about  which 
the  ellipfe  is  conceived  to  revolve,  r  the  revolv- 
ing axe;  and  put p  =  3*14159  &c.  y=-^~^ :  Then 

will  the  furface  (s)  of  the  fpheroid  be  exprefled  by 
either  of  the  following  feriefes,  ufing  the  upper  or 

under 


But  OD  =-\/cc—zz  =  -87005233  ;  hence  DA  =  AO  +  OD  = 

•88686233,  and  as  AD :  DB  ::  rad.  :  tang.  LBADss  29-063904°  a 
29°  3'  5°"  3"  ^e  anomaly;  alio,  as  rad.  :  fee.  L BAD  ::DA:AB 
—  1*0146255,  the  diftance  of  the  earth  from  the  fun-  to  the  mean, 
diftance  1. 

•  Demonstration. 

Put  the  fixed  femi-axe  TcsscR^a  (fig.  to  prob.  ^)rCc  =  cO  =  J, 
cA^x,  AB  =7,  arc  CB-sz.  2,  and  3*14159  &c.  as/.    Then,  a:b:: 

A/aa—xx  :  -  */aa—xx = y  •  hence)  =  -rL^,,andz  =  \/ 

*  ai/aa — xx 

y*»x»x»       'x    Ar*-x*x^=**        .  . 
i>+«^^  =  W    ■    a*-xx      *  and  «***"**T  the 

* 

fluxion  of  the  furface  s  =  2#i  =  \/ «4— * 1  = 

itbx    /  n\      *pbcx    /a*      ~     zbbex  ' 

^Ill^a*-* »x»  (putting  cc  =  aa—ib)  —  — —  V  xx=  -r .  _  x  r 

aa  aa        cc  aa 

<fl_£^  _  flfl-  ?giy5  &c.  and  the  fluent  is  ,  =  3pbx  x  • 
7    2«*     2.4**     2.4.6*' 0  "        X  ' 

1~ZP-TZ&~ 2.4.6.7a*  »~  J^6l^  if  fir- 
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under  figns  according  as  it  is  an  oblong  or  oblate 
fpheroid,  viz. ,  =/r/x:  l^f"^'^ 

&c.  where  J,  B,  C,  &c.  are  the  feveral  preceding 
terms. 

Example. 

If  the  axes  be  50  and  40,  required  the  flirface  of 
each  fpheroid. 

I.  For  the  oblong  fpheroid. 

Here /=  50,  r=4o,  and^-  =  ^  «  £  « •  3  6  = 

Hence 


be  written  4/,  the  fcrics  will  become  /  as  2J>ix  x:i 


2.3**  2.4.5a4 

-  2^6.7?  "  m?35?  " (when  x=<7)  2>*> x:  1-2T3-^ 
2.4.6.7    2.4.6.8.9       *    1    2/    J}'    "6T ' 

—  </*  *c.  where,  when  «  (sb**-^*)  is  affirmative,  viz.  in  the 
0.9 

cafe  of  an  oblong  fpheroid,  all  the  figns  after  the  firft  will  be  nega- 
tive ;  but  for  an  oblate  fpheroid,  ee  ixing  negative,  the  figns  af  ter 
die  fir*  will  become  alternately  //us  and  minus,  QE.D. 

Corollary  I. 
The  fcries  above  will  not  always  converge  for  an  oblate  fpheroid, 

viz.  when  J  is  greater  than  1,  or  when  —  is  greater  than  2,  the  feries 
will  not  converge. 

Corollary  II. 

Hence  the  furfacesof  fimilar  fpheroids,  and  alfo  of  their  like  parts, 
are  to  each  other  as  the  rectangles  of  their  axes,  or  as  the  fquares  of 
the  like  dimenfions. 
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Hence  ifl  term  A  =     —     —  r 

2d  term  B=~q       =  -0*06 

3d  term  C  =  |-  y  -  -0*00324 

^  4thtermD=^y  =  -0*0004166- 

5th  term  E^-~^-q  =  -0*000072900 

6th  term  ^=7^7,  ?  =  -0*00001 50+ 

7tn  term  Cr  =-—--9  =  -0*0000035- 

8th  term  ^=-777—?  =  -0*0000009— 

the  fum  of  the  negative  terms  =—0*0637489, 
•which  taken  from  the  firft  term  1,  leaves  '936251 
for  the  fum  of  the  feries;  and  this  being  drawn 
into  prf=yi4i$9265x  50x40  =  6283*18531,  will 
produce  5882*6385  for  the  furface  required. 

II.  For  the  oblate  fpberoid. 

Here/=4o,  r=;o,  and^=^  =  l^. 

Then  by  mcreanng  the  values  of  the  terms,  found 
above  for  the  oblong  fpheroid,  in  proportion  to 
to  fuch  power  of  the  ratio  of  the  value  of  q  in 
this  cafe  to  its  value  in  the  former,  whofe  expo- 
nent is  refpec'tively  1  lefs  than  the  number  of  each* 
term;  viz.  in  the  proportion  of  the  o,  1,  2,  3,  &c. 

power  of  ^  to  ^,  or  of  16  to  25,  or  of  64  to  100 ; 

we  mail  have 

3  S  the 
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the  id  term 


i  x  I 


+  r 


i  idol 

5th  term  =  '0000729 x  |  =  -0*00044 
6th  term  =  'ooooijox  -~?|  =  4-0*00014 


the  difference  1.0871, 


then  6283*18531  x- 1*087 1  =s  6830*4507  =  the  fur- 
face  of  the  oblate  fpheroid  required. 

Rule  II.   For  both  fpheroids. 

Divide  the  revolving  axe  by  the  fixed  axe,  -and 
call  the  quotient  q.  Find  the  difference  between  1 
and  the  fquare  of  9,  and  call  the  fquare  root  off 
that  difference  s. 

For  an  oblong  fpheroid,  multiply  '01745329  by 
the  degrees  in  the  arc  -whofe  fine  is  s,  and  call 
the  product  P. 

For  an  oblate  fpheroid,  multiply  2*302585  by 
the  logarithm  of  the  fum  of  s  and  and  call  the 
product  P,  alfo. 

Multiply  P  into  the  fixed  axe  and  divide  the 
product  by  /}  to  the  quotient  add  the  revolving 

axe ; 


Di 
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axe  ;  then  the  fum  multiplied  into  ±  the  circumfe- 
rence of  the  greateft  circle,  viz.  into  3*14150  &c.  and 
into  £  the  revolving  axe,  will  give  the  furface  required. 
That  is,  putting  /=  the  fixed  axe, 

r    the  revolving  axe, 

p=  3*14159  &c. 

P  =  '01745329  x  degrees  to  the 
fine  in  the  oblong,  and  =* 
2*302585  x  log.  of  in 
:  the  oblate  fpheroid ; 

then  ^  +  r  x  \pr  =*  the  furface  of  the  fpheroid.* 

Example. 

The  axes  of  a  fpheroid  being  50  and  30,  required 
the  furface. 

I.  For  the  oblong  fpheroid. 
Here  /=  50,  r  =  30,  q  =  K="6,  = 

i--36=  v/,64=*8,  which  is  the  fine  of  53*130105 
degrees. 

Then  53*130105  x  '01745329  =  '92729513  =  i% 
and  12i™  +  3ox'-2^^=4J44.8263=the 
furface  of  the  oblong  fpheroid.  II.  por 

*  Demonstration. 
For  the  fluent  of  Hj^V*4-*1*-  (the  fluxion  of  the  furface  in  the 


tkmonftration  of  the  firft  rule)  is,  when  x=za,  pbxl+Hp.  where 

c 

P  =  -017453  x  degrees  in  the  arc  whofe  fine  is  i  ,  when  a  is  greater 

than  I ;  or  />  =  2-3025  Sec.  x  log.  of  *Jtf.,  when  a  is  lefs  than  b,  c 
being  =r  ^'alixnbb.  &.ED. 
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II.  For  the  oblate  fpheroid. 

Here /=  30,  r  =  50,  ^  =  j|  =  {,  and  /  =  */i  y 
t=v/Va==T»  hence  /+y  =  i.  +  |  =  f  =  3»  whofelog.  is 
'4771213;  and  P='477 12 13x2^30258^  ssro986i24» 

Then  1«"-y«»4+  50  K  5^124159^:  =  sm.399 , 8 

ss  the  furface  of  the  oblate  fpheroid. 

Rule  III. 
For  the  oblong  fpheroid. 

Find  ^  and  s  as  in  the  lafl  rule. 

Find  alfo  the  area  of  the  circular  middle  zone 
whofe  radius  is  half  the  quotient  of  the  fixed  axe 
divided  by  st  and  the  dtftance  of  each  end  from 
the  center  is  half  the  fixed  axe,  and  call  this  zone  z. 

Then  multiply  continu-  ^ 
ally  together  z,  q,  x,  and 
3*14159  &c.  for  the  fur- 
face  of  the  oblong  fphe- 
roid. 

That  is,  pqs2  =  the  fur- 
face  of  the  oblong  fpheroid 
ABDP,  where  z  is  equal 
to  the  middle  zone  EFGH 
of  the  circle  whofe  radius 


  Ex- 

•Demonstration 

•    , 

For  finct  the  fluxion  of  the  furface  BKMP  is  ^V--**,and 

tiat 
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Example. 
Taking  again  the  fame  example, 

We  have  ±f+s=?±=  2V2S  =  the  radius,  or  0V5 
=  the  diameter  of  the  circle. 

Hence  OC-CD=3V2S-2s  =  6-2S=DOt  and  DO 
+  20C=6-2S  +  62*5  =  -i  =  the  tabular  verfed  fine,  to 
which  belongs  the  area  '04087528 ;  and  this  taken 
from  -39269908,  the  tabular  femi-circle,  leaves 
•3518238  for  half  the  tabular  zone. 

Whence  -35 1 8238  x  2  x  62*5  x  62.  5 =2  748*62  m  7  c 
=  the  middle  zone  EFGH=  z. 

Then  ^2  =  3-14159  &c.  x*6x -8x2748*6234375 
=4144-8265  =  the  furface,  nearly  the  fame  as  before. 

Rule  IV. 

For  the  oblong  fphcroid. 

Between  the  femi-conjugate  BC  (fee  the  figure  to 
the  laft  rule)  and  the  fum  of  the  conjugate  BP  and 
circular  arc  EF,  find  a  mean  proportional,  and  it 
will  be  the  radius  of  a  circle  equal  to  the  furface 
of  the  fpheroid  j  the  circle  being  defcribcd  as  in 
the  laft  rule. 

3T  That 


that  of  the  circular  area  NL/Css  **/--XK,  which  being  to  the 


cc 

rnuft  be  conti- 


former  in  the  conftant  ratio  of  i  to^^,  their  fluents 

aa 

nually  in  the  fame  ratio ;  and  consequently  the  furface  BKMP  = 
x  CNLl = fqs  x  2CNU  =  p  x  ^  x  iCNLI.  And  the  whole  fur 
face  ABDPA  v=  fjs%EFGH.       E,  D. 
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That  is,  multiply  continually  together  BCr 
BP+EF,  and  5*14159  &c.  for  the  furface* 


Ex- 


•  Demonstration. 
Apply  AC,  and  draw  AR  parallel  to  B£j  then  is  AR 

a  the  radius  CN  \  for,  by  the  conftructton,  CN  is  = 

_^L_  =  4£  =  (by  fimilar  triangles)  ^. 

Draw  67/,  and  /fS  perpendicular  to  K. 

Then,  by  the  laft  rule,  the  furface  BAP  issr/x__x2CA^^or 

lCXHA  s  *  x  2N>  ^  =.t>*BC*NE.+A& . 

.     ,      CHC'.CA.\AH:AS\    _ ,  - 
But,  by  fimilar  triangles,  |  ^  .  ^ ^  .  C/j  £  i  and  fince  C7/ 

=:  /fi?  and  CAzs  BQj  by  the  conftruftion  ;  as  alfo  AH  =  RC,  by 
re  ifon'of  the  equal  hypothenufes  CH,  AR,  and  common  bale  AC; 
the  fourth  terms  AS*  CB,  muft,  alfo,  be  e<yia4  to  each  other.  And 
confequently  the  furface  BAPsspxBCx  AE^JSL=pxBC x  siT+BC\ 
and  that  of  the  whole  fphcroid  =  pxBCx  ATD  +  BP  zsfxBCx 
f  JVF+  BP,  the  arc  ATI)  being  defcribed  with  the  center  R  and" 
radius  RA;  viz.  equal  to  a  circle  whofc  radius  is  a  mean  proportion^ 
between  BC  and  ATD  +  BP.  %,E.D. 

Scholium. 

This  conftrnflfon,  for  finding  a  circle  equal  to  the  furface  of  an 
Oblong  fphcroid,  was  firft  given  by  Mr  Huygens  in  his  Hcrchgtum 
Ofcillatoriutii,  prop.  Q,  but  without  dcmonllration. — The  conftruflion 
is  here  rendered  general  for  any  part  or  zone  BKMP  of  the  fpheroid, 
viz.  that  its  curve  furface  is  equal  to  a  circle  whofe  radius  is  a  mean 
proportional  between  BC  and  A  L-f  IV  or  TIV+/V,  IV  being  per* 
pendicular  to  CL.  For  in  die  fame  manner  as  p  x  BCxAE+dS  was 
found  for  the  furface  BAP,  may  the  furface  of  any  zone  BKMP  be 
found  to  be  pxBCx  ftL  +  h'. 

In  imitation  of  the  two  rules  above  for  cxprclfihg  the  furface  of 
the  oblong  fphcroid,  by  means  of  a  circular  arc  and  a  circular  or 
elliptic  area,  I  fhall  here  fliew  the  inveftigation  of  others  for  that 

0? 
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Taking  flill  the  fame  example, 
<   We  have  the  radius  CN=¥=3£=3l  ■ .  thenas3ii: 
25  a      the  fine  of  the  arc  £iV::  1 :  -J  =  -8  =  the  fine 

ot 


of  the  oblate  fpheroid,  by  means  of  the  parabolic  arc  or  hyperbolic 
area. 

:  Thus  if  x  be  s  the  abfcifla,  and  the  ordinate  of  a  parabola 
whofe  parameter  is  n ;  fince  x  =  2,  and  x  =  22,  the  fluxion  of  the 


arc 


  / — ^  . 

wiu  be  s/'x>+y  =  J     +;»  - 1  ^ 


JV«+;;  (putting  m  =  i «  =  i  the  parameter) ;  which  being  to 
that  of  the  oblate  furface,  via.  ^  x»  =  *^V?+ 


VI 


t/mm-\-xx  (putting  m  —  -*->  and  fuppofmg  x  —  y)  jn  the. 

conftant  ratio  of  i  to  3/ J,  their  fluents  muft  be  in  the  fame  ratio; 
and  confequently  if  P  be  put  to  denote  the  parabolic  arc,  then  will. 
2f>bP  cxprefs  the  value  of  the  oblate  furface,  which  therefore  is- 
eqnal  to  a  circle  whofe  radius  is  a  mean  proportional  between  b  and; 
aP,  or  between  a*  and  P.  And  hence  this  conltruftion.  Let  DE 
be  the  lefs  or  fixed  axe  of  the  ellipfe,  AC 
the  greater  axe,  and  F  the  focus ;  join  D, 
F,  and  draw  DO  perpendicular  to  DF;  bi- 
fcc"r  liG  in  7/  ;  with  the  vertex  H  and  focus 
B  de'eribe  a  parabola  77/:  Then  drtiw 
any  ordinate  LK  to  the  axe  DE  meeting 
with  the  parabola  in  /;  and  the  furface 
generated  by  the  arc  AL  will  be  equal  to  a 
circle  whofe  radius-  is  a  mean  proportional' 
between  AC  and  the  parabolic  arc  HI.  Or 
the  furface  generated  by  AL  will  be  equal 
t«  the  curve  furface  of  a  cylinder  whofe  dia- 
meter is  AC  and  height  HI. 

Again. 
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of  the  fimilar  arc  to  the  radius  i,  to  which  belong 
SZ'iZOiof  degrees;  hence  53'i30io5x#oi745329 
x  3 =  28*97 7972= the  arc  EN;  then  BP  xBC+EN 
x  3  -141  $9  &c.  =  4144*8262  =  the  furface  as  before, 
nearly. 

Rule  V. 
For  both  fpheroiJs. 

Find  q  as  in  the  firft  rule,  then  to  or  from  1 
add  or  fubtracl  j  of  q  according  as  it  is  the  ob- 
late or  oblong  fpheroid,  and  call  the  fquare  root 
of  the  fum  or  difference  A.    Or  A=\/idtz{q* 

Again,  fmce  P=  (,/  being  the  area  of  an  hy- 
perbola whofe  femi-axes  are  b  and  m,  and  y  the  ordinate,  fee  cor.  7 
*uic  1  prob.  6  fed.  5).  the  furface  generated  by  AL  will  be  equal 

t0  2f*— ^ """+»"- J >  and  hence  this  conftrurtion  is  evident. 

Let  LK,  produced,  meet,  in  N,  with  the  hyperbola  £  A*  whofe  ver- 
tex is  B,  center  A,  and  femi -conjugate  axe  BG  •  draw  GK%  and  KP 
perpendicular  to  it,  and  draw  the  ordinate  N$_;  Then  will  the  dif- 
ference between  the  reftangle  ACxKP  and  the  hyerbolic  area  BJ\ '9 
be  to  the  furface  generated  by  AL,  as  the  radius  of  a  circle  is  to 
its  circumference. 

*  For  fince,  by  rule  1,  the  value  of  the  furface  is  S  as  &ahb  *  : 
d*        d*  "id9  2  ed* 

.  d*      d*         *d*  i  id* 

taking  the  latter  of  thefe  quantities  from  the  former,  S- *abp  </\ 

_ei*_        $da  $d*   T 

e  ~TJ^  -  ^} ~  2.8 .8 1 &C'      c?nftQ««tly  5  «  ^bp      ±  \d* 
aearly,  which  is  rule  5. 
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Multiply  the  product  of  the  two  axes  by  3*141 59 
8cc  and  call  the  product  P.  . 

Then  the  product  of  A  and  P  will  be  the  fur- 
face  nearly. 

That  is,  pfr  </ 1  =*=  j?. 

Example. 
Let  there  be  taken  here  the  fame  example  as  at 
.  rule  1,  in  which  the  axes  are  50  and  40. 
Then,  I.  For  the  oblong  fpheroid, 

'  Here  9  =  £,  and  </ 1  -  -2-  =  J~f=  Vaa 

=•93808=^.  But  3*i4i59&c.x  jo x 40  =  6283*1853 
-P.  Then  AxP=  6283*1853  x*938=5893*6278  a 
the  furface  nearly. 

II.  .Far  fpheroid. 

Here  7  =  £,  and  ^7^1=  77^  =  ^  19 

a  1*089725  =  .4.  Then  ^xP  =  1-0897x6283*1853 
as  6846*7869  =  the  furfaqe  of  the  oblate  fpheroid 
nearly. 

♦Rule  VI. 

For  both  fpheroids. 

To  or  from  1  add  or  fubtract,  according  as  it  is 
for  the  oblate  or  oblong  fpheroid,  ^  of  qy  and  call 
J  of  the  lum  or  difference  B. 

3  U  Then  ' 

  ;  

•  Again,  by  tranfpofing  the  two  firflUcrms  of  the  feries  in  the  value 

of  S,  we  fl.all  have  S-^fy*  ,         =  4^x:  d* 


26>  Spheroid.  Part  III. 

Then  multiply  P  by  the  difference  between  A 
and  B,  and  f  of  the  product  will  be  the  furface 
nearly.   

Thatis,  f  PxJ^=fx/>/ryv/I^7-|x7^ 
3  the  furface  nearly. 

E  x  A  M  P  L  E. 

Taking  the  fame  example,  we  fhall  have 

I.  For  the  oblong  fpheroid. 

5=-xi-Jo=-x  i  -        =-xf  =  '417777 
9  6'      9  6x25      9      50       »   1 1 1 1 

&c.  Then -4— 2?  =  '93808  — '417777  = '5203.  And 
■f  x  '5203  x  6283-1853  =  5884*2029  =  the  furface  of 
the  oblong  fpheroid  very  nearly. 

II.  For  the  oblate  fpheroid. 

&c.  Then  A-B  -  i-o897-*486i  =•6036.  And 
f  x  -6036  x  6283-1853  =  6826*6806  =  the  furface  of 
the  oblate  fpheroid  nearly. 

Rule  VII. 

For  both  fpheroids. 

From  the  fum  or  difference  of  1  and  £  of  q9 
according  as  it  is  for  the  oblate  or  oblong  fphe- 
*  roid, 

$d*   -  d* 

—  ^  8  8|  &c.  which  being  taken  from  S—  ^abp  y'l  ±  Ji1  s=  —  . 

*  -— —  5~0-  &c.  the  remainder  above  found,  leaves  L  S—Aakp* 

4.7.27     2.0.81  9 


-/i  ±  -H*  —  £  x  1  ±  id1  r=  ±   &c.  and  confequently 

nearly,  which  is  rule  6. 
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roid,  take  Vo  of  the  fquare  of  qy  and  call  T87  0f  the 
remainder  C* 

Then  from  A  fubtracT:  the  fum  of  B  and  C,  mul- 
tiply the  remainder  by  P,  and  y  of  the  product 
will  be  the  furface  of  the  fpheroid  ftill  nearer. 

That  is,  yPx  A-B-C  =  the  furface  nearly, 

where  C=  t7xi±^-  ^qq,  and  the  value  of  the 
other  letters  as  before. 

Example. 

Taking  ftill  the  fame  example,  in  which  the 
axes  are  40  and  50 ; 

I.  For  the  oblong  fpheroid. 
Here  again  q  =  -?T  =  -36*,  P  -  6283-1853,  A  = 
•93808,  5  =  -417777  &c.  and  C^J7x  1  -  ^-  4V/'/ 
=  -277558.  Then  y  P  x  A-B-C  =  6283-1853  x 
•93628  =  5882-8206  =  the  furface  of  the  oblong 
fpheroid  very  near. 

 II.  For 

*  Farther,  by  tranfpofiflg  the  firft  three  terms  of  the  original  fc-- 
ries,  and  reducing  the  rclult  to  make  the  firft  term  of  it  equal  to 
that  of  the  laft  remainder,  wc  lhall  have 

-  X  S-4^Xi  ^Jdt-^d*  ss  *abp  x  :  ±  —  Sf~ 

27  4TS  2.7.27  6.8.81 

&c.  which  being  taken  from  the  laft  remainder,  £5  —  ^abp  X. 

  —    ■  ,|S 

-/i  ±  \dd  —  *  x  i  -  ±dd  =  ±  —  1——  &c.  leaves  '  S 

2.7.27     4.8.01  ^ 

-  *ahp  x  "a/  1  ±  j/-/~fx  \~±  iTd -    x  r^i^r^f 

-  „  ^  r.   Sec .  and  confequcntly  S  =  —  X  tab?  X 
8.12.81  '  7 

— ==  :   /  . —  .  ^     .  . 
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II.  For  the  oblate  fpheroid. 
Here,  q  =  ,V  =  \f625,  P  «  6283-1853,  ^  = 
1  -089725,  B  =  '4861 1 1 ,  and  C=  y87  x  i  +Y<?  -  V« 
=  '321731.   Then  V  x  A-B-C  x?a  1*0872  x 
6283-1853  =  6831-079  =  the  furface  of  the  oblate 
fpheroid  very  nearly. 

Problem  X. 

To  find  the  curve  furface  of  the  frnftum  of  a  fphe- 
roid,    contacted  between  frwo  plants  cutting  the 
fpheroid  perpendicular  to  the  fixed  axct  and  one  of. 
them  pafjing  through  the  center. 

Rule  I. 

For  both  fpheroids. 

Let  /  denote  the  fixed,  and  /*  the  revolving  axe ; 

put  p  =  3-14159  &c-  and  y  =-^rp:,  as  in  the  Jaft 

problem  ;  alfo  h  =  the  height  cA  of  the  fruftum 

(fee  the  figure  to  rule  1  of  prob.  4)  and  2  =  ; 

then  will  the  value  of  the  furface  be  exprefTed  by 

this  feries  prh  x  :  1  =*=  ^-  z  -  ~^—z'  =t — \-z* 
*  2.3         2.4.5  5.4.6.7 

-dsfr; z<  &c-  or  Prh  x  :  1  *  t*Az  ~  tsBz 

^=—Cz  —  q^Dz  &c.  where  A,  B,  C,  &c.  arc  the 

fcveral  preceding  terms,  and  the  upper  or  under 
figns  to  be  ufed  according  as  it  is  the  oblate  or 
oblong  fpheroid,* 

Ex- 


•  Sec  the  inveftigation  of  rule  i  of  the  Jaft  problem. 
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Example  I. 

What  is  the  furface  of  the  fruftum  of  a  fphcroid 
whofe  height  is  15 ;  the  diameter  of  the  greater 
end  being  40,  and  that  of  die  Ids  32? 

Here  CO  =  40  =  the  revolving  axe,  iAB  =  \is 
and  BR-  cA  =  15;  hence  HC- Cc  -  AB  =  4,  and 
HO  =  Cc  +  AB  -  36 ;  and  confequently,  by  cafe  3 

prob.  2,  we  have  as  y/CH  x  HO  =  12  :       =  15  :: 

CO  tt  40  :  772  =  --^i?  =  50  =  the  fixed  axe,  which 

fhews  that  the  fruftum  is  that  of  an  oblong  lphc- 
roid. 

Then,  as  in  the  example  to  rule  1  of  the  laft 
problem,  /=  50,  r  =  40,  q- T9r  =  '36.   But  b-  15, 

and  -  i^9>LLJJll5  _  6 

and  z-  y/  -^xjox5o  -  1.90. 

Hence  the  ift  term  J  3      —  +1* 


2d  — 

B  = 

—0*021  6 

3d  - 

C  = 

—  0*0004199  + 

4th  — 

D  = 

S2Cz  = 

-0*0000I95*- 

5th  - 

• 

!>  = 

—0*0000012  + 

6th  — 

-o'oooocoi- 

the  Aim  of  the  negative  terms  is  -0*0220407, 
which  taken  from  the  firft  term  1*0000000, 

leaves  0*9779593 
for  the  value  of  the  infinite  feries ;  which  being  drawn 
into  prh  =  3'14,59  &c.  x  40  x  15  =  1884-955592* 
produces  1843*4098512  for  the  furface  required. 

3  X  Ex- 
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Example  H. 

* 

It  is  required  to  find  the  curve  furfacc  of  the 
fhiftum  2  c ABC  of  a  fpheroid  whofe  height  is  16; 
the  diameter  of  the  greater  end  being  50  and  that 
of  the  lefs  30. 

Here  the  revolving  axe  TR  =  SO>  IIC=AB  =  i6\ 
and  BH  -  Ac  -  15  ;  hence  AR  =  Rc-cA  =  10, 
and  AT-  Tc  +  c A  =  40;  then,  by  cafe  3  prob.  2, 
we  fhall  have  as  y/JR  x  AT=  20  :  AB  =  i6::TR 
=  50 :  CO  =  =  40  a  the  fixed  axe,  which  in- 
dicates the  fruftum  to  be  that  of  an  oblate  iphe- 
roid. 

Wherefore 4q,  r  =  50,  ?3  T».,  h  =  id,  and 

T     -  _    4X9Xl6xl6  36  ,  I'll-  , 

~  -  ff  -  16x40x40  ~  Too  =  36,  which  bemg  tho 
fame  as  the  converging  quantity  q  in  the  example 
to  rule  1  of  the  laft  prob.  the  feveral  terms  of  the 
feries  muft  be  the  fame  as  there  found,  viz. 
the  ift  term  A  =  +1 
2d   —  B  =  +o-o  6 
3d   —   C  =  -0*00324 
4th  —  D  =  +0-0004166- 
5th  —  £  =  —0*000072900 
6th  —  F  =  +0*0000150+. 
7th  —  G  =  -0*0000035- 
8th  —  //  =  +0*0000009— 

9th  — -     I  =  -Q-Q000002  + 

fiim  of  the  affir.  terms  =  +1*0604325 
fum  of  the  neg.  terms  =  —0-0033 1 66 

their  difiexencc  »    1*0571159  the  value  of 

the 
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die  feries ;  which  being  drawn  into  pth  =  3*  141 59 
&c.  x  50  x  16  =  2513*27412287,  will  produce 
2656*822036  for  the  furface  of  the  oblate  fruftum 
required. 

Rule  II. 
For  both  Jpheroids. 

1.  Multiply  the  fquare  root  of  the  difference  of 
the  fquares  of  the  axes  by  the  height  of  the  fru- 
ftum, divide  the  product  by  the  fquare  of  the  fixed 
axe,  and  call  the  double  of  the  quotient  q. 

That  is,  q  =  *htMffr\  h  being  the  height  of 
the  fruftuin,  /  the  fixed,  and  r  the  revolving  axe. 

2.  In  the  oblong  fpheroid,  call  the  fquare  roof 
of  the  difference  between  1  and  the  fquare  of  qs 
A*    But  in  the  oblate  fpheroid,  let  A  be  the  root 
of  the  fum  of  1  and  the  fquare  of  q. 

That  is,  Am  m^e  oblong, 

Cx/i+qq  in  the  oblate. 

3-  In  the  oblong  fpheroid,  let  the  product  of 
•01745329  and  the  degrees  whofe  fine  is  q  be  called 
B.  But  in  the  oblate  fpheroid,  let  B  be  the  pro- 
duct of  2-^)258509  and  the  logarithm  of  the  fum 
of  q  and  the  root  of  the  fum  of  1  and  the  fquare 
of  q. 

That  is,  B  - 
•oi  74  &c.  x  degrees  whofe  fine  is  q  in  the  obIong? 
2-302  &c.  x  log.  of  q        +     in  the  oblate. 

4;  Divide 
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4.  Divide  B  by  9,  to  the  quotient  ackl  A,  mut- 
tmly  the  fum  by  the  continual  produft  of  the 
height,  the  revolving  axe,  and  the  number  3' 141 59 
&c  and  the  half  of  the  laft  produft  will  be  the 
furface  required.  

That  is,  iprh  x  A  +  j  =*  the  furface  * 

Example  I, 
Let  there  be  taken  here  the  firft  example  to  the 
laft  rule,  in  which  /  is  =  50,  r  =  40,  and  h  =  15. 

=  v/TT^  =  J 1  -  If  =  ^  =  -9329^23.  Alfo 

the  fine  (?=)  '36  anfwers  to  21*1001965  degrees, 
which  being  drawn  into  '01745329,  will  produce 
.3682678  =  5. 

Hence  A  +  j  x  V/>r/j  =  '9779593  *  1884-955592 
ss  1843*4098512  =  the  furface,  the  fame  as  before. 

Example  II. 

Let  there  be  taken  the  oblate  fruftum  in  the 
fecond  example  to  the  preceding  rule,  in  wluch 
the  axes  are  50  and  40,  and  the  height  16. 

Here  then  /  =40,  r  =  50,  and  h  =  16;  hence 

±iLL^IL  =  ****  =  I  =  -6  =  q  ;  and  >/TT^  » 
//         40x40    5  7  /7 

i-x/34  =  1*16619038  ss  ^;  likewife 

*  For  this  is  the  fluent  of  the  fluxion  of  the  furface  in  the  in- 
vcfligation  of  the  rules  in  the  laft  problem. 
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q+s/i  +qq  =  176619038,  whofe  logarithm  is 
•247037.57,  which  being  drawn  into  2*302585-09 
will  produce  '56882503  =  B. 

■ 

Then  A+ -  x  ±prb  =  1*0571 16  x  2513*27412287 

=  2656-822287  =  the  furface,  nearly  the  fame  as 
before. 

Rule  III. 

For  the  oblong  fpheroid. 
I.  Divide  the  fquare  of  the  fixed  axe  by  the  root 
of  the  difference  of  the  fquares  of  the  axes,  and 
call  the  quotient  d. 

That  is,  d  = 


ff 


Vff-  rr 

2.  Find  the  area  of  the  circular  zone  whofe  dia- 
meter is  d,  and  its  height  from  the  center  equal  to 
the  height  h  of  the  fruftum  of  the  fpheroid,  and 
call  the  area  of  that  zone  z. 

3.  Then  as  the  diameter  of  the  circle  is  to  the 
circular  zone,  Co  is  the  circumference  of  the  greateft 
circle  of  the  fpheroid  to  the  furface  of  its  fruftum. 

That  is,  as  d:zv.pr:f~  =  the  furface  of  the 
fruftum.* 

Example. 
It  is  required  to  find  the  furface  of  the  fruftum 
of  an  oblong  fpheroid  whofe  height  is  15*,  the  axes 
being  50  and  40. 

meter  of  the  circle.  3  Y  And, 


*  This  is  the  fame  with  rule  3  to  the  Iaft  problem,  only  expreifcJ 
is  other  terms. 
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And,  by  means  of  the  table  of  circular  areas,  the 
area  of  the  zone  will  be  found  to  be  '17603,268 


Alfo  pr=  3*14159  &c.  x  40  s the  greateft  circum- 
ference of  the  f  pheroid. 

Then,  as  ^  :  '17603268  x        ::  3*14159  &c.  x 

40 :'1 7603268 x 3' 141 59  &c.  X40X^  =  1 843*4099 
s  the  furface,  nearly  the  fame  as  before. 

R  u  l  e  IV. 

- 

For  the  oblong  fpheroid. 

Let  BKMP  be  the  fruftum  whofe  furface  is 
fbught,  [figure  to  rule  3  of  the  laft  prob.]  NLO  a 
quadrant  of  the  circle  mentioned  in  the  laft  pro- 
blem ;  draw  CL,  and  TV  perpendicular  to  it. 

Then  the  furface  of  the  fruftum  will  be  equal  to 
the  circle  whofe  radius  is  a  mean  proportional  be- 
tween BC  and  NL+IV.  Or  the  furface  will  be 
equal  to  the  continual  product  of  NL  +  IV,  BCt 
and  3*14159  &o* 

Example. 

Let  there  be  taken  here  the  fame  example  as  be- 
fore, in  which  the  axes  are  50  and  40,  and  the 
height  15. 

Then  lince,  by  the  example  to  the  laft  rule,  CL= 
CN=  ^,  we  mall  have  as  CL  =  ^  :  LY  =  15  : : 

I  = 

'   1  1  •  ' 

•  This  is  proved  at  rule  4  to  the  laft  problem. 
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1  =  radius  :  JT=.  '36  =  the  fine  of  21*1001 96*5  de* 
grees,  which  are  thofe  contained  it*  the  arc  NL± 

and  therefore  '01745329  x  21*1001965'  x  y.  = 

15*3444958  =  ATZ,.     And,,  by  fimilar  triangles* 

(fince  IL  =  s/LVZcF  =,  -✓ipl* -  152  =  ^  = 

58*8730126)  as  CL=^:Z/::  C/  =  15  :  17  = 
13*9942845. 

And  hence  NL  +  /P  x  3*14159  Sec.  x  2?£  « 
29*3387803  x  3*14159  &c  x  20  =  1843*4099^  ^ 
the  furface,  nearly  the  fame  as  before. 

Rule  V. 
For  both  Jpbcroids*. 

The  5th  rule  to  the  laft  problem,  will  ferve,  if 
inftead  of  q  we  ufe  z,  as  found  in  rule  1  of  this 
problem,  and  h  the  height  inftead  of  /  the  fixed 
axe.  . 

That  is,  prh  s/i  =fc  {  2  =  the  furface  nearly. 

Example  I.  .  ■  *> 

Taking  the  feme  example  as  in  the  laft  rule, 
we  have  r  =  40,  h  =  15,  and  z  (found  in  the  firft 
example  to  rule  1)  =  '1296. 

.  Confequently  prby/i  -  4-r  =  1884*055592  * 
•97816  =  ^437879  =p  the  furface  nearly. 

Example  II. 

If  we  take  the  oblate  fruftum,  whofe  fieigfit 
is  1 6,  and  the  axes  40  and  50  ;  we  fhall  have 
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r= 50,  h  =  i6,  and  2  (found  in  the  fecond  example 
to  rule  1)  =  '36. 

Then  prhs/  \  =  2513-27412287  x  1*0583 
a  2659707  =  the  furface  nearly. 

Rule  VI, 

For  fpheroids. 

This  rule  will  be  the  fame  as  the  6th  rule  to 
the  laft  problem,  ufing  z  inftead  of  7,  and  h  for  / 
as  in  the  laft  rule. 

That  is,  ?-PxA-B  =  ?prbx<i/idt\z-$x  i=t  ±z 
=  the  furface  nearly. 

Example  I. 

"  Taking  the  ift  example  to  the  laft  rule,  we  have 

P-  1884*955592,  A  =  s/ 1-  xjZ-  '97816157,  and 

B  =  i  x  1-     =  -43484444. 

Then  $PxA-B  =  1884-955592  x  '97797  =x 
1 843*4298  =  the  furface  nearly. 

Example  II. 

Taking  here  the  2d  example  to  the  laft  rule* 
we.  have  P  at  prb  =e  2513*27412287,  A  =  \/i  +|z 

=  1*0583005,  and  B  rr  i  X  T+Tz  a  -47^ 

Then  f  P  x  A—B  *=  251 3*2741 2287 *  i'0569409 
a*  2656-382 1  =s  the  furface  nearly. 


• 


■ 
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Rule  VII. 
For  both  fpberoids. 

This  rule,  alfo,  will  be  the  fame  with  the  7  th 
to  the  lad  problem,  ufing  z  and  b  inftead  of  q 
and  /.   

That  is,  VP  x  A    il-C  =  %7:prh  x 

v/i±jz-}xi^i:-/7x  1  zr:  ±z  -  -J-zz  =  the 
furface  very  nearly. 

Example  I. 

Taking,  flill,  the  fame  example  of  the  oblong 
fpheroid,  we  mall  have,  as  before,  P  =  1884*955592, 
A  »  -97816157,  and  B=  '43484444  j  alfo  C=  /f  x 

1  —  zZ  —     z z  =  -28977188. 

Then  yP  x  A-li-C  =  1884*955592  x  -97796* 
=  1843*411  =  the  llirface  very  nearly. 

Example  II. 

Let  there  be  taken,  again,  the  oblate  fruftum, 
in  which,  as  before,  P  =  2513*27412287,  A  = 

1*0583005,  and  />'  =  '47y  *  alfo  C=  -,*>- x  1  ^z-~~^zz 
=  •31311407.   

Then  yPxA-B-C-  2513*27412287x1*05714 
=  2656*8825  =  the  furface  very  nearly. 

1  .Scholium. 

It  is  evident  that  the  double  of  the  fruftum  will 
give  the  middle  zone  ;  and  that  the  fruilum  be- 
ing added  to  or  taken  from  half  the  fpheroid,  will 
give  the  greater  or  lefs  fegment. 

3  Z  P  R  o- 
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Problem  XL 

'  *  To  find  the  folidity  of  a  fpheroid. 
Rule  L 

Multiply  continually  together  the  fixed  axe,  the 
fquare  of  the  revolving  axe,  and  the  number 
•52359877  &c.  (=  7  of  3*I4I59  &c0>  and  laft 
product  will  be  the  content  required. 

That 



*  Demonstration. 

Put  /ss  BT  the  fixed  femi-axe,  [fig.  to  prop,  x  feet.  2]  r  =  Zflf 
the  revolving  femi-axe  of  the  fpheroid,  axz  SI  any  fenu-diamcter 
of  the  feftion  NB  M,  b  ss  IK  its  feroi-conjugate,  =  4E  an  or- 
dinate to  the  diameter  S  /,  or  a  femi-axe  of  the  elliptic  feelion  AFC 
parallel  to  K Ly  and  z  =  EF  its  other  femi-axe,  alio  x  =  £ /as 
the  fine  of  the  angle  SEA  or  of  the  angle  SIX  to  the  radius  1, 
and  ^  =         S9  &c 

Then,  by  the  property  of  the  eUipfe  KSL,  a  a  :  bb  ::  aa  —  xxt 

bb  X  and»  *>y  ProP«  1        2>  *  :  r  ::  /  ''  -J  =  2  : 

but  the  fluxion  of  the  folid  AT  ,4*  CI  is  ptyz'x  ss  (by  writing  for 
s  its  value  (by  fubftkutiag  for      its  value  X 

—  >  ;^rx  x  — =  (by  putting  for  abs  its  value  r/) 


aa 


p  f rrx  X—  — ■  >  and  hence  the  fluent  or  j>/>r*x  — — .T_i5 

rJ  aaa  rJ  aaa 

will  be  the  value  of  the  fruftnm  KACL\  which,  when  El  or  x 

becomes  IS  or  a,  gives  \pfrr  for  the  value  of  the  femi-fpheroid 

KSL  ;  or  the  whole  lpberoid  =  $pFRR,  putting  F  and  R  for  the 

whole  fixed  and  revolving  axes.    Q.E.  D. 

Corollary  I. 
From  the  foregoing  demonftration  it  appears  that  the  value  of 
the  general  fruftum  KACL  h  exprc/TeU  by  pfrrxX 

And 
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That  is,  ipttc  =  the  oblate,  and  xzptcc  =  the 
oblong  fpheroid,  where  p  =  3*14159  &c.  /  =  the 
tranfverfe,  and  c  =  the  conjugate  axe  of  the  genera- 
ting ellipfe. 

Rule 


And  if  for  fr  be  Aibftkutcd  iu  value  abt%  it  will  alio  be  ex- 

prcflkl  by  pbrsx  X  ■£ — . 

an 

bbxx 

Alfo,  if  for  a  a  be  put  its  value  ti__^y  ^c  Iaft  expreffion  will 

a*r  +  ™: 

become  /r/x  x  or  pi*  X   3""""'  which«  b7  wri" 

r  y                     2  £  x  -4«  y  z 
ting  3  inRead  of  its  value       gives       x  for  the  value 

0  2 

of  the  fruftum,  viz.  The  fum  of  the  area  of  the  lers  end  and  twice 
that  of  the  greater,  drawn  into  one-third  of  the  altitude  or  diftance 
of  the  ends. — And  out  of  this  laft  expreffion  may  be  expunged  any 
one  of  the  four  quantities  b,  rt  y,  z%  by  means  of  the  proportion. 

b  :  r  ::  y  :  z. 

When  the  ends  of  the  fruftum  are  perpendicular  to  the  fixed  axe, 
then  a  is  =  /,  and  the  value  o£  the  fruftum  become*  prrxx  x 

^~fj**  frr      value  °f tne  fruftum  whofe  ends  are  perpendicular 

to  the  fixed  axe,  its  altitude  being  x. 

And  when  the  ends  of  the  fruftum  are  parallel  to  the  fixed 

axe,  a  is  =  r,  and  the  expreffion  for  fuch  a  fruftum  becomes 

-      rr  —  i-xx 
f/xX   

Cotoititr  H. 

If  to  or  from  \pfrr%  the  value  of  the  femi-jpheroid,  be  added 

or  fubtrafled  pfrrx  X  **  ~"  r** %  the  value  of  the  general  fru* 

aaa 

a  *h 

ftum  KACL>  there  will  refult  pfrrbb  X  —  for  the  value  of 

aaa 

a  general  fegment,  either  greater  or  lefi  than  the  femt-fpheroid, 
whoic  height,  taken  upon  the  diameter  paffiog  through  iu  vertex 
and  center  of  its  bafe,  i*-4  s=  «  ±x- 

When- 
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•  ■ 

Rule'  II, 

Multiply  the  area  of  the  generating  elHpfe  by  f 
of  the  revolving  axe,  and  the  produ<5i  will  be  the 
content  of  the  ipheroid. 

That 


— f — 


When  a  coincides  with  /,  the  above  cxprelEon  becomes  prrbb 
f  —  '  h 

X  ~~jy~  for  tlie  va,uc  of  a  kg™"1  whofe  bafe  is  perpendicular 

to  the  fixed  axe. — And  here  if  we  put  R  for  the  radius  of  "the  fcg- 

ft  ff 

mcnt's  bafe,  and  for  rr  its  value  — tt-   -m  the  cxpreffion  for  the 

2jh  —  hh 

faid  fegment  will  become  \f>RRhy>  ^—P— 

2  J  t> 

And  when  a  coincides  with  r,  the  general  cxpreffion  will  be  - 
r       i  J, 

come  pfhh  X  for  the  value  of  the  fegment  whofc  baft:  is 

parallel  to  the  fixe  J  axe. — And  if  we  put  F,  R,  for  the  two  femi- 
;ues,  of  the  elliptic  bafe  of  this  fegment,  refpeclivcly  corresponding 
or  parallel  to/',  r,  the  femi-axes  cf  the  generating  eHipfc,  when 

parallel  to  the  bafe  of  the  fegment,  and  for  £  and  r  fubflitute  their 

F        R  R  \-  h h 
values  —  and   -- — ,  the  faid  fruftum  will  be  expre.Tcd  by 

\pFb  X  »fl  which  the  dimenfions  of  itfelf  only  arc  con- 

•  cerned. 

Corollary  III. 

A  femi-fpheroid  is  equal  to  y  of  a  cylinder  or  to  double  a  ccne 
of  the  fame  bafe  and  height,  or  they  arc  in  proportion  as  the  num- 
bers 2,  J.  For  the  cylinder  is  =  I'tfrr  =  *7»  «/>r,  the  femi- 
fpheroid  =  ?»frrt  and  the  cone  =  \nfrr. 

Corollary  IV. 

When  /"=  r,  the  fphcroid  becomes  a  fphere,  and  the  cxprcflicn 
tfnrr  for  the  femi-ipheroid  becomes  |«r'  for  the  femi-i'phert, 
ns  in  prob.  24  left.  1. — And  in  like  manner,  f  and  r  being  fuppofed, 
<yriia!  to  each  other  in  the.  values  of  the  irufturr.i  und  fegmcnts 
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That  is,  jtA-the  oblate,  and  \cA  =  the  oblonj 
fpheroid  ;  where  A  is  the  area  of  the  ellipfe.— An< 
this  rule  is  evidently  taken  from  the' former. 

4  A 


of  a  fpheroid,  in  the  preceding  corollaries,  -will  give  the  values  of 
the  like  parts  of  a  fphere. 

Co  ROLL  V. 

All  fpheres  and  fpheroids  are  to  each  other  as  the  fixed  axes 
drawn  into  the  fquares  of  the  revolving  axes. 

CoiOLlAKT  VI. 

Any  fpheroids,  and  fpheres,  of  the  fame  revolving  axe,  as  alfo 
their  like  or  correfponding  parts  cut  oif  by  planes  perpendicular 
to  the  faid  common  axe,  are  to  one  another  as  their  other  or  fixed 
axes.   This  follows  from  the  foregoing  corollaries. 

COROLLARY  VII. 

But  if  their  fixed  axes  be  equal,  and  their  revolving  axes  une- 
qual, the  fpheroids  and  fpheres,  with  their  like  parts  terminated  by 
pbnes  perpendicular  to  the  common  fixed  axe,  will  be  to  each  other 
as  the  fquares  of  their  revolving  axes. 

Corollary  VIII. 

An  oblate  is  to  an  oblong  fpheroid  generated  from  the  fame  el- 
llpfe,  as  the  longer  axe  of  toe  ellipfe  is  to  the  Ihorter.  For,  if  7* 
be  the  tranfverfe  axe  and  C  the  conjugate,  the  oblate  fpheroid  will 
be  =  {nTiC,  and  the  oblong  =  \nCxT;  and  thefe  quantities 
are  in  the  ratio  of  T  to  C. 

CO  ROLL  ART  IX. 

And' if  about  the  two  axes  of  an  ellipfe  be  generated  two  fpheres 
and  two  fpheroids,  the  four  folids  will  be  continual  proportionals 
whofc  common  ratio  will  be  that  of  the  two  axes  of  the  ellipfe  j  that 
is,  as  the  fphere  upon  the  greater  axe,  or  greater  fphere,  is  to  tfie  . 
oblate  fpheroid,  fo  is  the  oblate  fpheroid  to  the  oblong  fpheroid,  fo  - 
is  the  oblong  fpheroid  to  the  lefs  fphere,  and  fo  is  the  tranfverfe  axe 
to  the  conjugate.    For  thefe  four  bodies  will  he  as  T*,  T*C,  TC*+. 
where  each  tera  is  to  the  coniequcct  one  as  T  to  C. 


< 
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Example. 

Required  the  content  of  an  oblate  and  of  an 
ofclong  fpheroid,  the  axes  being  50  and  30. 

Firft,  50  x  30  x  -785S9816  =  *  i78*°°7*4  =  the 
area  of  the  ellipfe. 

Then  1 178-09724  x  {  x  30  =  23561*9448  =  the 

oblong  fpheroid.  ] 

And  1 1 78-09724  x  {  x  50  =  39269'9oS  =  the  ob- 
late one. 

Problem  XII. 

To  find  the  content  of  the  frufium  of  a  fpheroid^  its 
ends  being  perpendicular  to  one  of  the  axesy  and 
one  of  them  pajjhig  through  the  center. 

Rule  I. 

To  the  area  of  the  lefs  end  add  twice  that  of 
the  greater,  multiply  the  fum  by  the  altitude  of 
the  fruftum,  and  \-  of  the  product  will  be  the  con- 
tent.— By  corollary  1  Xp  the  laft  problem. 

That  is,  2Z)2  -  d2  x  \an  =  die  fruflum  wbofe 
ends  are  perpendicular  to  the  fixed  axe,  where  D 
is  the  diameter  of  the  greater  end,  d  is  that  of  the 
lefs,  a  the  altitude,  and  n  -  785398  &c. 

And  2TC+  tc  x  \-*u  =  the  fruftum  whofe  ends 
.  are  parallel  to  the  fixed  axe,  where  T  and  C  are  the 
tranfverfe  and  conjugate  axes  of  the  greater  end, 
and  /  and  c  thofe  of  the  lefs  end. 

Note.  It  is  evident  that  the  double  of  the  fruftum 
will  give  the  content  of  the  zone,  or  fpheroidal  cafk. 

£  X1* 
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♦ 

There  is  a  cafk  in  the  form  of  the  middle  frur 
Hum  or  zone  of  an  oblong  fpheroid,  the  bung  dia 
meter  is  30,  the  bead  diameter  18,  and  the  length 
of  the  cafk  is  40  inches ;  what  is  the  content  in 
^le  and  wine  gallons. 

Here  D  -  3  0,  d=  18,  and  a  =  40. 

Wherefore  2D +  '</**  x  \aw  =  '2x3oi;  ib5  x 
•2618  x  40  =  2 1 24  x  10*472  =  22242*528  =  the  con- 
tent in  inches.  j 

Then,  fince  the  gallon  ale  meafure  contains  282 
•cubic  inches,  and  the  wine  gallon  231, 

*   We  have  =  78-874  ale  gallons. 

:    Ab4  22^3V"'8    °6"288  wine  gallons. 

Example  II. 

If  a  veflel,  in  the  form  of  the  middle  fruftum 
t)f  an  oblate  fpheroid,  have  the  diameter  of  each 
end 40,  in  the  middle  50,  and  its  length  18  inches; 
what  is  its  content  in  ale  and  wine  gallons. 

Here*  2 2) 1  +  x  \an  =  2  xjo2  +  40 2  x  '261.8  x 
18  =  1 18800  x*2^i8  =  31101*84  cubic  inches. 

Then  i^p*  =  1 10-29  ale  gallons, 
And        -  -  134*64  wine  gallons. 

Ex  AM  H  E  HI. 

.  In  tfve  fruftum  of  an  oblong  fpheroid^  the  greater 
end  is  the  generating  ellipfe  whofe  axes  are  50 
%    •  and 
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and  30,  the  axes  of  its  lefs  end  40  and  24,  and 
its  height  nine  inches;  required  the  content  in 
•winchefter  bufhels.  

Here  iTC  +  tc  x  \an  =  2x50x30  +  40x24  x 
•2618x9=  9330*552  cubic  inches. 

But  268-8  inches  =  a  gallon,  or  2150*4  =  a  com 
bufliel. 

And  therefore  =  4'339  buftek. 

1. 

Example  IV. 
In  the  fruftum  of  an  oblate  Tpheroid  the  greater 
end  is  the  generating  ellipfe  whofe  axes  are  50  and 
30,  and  the  height  is  20  inches;  required  the  fo- 
lidity. 

Here,  by  the  nature  of  the  ellipfe,  as  50 :  30 :: 
717+20^25-20  =  V*S*S  =  *S  :  =  9 

ss  the  femi-conjugate  axe  of  the  lefc  end. 

And,  by  prop.  1  feci.  2,  as  30 :  50 ::  9  :  15  =  the 
femi-tranfverfe  axe  of  the  lefs  end. 

Then  2TC+tc  x  \na  =  2  X50X  30+  30X  18  x 
•2618  /  20  =  118  x  30X  2ox*26i8  =  7o8oox*26i8 
•c  18535*44  cubic  inches. 

Rule  II. 

From  3  times  the  fquare  of  the  femi-axe  perpen- 
dicular to  the  ends  of  the  fruftum  fubtract  the 
fquare  of  the  height  of  the  fruftum,  then  multiply 
the  difference  by  7  of  the  height,  and  the  product 
by  3*14159  &c.  and  call  the  laft  product  P.— 
Then 
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1.  If  the  ends  be  parallel  to  the  fixed  axe,  As  the 
revolving  axe  is  to  the  fixed  axe,  fo  will  P  be  to 
the  content  of  the  fruftum. 

2.  When  the  ends  are  perpendicular  to  the  fixed 
axe^  As  the  fquare  of  the  fixed  axe  is  to  the  fquare 
of  the  revolving  axe,  fo  is  P  to  the  content  of  the 
fruftum. 

That  is,  ^rij/b  *  phrr  will  be  the  fruftum 

■whole  ends  are  perpendicular.    And  *rr~hh  xphf 

=  that  whofe  ends  are  parallel  to  the  fixed  axe ;  / 
being  the  femi-fixed  and  r  the  femi-revolving  axe, 
h  the  height,  and  p  =  3*14159  &c. 

Example  I. 
If  the  axes  of  an  oblong  fpheroid  be  50  and  30, 
required  the  content  of  a  fruftum  whole  ends  are 
perpendicular  to  the  fixed  axe,  and  one  of  them 
paffing  through  the  center,  the  height  of  the  fru- 
ftum being  20  inches. 

Herc  ^€r  *  tbrr  =  3JL1^£lx3-X4r59&c. 
x  20x15'  =i47jr  x3*i4i59&c.  x  Vs  =  11121*23799' 
=  the  content  required. 

Example  II. 
If  from  the  lame  fpheroid  be  cut  a  fruftum 
whofe  height  is  9,  the  ends  being  parallel  to  the 
fixed  axe,  and  one  of  them  palling  through  the 
center,  what  will  be  its  content. 

» - 

TT        %rr  —  hh       ir    3x15*  —  o» 

Here  gr  xphf= ----- x  9  *  *5  x  3- 14  r  59, 
&c.  =  594  x  5  x  3*14159  &c.  =  9330*53018  =  the 
content  required. 

4B  Ex- 


a8i  Spheroid.  Fart  Iir. 

Example  III. 

If  from  an  oblate  fpheroid  whofe  axes  are  5*0 
arid  30,  a  fruftum  whofe  height  is  9  and  whofe 
ends  are  perpendicular  to  the  fixed  axe  be  cut,  what 
will  be  its  folidity.  .  . 

Here  3/J)/f    x  phrr  =  •  3x\?t9  x  9  x  25'  x 

3-14159  =  594  x  V  *  Z'HlS9  &c-  =  1555^88363 
=  the  content  required. 

Example  IV. 

In  the  fame  fpheroid  it  is  required  to  find  the 
content  of  a  fruftum  whofe  height  is  20,  the  ends 
being  parallel  to  the  fixed  axe. 

'  Here  ^^x^/^  -^^-^x  20  x  15  x 

3-141 59&c.=  I475*4*3,i4159  &c.  =  18535*39665 
=  the  content  required. 

Problem  XIII. 

To  find  the  content  of  a  fpheroidal  cajk>  not  fu\lim 
Jlanding  upon  its  end,  the  axe  being  perpendicular 
to  the  horizon.    That  is,  of  the  fruftum  of  an  ob- 
long fpheroid,  the  ends  being  perpendicular  to  the 
axe,  but  neither  of  them  pajftng  through  the  center. 

Rule. 

Multiply  the  difference  of  the  fquares  of  the  bung 
and  head  diameters  by  4  times  the  fquare  of  the 
difference  between  the  height  of  the  liquor  and 
half  the  length  of  the  cafk,  and  divide  the  pro- 
duel 
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du<fl  by  the  fquare  of  the  length  of  the  cafk  ;  fub- 
tract  the  quotient  from  3  times  the  fquare  of  the 
bung  diameter,  and  multiply  the  remainder  by  the 
aforefaid  difference  between  the  height  of  the  liquor, 
and  -£  the  length  of  the  calk ;  then  the  product 
multiplied  by  '261 799  Sec.  (=  j  of  78539  &c.)  will 
produce  the  quantity  by  which  the  cafk  is  more  or 
kfs  than  half  full ;  and  which,  therefore,  being 
added  to  or  taken  from  half  the  content  of  the 
cafk,  will  give  the  content  of  the  part  filled. 

*   .     

1  — 1  ■   '  -  1 

That  is,  2F+^  x  |/±  $b*-*-lfXbi-b*xd. 

x  \n  =r  the  content  of  the  part  filled,  called  the 
ullage,  ufing  the  upper  or  under  figns  according 
as  the  cafk  is  more  or  lefs  than  half  full ;  where 
b  and  h  —  the  bung  and  head  diameters,  /  =  the 
length  of  the  cafk,  n  =  785398  &c.  and  d  = 
V  /co  w ,  iv  being  the  wet  part  of  /  or  the  height 
of  the  liquor  in  the  cafk.* 

Ex- 

.   ,      —  1 

•  Demonstration. 

For,  if  D  be  the  diameter  at  the  furface  of  the  liquor,  by  the 
property  of  the  dlipfe  l>*  —  ::  bl  —  D*  :  4l ,  aud  heace 

O1  a  i»  -  ^jXb^J^. 

But,  by  the  laft  problem,        •+-/;*  X  £/»  =  half  the  content  of 

the  Caflt,  nnd  3  J*  —  A~  X  t>x  —hl  x  \  dn  ss  the  fruftum  by  which 
the  part  filled  is  more  or  lets  than  half  the  cafk. 

Consequently  2V  +A*  X  i /  ±  3 *l  —  -//  X  i>x-b>  X d  X |«  =5 
the  part  filled. 


z.g^  Spheroid*  Part  HI. 

Example  I. 

If  a  fpheroidal  cafk  whofe  head  and  bung  dia- 
meters are  18  and  30  inches,  and  length  40  inches, 
be  filled  to  the  height  of  30  inches;  how  many 
ale  and  wine  gallons  are  in  it. 

Here  b  -  30,  h  =  18,  /  =  40,  iv  =  30,  and  d  = 

{I in  iv  =  30-20  =  10.  

Then  3*2  -  ^x*^x</=27oo-^0x48x  12 

x  10  =  2700-  144  x  10  =  25560. 

And  2FTF2  x  i/=  1800+ 18  x  18x20=42480. 

Confequently  42480  +  25560  xjn=  68040  x 
•2617993878  =  17812-8303458  =  the  content  in 
inches ;  and  being  divided  by  282  and  231,  gives 
63-166065  ale,  and  77-111819  wine  gallons. 

Example  II. 

If  the  height  of  the  liquor  in  the  fame  cafk  be 
only  10  inches,  required  the  ullage. 

Here  d  =  1 1&  iv  =  20  -  1  o  =  10  the  fame  as  be- 
fore, and  therefore  the  part  which  in  the  laft  ex- 
ample was  added  muft  here  be  fubtraaed ;  fo  that 
424^0  -  255 60  x  i«  =  16920  x  -2617993878  = 
4429*6456415  the  content  in  inches  =  15*707963 
ale,  and  19*175955  wine  gallons. 

Pro- 
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Problem  XIV. 

To  find  the  folidity  of  the  fegment  of  a  fpberqid  whofi 
bafe  is  perpendicular  to  one  of  the  axes. 

Rule  I. 

From  3  times  the  femi-axe  perpendicular  to  the 
bafe  of  the  fegment,  take  the  height  of  the  feg- 
ment, multiply  the  remainder  into  |  of  the  fquare 
of  the  height,  then  multiply  the  product  by  3*14159 
&c.  and  call  the  laft  product  ifj. 
•  Divide  the  axe  which  is  parallel  to  the  bale  by 
the  other  axe,  and  call  the  quotient  q. 

Then  for  the  fegment  whole  bale  is  perpencuV 
cular  to  the  fixed  axe,  multiply  if^  into  the  fquare- 
of  q ;  and  for  the  other  fegment,  multiply  ^  into  q. 

That  is,  %y  =  x  prrhh  -  the  fegment 

whofe  bafe  is  perpendicular  to  the  fixed  axe ; — And 

=  3r  ~  h-  xpfhb  53  the  other  fegment  whofe  bafe 

is  parallel  to  the  fixed  axe;  where  h  is  the  height 
Of  the  fegment,  and  the  other  fymbols  as  in  the 
laft  problem. 

Example  L 

If  from  an  oblong  fpheroid,  whofe  axes  are  cd* 
and  30,  be  cut  a  fegment  whofe  bafe  is  perpen- 
dicular to  the  fixed  axe,  its  height  being  5  ;  re 
quired  the  content  of  it. 

Herc  L&*Prr'bb  =  $Yw>*  *  is1*!7  x3'*4»Jft' 
&c.  =  70  x  3  x  3*14159  &c  =  65073445  =  the  con: 
tent  required. 

4C  EXr- 


zS6  Sphehoid.  Part -III. 

J£  X  A  M  P  L  £  II. 

If  from  the  fame  fpheroid  be  cut  a  fegment 
^vhofe  height  is  6,  what  will  its  content  be,  ftip- 
pofing  its  bafe  to  be  parallel  to  the  fixed  axe. 

Here         xf>fhb  =  X25  x  6* 8  *3'Hi 59 

Sec.  =  39  x  20  x  3*MI59  &c-  =  ^5^^22(^  =  thc 
Content  required. 

Example  III, 
Required  the  folidity  of  the  fegment  of  an  oblate 
fpheroid  whofc  axes  are  50  and  30,  the  height  of 
the  fegment  being  6,  and  its  bafe  perpendicular  to 
the  fixed  axe. 

3*14159  &c.  =  1300  x  3-14159  &c.  =  4084*07044 
t=  the  content  required. 

•    •  • 

Example  IV. 

To  find  the  content  of  a  fegment  of  thc  fame 
fpheroid,  its  bafe  being  parallel  to  the  fixed  axe, 
and  its  height  5. 

Here  ^xpfhh=^^x  15x5x5x3-14159 

§cc.  =  70  x5  x  3*14159  &c.  «  1099-55742  =  the 
content  required, 

-Rule  II. 
For  the  fegment  ivhofe  bafe  is  parallel  to  the  fixed  axe, 
having  given  its  height  and  the  diameters  of  its  end. 

To  the  fquare  of  the  height  add  3  times  the 
fquare  of  the  lefs  or  greater  femi-axe  of  the  bafe 

according 
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according  as  it  is  the  fegment  of  an  oblong  or 
oblate  fpheroid,  divide  the  fum  by  the  fame  femi- 
axe,  and  multiply  the  quotient  by  the  other  femi- 
axe,  the  product  by  the  height,  and  this  product 
by  (£-  of  3*14159  &c.)  'S23S9  &c.  will  give  the 
content  of  the  fegment. 

That  is,  3X%6j6%  x  pBh  =  the  content  of  the 

fegment,  where  h  is  its  height,  A  the  lefs  or  greater 
femi-diameter  of  the  bafe  according  as  the  fegment 
is  that  of  an  oblong  or  oblate  fpheroid,  B  is  the 
other  femi-diameter,  and  p  =  3*14159  &c. 

Example  I. 

It  is  required  to  find  the  content  of  the  fegment 
of  an  oblong  fpheroid,  whdfe  bafe  is  parallel  to  the 
fixed  axe,  its  height  being  6,  and  the  axes  of  its 
elliptic  bafe  40  and  24. 

Here    6J-  xpBh  =    6xl2     x 2ox6x 3*14^9 

&c.  =  13  x  60  x  3*14159  &c.  =  2450*44226  =  the 
content  required. 

Example  II. 

Required  the  content  of  the  fegment  of  an  ob- 
late fpheroid,  whofe  bafe  is  parallel  to  the  fixed 
axe,  its  height  being  5,  and  the  diameters  of  its 
bafe  18  and  30. 

Here  l^^xpBb  =  x  9x5  x  3*14^9 

&c.  =  70  x  5  x  3*14159  &c.  =  1099*55742  =  the  con- 
tent required. 

Rule 


r 
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Rule  III. 

For  a  fegment  nvhofe  bafe  is  perpendicular  to  the  fixed 
axe,  having  given  the  height,  the  diameter  of  its 
bafe,  and  a  diameter  in  the  middle  between  its  bafe 
and  vertex. 

To  the  fquare  of  the  diameter  of  the  bafe  add 
4  times  the  fquare  of  the  diameter  in  the  middle, 
or  the  fquare  of  twice  this  diameter ;  multiply  the 
fum  into  the  height,  and  the  product  multiplied 
by  (y  of  78539  &c0  -13089969  8cc.  will  give  the 
content. 

That  is,  D  '  +^.d2  x  *nh  =  the  content  of  the 
fegment ;  D  being  the  diameter  of  the  bafe,  d  =  the 
diameter  in  the  middle,  b  =  the  height,  and  n  = 
785398  &c  * 


•  Demonstration. 

3/—  f>  « 

By  rule  1  the  fegment  is  =  ^nrrbb  x  "nt>      ^  na" 

rare  of  the  cllipfe,  D  is  =  — ~y  ,  and  </  =  —Z/--—±-  ; 

Add  —  DD       ,  r      */Add  —  2  uD       , .  , 
hence  /  =  *  *  Ld-^DD*  and  /  =         >b  ■       ;  Wh'ch  V*' 
lucs  being  fubaituted  in  the  above  value  of  the  fegment,  gives  ±nb  x 
DO  +  4)dd  (or  the  value  of  the  fegment  in  terms  of  D,  d,  and  bt 

Scholium. 

This  theorem  I  have  inveftigated  in  order  to  exprefs  the  value  of 
this  fement  independent  of  the  axes  of  the  fpheroid.  For  this  pur- 
pofc  I  was  under  a  neceflity  of  introducing  another  dimenfion  of  the 
fegment,  became  it  is  not  determinable  from  its  bafe  and  height  alone 
as  the  other  fegment  was. 
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Example  L 

What  is  the  content  of  the  fegment  of  an  .ot> 
long  fpheroid,  whole  bafe  is  perpendicular  to  the 
fixed  axe,  its  height  being  5,  the  diameter  of  its 
bafe  1 8,  and  its  middle  diameter  3\/iQ. 

Here  DD  +  ^dd  x  ±nh  =  182  +  6v/i^l2  x  £  x 
•785398  &c.  =  3a+  19  x  30  x  785398  &c.  =  210  x 
3-14159  &c.  =  65973445  =  the  content  required. 

Example.  II. 

Required  the  content  of  the  fpheroidal  fegment 
whofe  height  is  6,  its  bafe  diameter  40,  and  diameter 
in  the  middle  30,  the  bafe  being  perpendicular  to 
the  fixed  axe  of  the  fpheroid. 

Here  DD  -\-  ^dd  x  £  £/>  =  40 2  +  60 2  x  ^785398 

&c.  =  22  +  33  x2o2x  785398  =  1300  x  3*14159  &c. 
=  4084*07044  =  the  content  required. 

Problem  XV. 
To  find  the  content  of  the  fecond fegment  of  a  fpheroid; 

Rule. 

As  a  fphere  is  to  the  fpheroid,  fo  is  any  part  of 
the  fphere  to  the  like  part  of  the  fpheroid.* 

4  D  Pro- 


*  Demonstration. 

For  the  like  parts  of  any  quantities  are  as  the  whoic*.  And  that 
the  fecond  fegments,  FGHy  fgk,  are  like  parts  of  the  fphere  and 
fpheroid  is  evident  frora^  the  nature  of  the  figures. 

Co- 


app  -Elliptic  Spinple.  .PartllL 

Problem  XVI. 

To  find  thefwface  of  an  elliptic  ffiiudle,  or  4/  any 
fruftuxt  or  figment  of  it. 

General  Rule, 

From  the  fpheroidal  fur- 
face  generated  by  any  arc 
JBK  of  the  ellipfe,  take  the 
product  of  the  lame  arc  BK 
and  the  circumference  of  the 
circle  whofe  diameter  is  e- 
qual  to  twice  CH  the  diftance 

of 


Corollary  I. 

And  if  the  fphcre  AKB  J  xrtd  fpherqid 
/ft lit  have  one  axe  Alt  common;  then 
<hs  whole  folids  and  the  fecond  fegmcnts 
FCH,  fgh,  will  be  to  each  other  as  the 
fquares  of  the  other  «xes  K '/,  if  the 
common  axe  AB  be  the  fixed  one;  or 
they  will  be  to  each  other  as  the  other 
axes  AY,  ii,  fimply,  if  the  common  axe 
be  the  revolving  one.  For,  if  A  be  the  axe 
of  the  fphere,  F  and  R  the  fixed  and  re- 
volving axes  of  the  fpheroid,  the  bodies 
will  be  to  each  other  as  As  to  FR* ;  hence 
if  .</  =  F,  they  will  be  as  A*  to  R*  ;  but 
if  Ast  R,  they  will  be  as  A  to  F. 

Corollary  II. 

Hence  may  be  fonnd  the  true  quantity  of  liquor  in  a  fpheroida' 
calk,  not  full,  whofe  axe  is  parallel  to  the  horizon. 

For  if  from  the  fcgroent  aifb*  taken  the  double  of  the  fecond  feg- 
mcnt  fghy  there  will  remain  the  part  hbgc\  which  taken  from  the 
whole  ca/k  bhed  will  leave  the  part  cdeg. 

'  And  after  the  fame  manner  may  be  found  the  quantity  of  liquor  In 
a  fpheroidal  caflt  partly  filled  and  Handing  a-tilt  with  its  axe  inclined 
to  the  horizon. 
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of  the  centers  of  the  fpheroid  and  fpindle,  and  the 
remainder  will  be  the  furface  of  the  fpindle  gene- 
rated by  the  arc  B K  about  ad  parallel  to  AD  the 
fixed  axe  of  the  fpheroid.* 

Ex- 


*  Demo  kit  rati  on. 

Tor  the  fluxion/ of  the  fpindular  furface  is  bb  z  the  fluxion  of  the  arc 

BK  drawn  into  iJCx  ip  ta  2{>z  *KJ-Ji>  and  the  fluent  is  equal 
iothefpheroidal  furface  BA'MP-sfiz  x  U  or  CH. 

CdtOlLAKV  I. 

The  fpindular  furface  generated  by  B  K  is  equal  the  fphcroidal 
furface  BKMP  —  the  furface  of  »  fphere  whofe  axe  is  a  mean  pro- 
portion^ between  BK*nd  iCH.  For  a/txC//a:  that  fphoric  fur* 
face.— Or  -ipzXCH  x=  a  circle  whofe  radius  is  ^iCH  x  BA. 

Cosouiiv  II. 

When  CH  is  equal  nothing,  the  fpindle  becomes  barely  a  fphe- 
roid. And  when  H  fells  below  €,  the  furface  of  the  fphere  mull  be 
added. — What  hath  been  hitherto  done  agrees  to  the  furface  gene* 
rated  by  an  arc  about  a  line  parallel  to  cither  axe  of  the  cllipfe. 

COIOUAIY  III. 

From  B  the  extremity  of  the  left  axe  of  the  ellipfc,  apply  B$jd* 
AC  the  fcmi-tranfverfe,  and  parallel  thereto  draw  AR  meeting  CBy 
produced,  in  R  ;  with  the  center  C  and  the  radius  AR  defer i be  the 
«irc  EF  meeting  the  parallels  aE,  Cj?>  IK,  bd  'xn  E,  L,NtF:  Draw 
CL  and  CF\  and  perpendicular  to  them  IV  and  bS. — Then  the  circle 
whofe  radius  is  equal  to  a  mean  proportional  between  the  fum  and 
difference  of  two  lines  whereof  the  one  is  a  mean  proportional  be- 
tween BC  and  IV +  LN,  and  the  other  a  mean  proportional  between 
BfC  and  2CH  will  be  equal  to  the  fpindular  furface  generated  by 
BK  about  a  b  \\  the  tranfrerfe  axe.    For  the  fphcroidal  furface  is 
equal  to  a  circle  whofe  radius  is  a  mean  proportional  between  BC 
and  1Y+LN  by  rule  4  to  pfob.  9,  and  2/  xBKxCH  is  equal  to 
a  circle  whofe  radius  is  a  mean  proportional  between  BR' said  *CH\ 
"but  the  fpindular  furface  is  equal  to  the  difference  of  thofe  two  quan- 
tities, and  the  difference  of  two  circles  is  equal  to  a  circle  whofe  ra- 
dius is  a  mean  proportional  between  the  fum  and  difference  of  the 
radiufes  of  the  two  circles,  therefore,  Sec.— And,  ia  the  fame  manner, 

the 


i02  Elliptic  Spindle.  -      Part  III; 

Example  h 

Given  the  axes  of  an  ellipfe  50  and  40,  to  find 
the  furface  of  the  fpindle  generated  from  an  arc  of 
that  ellipfe,  the  length  of  the  fpindle  being  30. 

Here  AD  =  5°,  BP  =  40,  ad  =  be  =  30,  Ae  =r 
^C-C^=  25- 15  =  10,  and  *D  =  .DC-rC6  =  25-H5 
=  40.  Then  as  JC:  Ci3  ::  V^*  xfi):^  =  C#  = 
ciWJexeD^  ^W°=  ±i£?  =  I($  =  the  diftance 

of  the  centers  of  the  ellipfe  and  fpindle. 

By  example  1  to  problem  10,  the  fpheroidal  fur- 
face generated  by  the  arc  ad  is  3686*8 1 97024,  and  by 
prob.  4,  the  length  of  the  elliptic  arc  ad  is  30*852. 

Wherefore  3686*8197  -  30*852  x  3*1416  x  32  = 
3686*8197  -  3101*5872  =  585*2325  =  the  furface  of 
the  fpindle. 

Ex- 


thc  furface  of  half  the  fpindle  generated  by  the  arc  Bd  is  equal  to  a 
circle  whofe  radius  is  a  mean  proportional  between  the  fum  and  dif- 
ference of  two  lines,  the  one  of  which  is  a  mean  proportional  between 
SC  and  t>S+JVt,  and  the  other  a  mean  proportional  between  B4 
andaC/f. 

Corollary  IV. 

■ 

In  like  manner,  for  the  furface  of  the 
fpindle  whofc  axe  is  parallel  to  the  lefs  axe 
of  the  ellipfe :  having  confirmed  the  an- 
nexed figure  as  in  page  259,  the  fpindular 
furface  generated  by  the  arc  CM  about 
N£>_ will  be  equal  to  a  circle  whole  radius 
is  a  mean  proportional  between  the  fum  and 
difference  of  two  lines  whereof  the  one  is  a 
mean  proportional  between  AC  and  HI, 
and  the  other  a  mean  proporlionaf  between 
CM  and  1  H  Q. — This,  like  the  lafl  corol- 
lary, will  be  evident  by  comparing  what  is 
done  above  with  what  is  done  in  page  259. 
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Example  II. 

Required  the  furface  of  the  fruftum  of  a  fpindle 
generated  from  an  arc  of  the  fame  ellipfe  as  in  the 
laft  example,  the  height  of  the  fruftum  being  15, 
and  the  central  diftance  10. 

Here  the  arc  E^ generating  the  fruftum  E$IC 
is  equal  to  the  arc  in  the  laft ;  and  confequently  that 
arc  is  =  15-426,  and  the  fpheroidal  fruftum  E^FD 
=  1845*40985. 

Then  1843*4098  -  15*426  x  3*1416  x  20  = 
1843*4098  -  969*246  =  874' 163  =  the  furface  of 
the  fruftum  E%IC  required. 

Problem  XVII. 
7b  find  the  folidity  of  cm  elliptic  fpindle. 

Rule  I. 

1.  Divide  the  fquare  of  the  perpendicular  axe 
<Z)E  by  3  times  the  fquare  of  the  parallel  axe  AB9 
and  multiply  the  quotient  by  the  cube  of  FG  the 
axe  or  length  of  the  fpindle,  and  call  the  product 
P. 

2.  Find  the  area  t)f  the  elliptic  fegment  FDG 
from  which  the  fpindle  is  generated,  multiply  this 
«rea  by  4  times  CH  the  central  diftance,  and  call 
the  product  ^. 

3.  Multiply  1*57079  &c.  by  the  difference  be* 
tween  P  and  and  the  product  will  be  the  con* 
tent  of  the  fpindle  FDGK 

4E  That 


« 
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That  is,  in  x  -—l*  -^cS  ^  the  fpindle  FDGN, 

when  w="78£39  &c.  a  =  DE,  b  =  AB,  l=FGy  c  = 
CHr  and  5=  the  fegment  FDG.* 


*  DEMONSTRATIO-M. 

Let  FDG  N  be  a  fpindle  generated 
by  the  arc  FDG  of  the  ellipfe  AD  BE. 
Put  a  =  FH  =  half  the  axe  of  the 
fpindle  ;  b-=.  CM  =  L/=  the  central 
diftance,  or  diftance  of  the  centers  of 
the  dlipfe  and  fpindle ;  c  zsACxs.  the 
one  femi-axe  of  the  ellipfe,  and  d  = 
CD  =  the  other  femiaxe  ;  xz=HJ=z 
CL;  zndj=z/K=HM. 

By  the  property  of  the  ellipfe,  c  :  d 
L  AV  hence  /K=KL-LI  =  d^±~tl  _*=JV,  *nd  ithe  fluxion 


of  the  folid  S  =  pyy'x=pje  X  </</• 


ddxx     ?bd*/cc —  xx 


^  x _a*x**£^ -3  =  Fddx  xaa-xx 


cc 


—  7Pbyx\  and  the  fiucnt  is  S  sr  pddx  X  2&PX  area 

r  3rr 

J//A0  =  the  fruftum  DKON.— When  xis        the  above  theorem 

will  become         X     -  2  V  X  area  FDH=zDFN  the  half  of  the 

fpindle. — And  if  from  the  femi-fpindle  be  taken  the  fruftum,  there 

will  remain  pddec*  —  2  J/  X  area  FA'/  =  the  fegment  FK7 

of  the  fpindle,  e  being  the  height  FT"  of  the  fegment. 

Corollary  I. 
If  d  be  fuppofed  =  e,  the  ellipfe  will  become  a  circle,  and  accord- 
ingly the  theorems  above  given  will  become  the  fame  with,  thofc  be- 
fore found  for  the  circular  fpindle. 

Co- 
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Example. 

The  axes  of  an  ellipfe  being  50  and  50,  re* 
quired  the  folidity  of  a  fpindle  generated  from  an 


arc 


Corollary  II. 
If  H  coincide  with  C,  b  will  vanifti,  a  will  be  =s  c,  and  the  the- 
orems will  become  the  fame  with  thofc  before  found  for  the  fpheroid. 

Corollary  III. 
Patting  D  =  DNthe  grcateft,  and  d^  KO  the  leaft  diameter  of 
the  fruftum,  h  =;  HI  its  height,  C=  CH  the  central  diftance,  /  =  the 
elliptic  femi-fegment  A' DAI,  and  «=  '78^39  &c.  Then,  in  the  fore- 
going theorems,  h=x,  b  =  C,  d=  C+  i  D,  area  HIKD  =  ,  db, 

C *~  X ViGn+bC-idd-dC'  V  iDD+DC-idd-dC! 

which  values  being  fubftituted  in  the  theorems  above,  give  x 

TDD  +  dJ-2Cx-D  +  d  +  l£-  for  the  value  of  the  fruftum,  or 
half  a  caflc  in  the  form  of  the  middle  zone  of  an  elliptic  fpindle ;  and 

fa/X  2DD  —  SCx  —  D+^j-  for  half  the  fpindle  when  S  =  the 

'area  DFH,  and  /s/ZF. 

Corollary  IV. 
But  in  real  pracYicc,  fuch  as  cafk  gauging,  none  of  thefc  rules  can 
be  tiled,  becaufc  that  we  have  not  given  either  the  axes  of  the  ellipfe 
or  the  central  diftance ;  and  to  accommodate  rules  to  that  purpofe 
we  mult  introduce  another  dimcnfion  of  a  fruftum  beiides  its  length 
and  greateft  and  lenft  diameters  ;  Thus,  putting  in  =:  P  ^  the  dia- 
meter through  R  the  middle  of  the  length  HI,  and  the  other  letters 
as  before.  Then,  by  th-  property  of  the  ellipfe,  £+iZ>|*  —  r.'-f  \d\* : 
4  x:C+\U\l  -C  +  i>u\%  :  i.  hence  4  X  C+iiM*  —  3  X  6+i  D\*  = 

C+\d\\  and  Css  -X >  And  the  laft  two  theorems 
T  4    —  lD— d+4>/i  

become  i^nb  X  2D1  +  d*  -  2  X  3j^J^~       X  -  D+d+  it 


for  the  fruftum  Dk'ON,  and  '  «  /  X  2  D  *  -  2  X        ~r —  X  - D  +  -i? 

-3LJ  +  4*  i 

for  the  femi -fpindle  FA'. 
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arc  of  it  about  its  chord  parallel  to,  and  at  the  dif- 
tance  of,  9  from  the  tranfverfc  axe. 

Mere  15-9  =  6  =  D&=  the  height  of  the  gene- 
rating fegment ;  and,  by  the  property  of  the  ellipfe, 

DC.CAvi  WDHxHE*.  ^  «  — 

^        =  4q  =  F G  the  bafc  of  the  elliptic  fegment, 

or  length  of  the  fpindle ;  alfb,  by  prob.  6,  the  area 
of  the  fegment  is  1 67-7345.   

Then  x  3  X^-Q  x4o  --4x9x1 677341 

=  18  x  3*14159  &c-  x  2I3i r  =  1677345  =  2578*55  = 
the  content  required. 

Rule  II. 

Divide  3  times  the  generating  fegment  by  the 
length  of  the  fpindle,  from  the  quotient  fubtracl  the 
greateft  diameter  of  the  fpindle,  multiply  the  remain- 
der by  4  times  the  central  diftanee,  and  fubtract  the 
product  from  the  fquare  of  the  greateft  diameter; 
then  the  difference  multiplied  by  j  of  the  length  of 
the  fpindle,  and  the  product  by  1*57079  &c>  will 
give  the  content  of  the  fpindle. 

That  is,  \nl  xZ):-     x-Z)  +      =  the  fpindle, 

where  D  -  DN  the  greateft  diameter,  and  the  reft  of 
the  fymbols  as  in  the  laft  rule. — By  corollary  3. 

Example. 

Required  the  content  of  an  elliptic  fpindle  whofe 
length  is  40,  greateft  diameter  12,  and  the  central 
tliftance  9. 

Here 
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Here  V  =  6  =  the  height  of  the  generating  fcg- 
ment,  which  is  therefore  the  fame  as  before,  the  area 
being  1677345.    

Then3-i4i59&c.x^xi22-4xox--i2+^^^-? 

=  3*14159  &c.  x  80  x  12  -  174024  =  2578*56  =  the 
content  required. 

Rule  III. 

From  three  times  the  fquare  of  the  greateft  dia 
meter  take  4  times  the  fquare  of  the  diameter  in 
the  middle  between  the  greateft  diameter  and  the 
end.  And  from  4  times  the  faid  middle  diameter 
take  3  times  the  faid  greatefl  diameter.  Divide  the 
former  difference  by  the  latter,  and  £  of  the  quo- 
tient will  be  the  central  diftancc. 

That  is,  -  x  ?Pf  ~"  4.?w<  =  the  central  diftance,  I> 

being  the  greatefl:  diameter  and  //;  the  middle  dia- 
meter. 

Then  proceed  as  in  the  lad  rule. — This  is  proved* 
in  corollary  4. 

Example. 

If,  as  in  the  example  to  the  laft  rule,  the  greateft 
diameter  be  12,  and  the  length  40,  required  the 
contcntfuppofing  the  diameter  at  ;  of  the  length  to 

be  6  x  \/ 2 1  —  3  =  9*4954^- 

Here  -x  _4,;, _3y/   -  4  4x6x^:1-3-3x13 

«=  Jx  — V2T-6-  3  -  3X  2y/21_9  -  3X3  -  9-tnc 
central  diftance,  the  fame  as  in  the  laft  example ;  and 
therefore  the  content  will  be  2578*56,  as  before. 

4  V  Pr  o- 


V  ,«-  ■  _      _  .      i~        — *-  - 

r  -  ^    .     ,    w  —  ■ 
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P  R  O.B  L  E  M  XVIII. 

To  find  the  folidity  of  the  frujium  of  an  elliptic  fpinr 
die,  or  the  content  of  a  cajk  inform  of  the  middle 
zone  cf  fuch  a  fpindle. 

Rule  I. 

1.  Divide  the  fquare  of  the  lefs  axe  of  the  cllipfe 
by  the  fquare  of  the  greater,  multiply  the  quotient 
by  \  of  the  length  of  the  fruftum  or  of  half  the 
length  of  the  calk,  multiply  the  product  by  the  dif- 
ference between  the  fquare  of  the  faid  half  length  of 
the  calk  and  3  times  the  fquare  of  half  the  length  of 
the  whole  fpindle,  and  call  this  product  P. 

That  is,  P  =  ecl  x  3-^=^.         A^i  " 

T,  /  1G 

/  being  the  tranfverfe  MN,  /^CZte 
and  c  the  conjugate  axe  2 BO  Ml — P  ~?rJ 
of  the  ellipfc,  /.=  GH  half  the  1  u 

length  of  the  calk,  and  L-LH  half  the  length  of 
the  whole  fpindle. 

2.  Multiply  OH  the  central  diftance  by  ABHG 
the  generating  area,  and  call  double  the  product 

That  is,  ^=  2.0 Hx  ABHG. 

3.  Then  the  difference  between  P  and  ^multi- 
plied by  3*14159  &c.  will  give  the  content  of  tlie 
fruftum  ABEF,  or  half  the  calk  ACDF. 

That  is,  F^x  p  =  ABEF=  {  ACDF.—Ey  the 
demonflration  of  the  laft  problem. 

Note. 

It  is  evident  that  the  fum  or  difference  of  two 
fruftums  will  give  the  ullage  of  a  calk  (landing  with 
its  axe  perpendicular  to  the  horizon. 

Ex- 
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Example. 

The  axes  of  an  ellipfe  being  40  and  66}  ;  it  is 
required  to  find  the  content  of  the  fruftum  of  a 
fpindle  generated  by  an  arc  of  the  ellipfe ;  the  length 
of  the  fruftum  being  20,  and  the  central  diftance  4. 

Here,  as  40  :  66}  : :  %/i 6  x  24  :  13^ s/ 6  =  HL  = 
half  the  length  of  the  fpindle.. 

Andcclx'-J7r  =  4ox4ox2ox3    3^;^  - 

=  24  x  280  =  6720  =  P. 

But  the  elliptic  fegment  ABKls  -  54 1,  to  which 
adding  the  rectangle  AH=  20x12  =  240,  makes 
294  j-  =  the  generating  area  ABHG  ;  which  being 
multiplied  by  7.0H  -  8,  produces  2356  =^>. 

Then  P-^_x p  =  6720-2356  x  3*14159  &c.  = 
^3709*9 1033  =  the  content  required* 

Rule  II. 

Divide  3  times  the  elliptic  fegment  whofe  chord 
is  the  length  of  the  cafk  by  the  faid  length,  to  the 
quotient  add  the  leaft  or  head  diameter,  and  from 
the  product  fubtract  the  greateft  or  bung  diameter, 
and  multiply  the  remainder  by  8  times  the  central 
diftance ;  then  take  the  product  from  the  fum  of  the 
fquare  of  the  head  diameter  and  2  times  the  fquare 
of  the  bung  diameter,  multiply  the  difference  by 
the  length,  and  the  product  drawn  into  '261 799  &c. 
•(=  ^  of  7853  98  &c.)  will  be  the  content  of  the  cafk. 

That  is,  iDD  +  dd-Scx-D+d+lf  x  -\nl  = 

the  content  of  the  cafk,  where  ZX=  BE  the  bung 

diameter 
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diameter,  d  =s  AF  the  head  diameter,  c  =  HO  the 
central  diftance,  /  =  G/the  length,  j=  the  fegment 
ABC,  and  n  785398  &c. — This  is  proved  at  co- 
rollary 3  to  the  lad  problem. 

•  *  * 

E  X  A  M  P  L  E. 

The  bung  and  head  diameters,  of  a  cafk  which  1$ 
the  middle  zone  of  an  elliptic  fpindlc,  being  32  and 
24,  and  its  length  40  inches  j  required  the  content 
in  ale  and  wine  gallons,  fuppofing  the  diftance  of 
the  centers  of  the  ellipfe  and  fpindle  to  be  4  inches. 

Here  D  =  32,  d  =  24,  /  =  40,  c  =  4,  and  the  feg- 
ment ABC  =  j  ~  109.  

Then.  zDD  +  dd  -  8c  x  -D  +  d+  3j  x  '«/  = 

2624-5*6  x  40  x '261799  &c.  =•  27419*8219  cubic 
inches. 

Which  being  divided  by  282,  and  231,  we  have 
97*2334  ale  gallons,  and  118*7005  wine  gallons, 
for  the  content  required. 

Rule  III. 

From  the  fum  of  the  fquare  of  the  leafl  or  head 
diameter  and  3  times  the  fquare  of  the  greateft  or 
bung  diameter  take  4  times  the  fquare  of  the  dia- 
meter equidiftant  from  the  two  former,  and  from  4 
times  the  faid  middle  diameter  take  the  fum  of  the 
fa  id  leaft  and  3  times  the  greareft  diameter;  then  di- 
vide the  former  difference  by  the  latter,  and  J-  of  the 
quotient  will  be  the  central  diftance,  with  which 
proceed  as  in  die  2d  rule. 

That 
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That  is,  I  x  iD_DXJd-\l"  =  the  central  dif- 

tance,  m  being  the  middle  diameter,  and  D  and  d 
the  other  diameters  as  before. — By  corollary  4  to 
the  laft  problem. 

Example. 

1 

- 

If  the  bung  and  head  diameters  be  32  and  24, 
and  the  length  40  inches,  as  in  the  laft  example ; 
required  the  content,  fuppoling  the  middle  diameter 
to  be  4\/o  i  -& 

$DD  +  dd  —  4«"»x  I  _  ?x??»-|-24*—  <4y^2^* 
-3D-</f4«       4     -3x32-24  +  16x4/91-2 

*;  =  ^~£!&;  =  4  =  <  the  central  diftance,  the 

fame  as  in  the  laft  example ;  and  (ince  the  other 
parts  are  all  the  fame,  the  content  muft  likewife 
be  the  fame. 

P  R  O  H  EM  XIX. 

To  find  the  content  of  the  fegment  of  an  elliptic  fpindic* 

■ 

Rule. 

1.  Multiply  the  fquare  of  the  altitude  of  the  feg- 
ment by  the  fquare  of  the  lefs  axe  of  the  elttpfc 
and  divide  the  product  by  the  fquare  of  the  greater 
axe,  multiply  the  quotient  by  the  difference  between 
y  the  length  of  the  whole  fpindle,  and  T  of  the  al- 
titude of  the  fegment,  and  call  the  product  P. 

That  is,  P  =s  aacc  x  *  //T-,  where  c  is  the  conju- 
gate and  /  the  tranfverfe  axe  of  the  elliple,  a  is  the 
altitude  of  the  fegment,  and  /  the  length  of  the  whole 
ipindle. 

4G  2.  Mul- 
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2.  Multiply,  the  double  of  the  generating  area  by 
the  diftance of  the  centers  of  the  ellipfe  and  fpindle, 
ana*  call  the  product 

c  That  is,  Qti'zCJ,''  where  G^Ht  and  A  the 
area  LAG. 

3.  Then  the  difference  between  P  and  drawn 
into  3*14159  &c.  wiU  be  the  content  of  the  fegment 
LAF  of  the  fpindlei  

'  That  is,  P-i^x />  =  aacc  -2ACxp  = 

the  content  of  the  fegment. — By  the  deraonftratipn, 
of  problem  17. 

E  x  A  M  P  L  E. 

The  axes  of  an  ellipfe  being  50  and  30,  required 
the  content  of  the  fegment  of  a  fpindle  whofe  height 
is  10,  the  central  diftance  being  9. 

Here  t  =  50,  c=  30,  a  -  10,  and  C=  9. 

Then,  by  the  nature  of  the  ellipfe,  as  30:  50;: 

{J  IS  +  9  X  15  -9  =  v/24  x6=)  1 2  :  ^y?  =  20  =  i  f 

=  LHthc  half  of  the  length  of  the  fpindle. 

And,  by  the  fame,  as  50  :  30  ::  (x/NPxPM  = 

</25-n6x25-io  =  V35  x  15  =)  5v/2i  ;  3  x 

=  3v/2i  =  137 1495534  =  P_t  Hence  BO-PA  = 
1*285  =  Z?/C. 

«  „  A"*       1*285  0l         ,  #5      6  i 

die  tabular  numbers  anfwering  to  which  two  quoti- 
ents, in  the  table  of  circular  fegments,  are  -on 66678 
and  '1 1 182385  hence  5  o  X.3Q  x-iii8238-*on66678 
=  1500  x -10015702  3=  150*23553  a  the  areaX^^; 

from 
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from  the  half  of  which  taking  tfie  re&adglc  AH  = 
AGxGH=4'7i4955 x  1 Q  - 47*  '49»  leaves 27*968765 
=  A  for  the  generating,  area  LAG* 

Then         x  zAC  *  p  = 

100x900  x  _  j 8  x 27*968765  x 3*141  S9  &c.  - 

36  x  y  -  i&  x  27  96«765  x  3"  1-4*59  &<"•■  =  ^ 
5*364568 x 3*14159  &c.  =  303*35Vi7  =  tae  content 
of  the  feginent  Z^i**  required. 

Problem  XX. 

To  tfwitotf  0/*  a«  untverfal fpberoid,  or  a  filtd  '■ 

conceived  to  be  generated  by  the  revolution  of 
femi-ellipfe  about  its  z  diameter y  -whether  that  dia~^ 
meter  be  one  of  the  axes  of  the  clltpfe  or  not* 

1    *  »  ...,**  > 

R  U  L  E    I.  • 

Divide  the  fquare  of  the  product  of  the  axes  of 
the  ellipfe  by  the  axe  of  the  foiid  or  the  diameter 
about  which  the  femi-ellipfe  is-eonceived  to  revolve/ 
multiply  the  quotient  by  '5236,  and  the  product 
will  be  the  content  required.  : 

That  is,  —j—  x  ^5236  =  the  content,  T  and  C  be- 
ing the  tranfverfe  and  conjugate  axes  of  the  cllipfer 
and  d  the  axe  of  the  folid. 

Rule  II. 

The  continual  product  of  '5236,  the  diameter 
about  which  the  revolution  is  made,  the  fquare  of* 
its  conjugate  diameter,  and  the  fquare  of  the  fine 

of 
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of  the  angle  made  by  thofe  diameters  (the  radius 
being  i)  will  be  the  content. 

That  is,  decs s  x  '5236  =  the  content,  c  being  the 
conjugate  diameter  to  d>  and  /  the  fine  of  the  angle 
made  by  the  diameters.* 

Ex- 


it TJ 


•  DlMO  KIT  RATIO*. 

•  Let  AD  B I A  be  a  feQion  of  the  folid 
through  its  axe  AJJ  ;  draw  DC  the  femi- 
conjugate  diameter  to  AB,  as  alfo  the 
ordinate  FE  parallel  thereto,  and  let  fall 
the  perpendicular  t  G. 

Put  T  and  C  for  the  tranfvorfe  and 
conjugate  axes  of  the  ellipfc,  d  ==  the 
diameter  AB,  or  axe  of  the  folid,  c  cs 
2 CD  sr  y/T*  +  C*  —  dx  its  conjugate 

diameter,  a  =       =  fmc  of  the  lDCB 
dc 

or  LFEG,  and  *  =  its  cofm'e,  *  =  AE,  and  p  ss  3*14159  &c. 

cn/ttx  —  XX 


Then  die:',  y/dx  —  xx  : 
£fX« 


a  c  */d  x  —  xx 


FG 


EFxi- 


bci/dx  —  xx 


EF,  and 


aad  hence  AG  =c  CE  +  EA 


=  CE 


ts*  +  bcVd*d     XX  ;  then  p  X  FC»  X  G>  =  i  X 

.    "4  ^ — *        ,       ,-3  ■ 

dx  —  xx  t  — 2 —     oct/ax  —  xx 


dd 


the  fluxion  of  the  folid,  the 


*</x»—--x»  +  ^X</x-x*|* 


fluent  of  which  is  paacc  X 


meafure  of  the  part  generated  by  AFG\  and  when  xssd,  it  be- 


ipda*c* 


pT*C 
6d 


for  the  Talue  of  the  whole 


Co- 
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Example  I. 

If  the  axes  of  an  ellipfe  be  50  and  30,  and  it  be 
cut  in  two  by  a  diameter  whofe  length  is  40.;  re- 
quired the  content  of  the  folid  generated  by  one  of 
the  halves  about  that  diameter. 

Byrulei,  x -5236  =  225000  x '1309 

s  29452-5  =  the  content  required. 

Example  II. 

Thedi  ametcr  of  an  ellipfe  about  which  it  revolves 
being  40,  its  conjugate  diameter  30^2,  and  the  fine 
of  the  angle  made  by  thofe  diameters  |  \/2 ;  required 
the  content  of  the  folid  formed  by  the  revolution  of 
the  ellipfe. 

By  rule  2,  we  have  40  x  30  x  30  x  2  x  |  x  [  x  2  x 
•5236=  225000  x  -1309  =  2945^5  =  the  content  the 
fame  as  before. 

4  H  SEC- 


CotOlLltY  I. 

If  d  =  r,  the  rule  becomes  \pTCx  for  the  oblong  fpheroid.  Ancf 
if  dsz  Cy  it  will  be  IpCT*  for  the  oblate  fpheroid.  Alfo  if  T,  C% 
and  d,  be  all  equal,  the  rule  will  be  £ f>d*  for  the  fphere.  Which  aro 
the  fame  with  the  rules  before  found  for  the  fame  bodies. 

Corollary  II. 

Draw  CH  perpendicular,  and  DM  parallel  to  AB,  and  about  the. 
axes  AB  and  2CH  defcribe  the  femi-ellipfe  AHB ;  then  the  fphe- 
roid generated  by  the  reyolution  of  the  femi-ellipfe  AHB  about  AB 
be  equal  to  the  folid  generated  by  the  femi-ellipfe  AFD3  about 
the  fame  axe  AB. 

For  iCH  —  ac,  and  therefore  the  folid  A  FBI  or  ^pda*c*  ss 
\pd  X  iCN\x  =  the  fpheroid  whofe  axes  are  d  and  2CH. 

And  fo  the  folids  generated  by  all  femi-ellipfes  upon  the  fame  bafe- 
and  between  the  fame  parallels,,  arc  all  equal  to  each  other. 


Parabola.  PartllL 
SECTION  IV. 
Of  parabolic  Lines,  Areas,  Surfaces^  and  Solidities. 

Problem  I, 

To  conjlrucl  a  parabola ;  having  given  any  ordinate  PQ^ 
to  the  axe,  and  its  abfcijfa  VP. 

i.  TT'IND  the  focus  Fthus: 

Jr  Bifea  F^'m  A;  draw 
AV,  and  AD  perpendicular  to  it ; 
take  VF  =  PBy  and  F  will  be  the 
focus. 

Arithmeticalh. 

Divide  the  fquare  of  the  ordi- 
nate by  4  times  the  abfciffa,  and 
the  quotient  will  be  the  focal  dif- 
tance  VF. 

2.  In  the  axe,  produced  without  the  vertex  V,  take 
VCzzVF-y  draw  feveral  double  ordinates  SRS-,  with 
the  radiufes  CR  and  center  F  defcribe  arcs  cutting 
the  correfponding  ordinates  in  the  points  S. 

Draw  a  curve  through  all  the  points  of  interjec- 
tion, and  it  will  be  the  parabola  required. 

Problem  II. 

Of  any  abfcijfa  x,  its  ordinate  y,  and  parameter  p; 
having  Ivjo  given,  to  find  the  third. 


Case  I. 
To  find  the  parameter. 


Rule. 


uigmze 
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Rule. 

Divide  the  fquare  of  the  ordinate  by  its  abfcifla, 
and  the  quotient  will  be  the  parameter.  Or,  take  a 
third  proportional  to  the  abfcifla  and  ordinate,  for 
the  parameter. 

That  is,  yy  +  x  -  p. 

Example. 

If  the  abfcifla  be  9,  and  its  ordinate  6-,  required 
the  parameter. 

Here  6x6  +  9  =  36  +  9  =  4  =  the  parameter. 

Case  II. 
To  find  the  abfeiffa. 

Rule. 

Divide  the  fquare  of  the  ordinate  by  the  para* 
meter,  and  the  quotient  will  be  the  abfcifla. 
That  is,  yy+p  =  x. 

.    -  * 

Example. 

If  the  ordinate  be  6,  and  the  parameter  4 ;  required 
the  abfcifla. 

Here  6x6  +  4=36  +  4  =  9  =  the  abfcifla. 

Case  III. 
To  find  the  ordinate. 

R  u  l  e. 

Multiply  the  parameter  by  the  abfcifla,  and  the 
fquare  root  of  the  product  will  be  the  ordinate. 
That  is,  \'px  =  y. 

Ex* 


$c&  Parabola.'  Part  IIL 

Example. 

The  abfcifla  being  %  and  the  parameter  4  ;  re- 
quired the  ordinate. 

Here       x  4  =  \/$6  =  6  =  the  ordinate* 

Problem  III. 

Of  any  ttvo  abfcijfas  A,  B,  taken  upon  the  fame  dia- 
meter, and  their  tivo  ordinate s  a,  b ;  having  any 
three  given  to  find  the  fourth. 

Rule. 

The  abfciflas  are  to  one  another  as  the  iquares  of 
their  ordinates.  That  is,  As  any  abfcifla  is  to  the 
fquare  of  its  ordinate,  fo  is  any  other  abfcifla  to  the 
fquare  of  its  ordinate ;  and  the  contrary.  Or^as 
the  root  of  an  abfcifla  is  to  its  ordinate,  fo  is  the 
root  of  another  abfcifla,  to  its  ordinate. 


Hence 


And 


,aa  :  bb::  Ai^ssB.  ' 

a  a 

'bb  :  aa::  B :  ssA. 

Example  L 

If  an  abfcifla  of  9  correfpond  to  an  ordinate  of  6, 
required  the  ordinate  whofe  abfcifla  is  1 6. 

Here  v/o:%/i^::6:6v/^  =  ~-4=8  =  the  ordi- 
nate. 

Ex- 


Digitized  by  Google 


Se&.  IV.  Parabola.  300, 

♦ 

Example.  II. 

Required  the  abfcifla  correfponding  to  the  ordi- 
nate 6,  the  ordinate  belonging  to  the  abfcifla  of  16- 
being  8. 

Here  8x8  :  6x6  ::  16 :  ^fgn  =  9  =  the  abfcifla. 

Scholium. 

The  demonftration  of  the  throe  preceding  pro- 
blems are  omitted  here,  as  they  properly  belong  to, 
and  are  to  be  found  in,  all  treatifes  of  conies. 

Problem  IV. 

To  find  the  length  of  the  curve  or  arc  of  a  parabola 
cut  off  by  a  double  ordinate  to  the  axe. 

*  R  U  L  E  I. 

Divide  the  ordinate  by  ~  the  parameter,  and  call 
the  quotient  q. 

4 1  Add 

»■  ■  ■    ■ 1  ■  ■  ■      ■■■■■■■  ■  -  ■     ■  i 

*  DtMOHJTUTI  ON. 

Putting  z  =s  any  curve  beginning  at  the  vertex,  y  =.  the  ordinate 
to  the  axe  at  the  extremity  otthe  curve,  x  =  its  abfcifla,  and  a  =  ± 
the  parameter  of  the  axe,  the  equation  to  the  curve  is  2  ax  = \ 

•        •         •       y  *  y*  *        /  *  *      *  * 

hence  2ax  =  2* j,  and  x*  s  -  ■    ;  confequently  z  =  \/ ;_y  +  x)t  ss. 


 ■ — 

»*  4-  -  -  —  =  —  ~%  and  the  corredied  fluents  eive  r  ss 

•ia  X  hyp.  log.  of  q  +  */\  +  qq,  writing  q  for  And  the  double  of 
this  quantity  will  give  the  value  of  die  double  curve  as  in  the  rule. 

Co- 
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Par  a  bo  la. 


Part  III. 


Add  I  to  the  fquare  of  y,  and  call  the  root  of 
the  fum  j. 

To  the  product  of  q  and  s  add  the  hyperbolic 
logarithm  of  their  fum,  and  the  laft  fum  multiplied 
by  half  the  parameter  will  be  the  length  of  the  whole 
curve  on  both  fides  of  the  axe  required.  _ 

That  is,  the  curve  f  =  AX^  +  hyp.  log.  of  q  +  s, 
where  q=  the  quotient  of  the  ordinate  divided  by 
the  parameter,  s  =  \/i  +  qq,  and  a  =  {  the  parameter. 

Note 


Corollary  I. 
If  for  a  be  fubAituted  its  value 

yly  there  will  be  obtained  z  =s 

IX 


»/xx  +  $yr  +i«  X  hyp.  log.  of 
And  this  proves 


x  +  i/xx-ttyy 


the  truth  of  the  conftru&ion  in 
Cotci's    Harmonia  Mtufuramm 


page  22,  viz.  that  if  F  be  the  fo-     1  H 


KAFM 


cus,  and  if  AD,  drawn  to  bifeft  BC  in  D,  be  produced  till  DE  be 

B  A A  D 

AF  x  hyp.  log.  of  — ~ — ;  then  AE  will  be  equal  the  curve 


AC, 


t*  =  AF,  and  V"ti;;  =  AD. 

Corollary  II. 

From  feci.  5  it  will  appear  that  the  area  of  an  hyperbola  whofit 
fcmi-tranfvcrfc  axe  is  d,  femi -conjugate  a,  and  ordinate  y,  is  A  s: 


dy^a^ryj _  w  x  hyp<  Jog>  of J±V^±^ .  but  ^  paral>olic 
is  C  =  ^±Z^itf  X  hyp.  log.  of  >±?3EE»  ;  hence 


2<I 

curve 


7+ 


+  4.VA  =  2  AD 


HC  the  tangent  in  the  point  C  meeting  the  axe  B  A,  produced,  in 
H  :  Confcqucntly  C  =  HC  —  ^.  Where  the  fcrai-tranfverfe  d 
may  be  taken  at  plcafure.  If 
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Note  i.  If  the  common  logarithm  of  any  number 
be  multiplied  by  2*302585093,  the  product  will  be 
the  hyperbolic  logarithm  of  the  fame  number. 

2.  If  the  value  of  s  run  into  decimals,  it  will  be 
much  eafieft  found  by  a  trigonometrical  canon  ;  for 
/  is  the  fecant  of  the  arc  whofe  tangent  is  y,  the  ra- 
dius being  1. 

E  x- 


If  there  be  taken  J  =  y,  we  mall  obtain  C  =  HC —  —  ;   and  to 

J 

find  the  diftance  of  the  ordinate    from  the  center  of  the  hyperbola, 

we  mail  have  a  :y  (J)  ::  Jaa  +yy  =  l^Z±±»  =  the  faid  dif- 

tance,  and  which,  therefore,  is  =  HC.  Whence  this  conftruction. 
—  In  the  axe  produced  take  B I  =  HC;  with  the  center  /,  feroi- 
tranfvcrfe  IK  =  the  ordinate  BC,  and  femi-conjugate  ATI  =  the 
femi -parameter  FC  of  the  parabola,  let  be  defcribed  the  hyperbola 
ATC,  which  will  pafs  through  C;  and  let  the  rctfanglc  C BAIN  be 
eqnal  the  hyperbolic  area  AC B  :  Then  will  IM  be  equal  the  para- 
bolic curve  AC. 

When  the  abfci/Ta  and  tranfvcrfe  axe  of  an  hyperbola  are  given  or 
conltant,  not  only  the  ordinate  but  the  area  alfo  is  as  the  conjugate 
axe,  and  therefore  the  quotient  arifmg  from  the  divifion  of  the  iirea 
by  the  ordinate,  is  a  conftant  quantity  ;  and  confequently  the  para- 

£ 

bolic  curve  AC  =  C  =  HC  ,  where  B  is  the  area  and  r  the 

z 

ordinate  of  any  hyperbola  whofe  center  is  /,  vertex  A',  and  abfcifTa 
KB.  From  hence  arifes  the  following  general  conftruftion,  given 
by  Mr  Huycens  in  his  Horolog.  O/ciUal.  but  without  demonftration. 
— With  the  center  /  and  vertex  A',  as  before,  and  any  conjugate 
taken  at  pJeafure,  defcribe  the  hyperbola  KO  meeting  BC,  produced 
if  neccflary,  in  0 ;  and,  making  the  rectangle  0  M  =  the  hyperbolic 
area  KOB,  MI  will  be  equal  to  the  parabolic  curve  AC  as  before. 

Corollary  III. 

When  y  =  a  =  F G,  then  =  =5  \a  X  +  hyp.  log.  of  1  +  ^/2=2 
t-JX  2*2955871  bs  2*3955871  X  AF=  1*1477935  X  FC "  =  the  curve 
AG  ;  F  being  the  focus. 

r  Corollary  IV. 

The  lengths  of  fimilar  parts  of  parabolic  curves  will  be  as  their 
parameters^  or  ordinate*,  or  abfcifl'as.  For  7  will  be  the  fame  in  each. 


3i2  Parabola.  Partlll. 

Example. 

Required  the  length  of  the  curve  of  a  parabola 
cut  off  by  a  double  ordinate,  to  the  axe,  whofe  length 
is  12,  the  abfcifla  being  2. 

Here  x  =  2,  and  y  =  6.   

Hence  a=  g  =  *  =  =  H>  «»Wi+ff 

=  v/iTI=v/V  =tv/i3  =  1-2018504.-0,  by  the 
table  of  tangents  and  fecants,  the  fecant  correfpond- 
ing  to  the  tangent  -f-  or  *666  &c.  is  1*201 8504  =  /. 

Then,  f  + 1*2018504=  1*868517,  whofe  common 
logarithm  is  '271497*  which  being  multiplied  by 
2*302585093  produces  '62514495  for  its  hyperbolic 
logarithm  ;  alfo  |  x  1*2018504  =  -8012336  ;  and 
the  fum  of  thefe  two  is  '6251449  + -8011366  » 
1*4263785. 

Wherefore  9  x  v^l^S  =  12*8374^5  »  the 
length  of  the  curve  required. 

♦Rule  II. 
Putting  y  to  denote  the  ordinate,  and  q  the  quo- 
•  tient  arifing  from  the  divifion  of  the  ordinate  by 

half 


*  Demonstration. 

By  the  laft,  the  fluxion  of  the  curve  was  z  s=j  J 1  +  ^  b  (by 
«tn£tiag  the  root)  y  X  :  I  +  £  -  ^  +  *»d,  by 

y  ?* 

taking  the  fluents  and  writing  f  for  S  we  obtain  z  =zj  X'-  i+  — 

2.4.5  T  2.4.6.7  2-3  4-5  6'7 

«tc  s=  the  length  of  the  curve  from  the  vertex  to  the  ordinate,  the 
double  of  which  wijl  be  that  of  the  double  curve.    £.  E.  D. 
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half  the  parameter,  or  from  the  divifion  of  twice 
the  abfciifa  by  the  ordinate ;  the  length  of  the  dou- 
ble curve  will  be  denoted  by  the  infinite  feries  2y  x : 

I+37,yM-r!^+Sr^lc-^aZ)&c-  wherc 

J,  SrCt  &c.  denote  the  ift,  2d,  3d,  &c.  terms. 

Note,  This  feries  will  converge  no  longer  than 
till  9  =  1,  that  is,  when  the  ordinate  to  the  curve, 
whofe  length  is  required,  meets  the  axe  in  the  focus * 
for  if  the  ordinate  y  be  beyond  the  focus,  it  will  be* 
greater  than  the  femi-parameter,  and  <:onfequently 
q  greater  than  1. 

Example. 

Let  there  be  taken  the  fame  example  as  beforc,- 
in  which  the  abfcifla  is  2  and  ordinate  6. 

4  K  Then 


Corollary. 


 .  9* 

The  hyperbolic  logarithm -of  j  +  v'i+Jf  u  *  ?X:  i  -  — * 

+  -12  hll—  &c.   For,  by  the  laft  rule,  —  —  hyp.  log.  of 

2.4.5      2.4.6.7  **  * 

and,  by  this  rule,  -Zii  =  fX:i  +  —  ^  +  -^J-fccbut 

a  3       4*>  4,0,7 

by  taking  the  former  of  theft  from  the  latter,  we  have  q  X  :  i  —  -i- 
+  ^~  -  -^£7  +  &c.  a  hyp.  log.  of  rrvT+TT: 


314  T*  ah  a  bo  la.  Fart  III. 

Then  ^p=4=?,  which  being  ufed  for  it  in 

the  general  feries,  and  the  affirmative  and  negative 

terms  collected,  "will  appear  as  below : 

A  »  roooooooo  C  =  0*00493827  . 

.#  =  0*07407407  E  =  16935" 

D=        78385  G  =  1215 

F  =         4311  /=  117 

J/=  368  L  =  13 

A*  =  38  —  0*005 12 1 1 

-f  1*0749051  fum  of  the  affirmative  terms 

—  0*005 1  ~  1  *    negative  — 

Dif.    1*069784  fum  of  the  feries 
 12  =  iy 

12*837408  =  length  of  the  curve  nearly  the 
4me  as  before. 

Rule  III. 

To  the  fquare  of  the  ordinate  add  ±  of  the  fquare 
of  the  abfcilTa,  and  the  root  of  the  fum  will  be 
the  length  of  the  fingle  curve  nearly,  the  double  of 
•which  wilUbe  that  of  the  curve  on  both  fides  of 
the  abfcifla  nearly. 

That  is,  %/yy  +  |xx  =  c  the  length  of  the  fingle 
curve  nearly,  y  being  the  ordinate  and  x  the  ab- 
fcifla* 

Ex- 


*  Demons  T»i  ti  o  m  of  thii  and  Rule  IV. 

By  the  laft  rule,  the  curve  is  esz  »  X  *  1  +     7*  — ?* 

2.3  2«4«5 

-f  — ^-7satc.but^r+4Tf    t+4^-?* — — ?4+:r4^9' 

^2.4.6.7  TTI  2-3       2-4«9  2.4.6.27 

&c. 
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Example. 
Taking  again  the  fame  example,  in  which  x  =  2, 
and  y  =  6,  we  fhall  have  c  -  \/yy  -f  j  xx  =  s/z  6  +  ' 76 
=  6*4291  =  the  (ingle  curve,  the  double  of  which  is 
1 2*8582  =  the  length  of  the  curve  nearly. 

Rule  IV* 

To  the  fquare  of  the  ordinate  add  |  of  the  fquare 
of  the  abfcifla,  and  divide  the  fum  by  the  ordinate ; 
then  fubtradl  4  times  this  quotient  from  9  times  the 
length  of  the  (ingle  curve  as  found  from  the  laft 
rule,  and  ->  of  the  remainder  will  be  the  length  of 
the  {ingle  curve  extremely  near.  

That  is,  c  =  ?s/yy  +  ±xx  -  4  x»  +  *xxx  I  very 
nearly. 

Ex- 


ftc.  hence  j  -       +  fy?  =  -  jj^94  +  -       7*  &c.  and,  fup- 

pofing  y  not  greater  than  i  and  rejecting  the  feries,  c  will  be  =s 

>       +t?7  =  -*///  +txx  ncarfy-   Which  is  rule  3. 

Again,  from  the  ift  feries,-  —  1  — i?y  =  —  ?*H  —  **ftc 

 /  2.4.5'      4.4.7*  * 

j  -  %>I  +  *f*  =  "  ^»4+7^*'  &c Hence,  by  fubtra^, 

j-^t^~ix-f-.-^aJ-j,«  &c.  and,  confe. 
quently,  the  remaining  feries  being  very  final I,  we  (hall  obtain  c  =s 

•h  X  9^iff77-4  X  > +Tff*7  =*  7  X  9v^+4-xx-4X^^-X 

5  1 

very  nearly.    Which  is  mlc  4.*> 

And  in  this  manner  we  may  proceed  to  any  degree  of  accuracy 
required.  » 


31^  Parabola.  Part  III. 

Example. 

Taking,  (till,  the  fame  example;  we  lhall  have 
4  x -IZ±ii5  =  4  x  3i  +  r  =  257 .  but  by  the  laft  ruIc 

r  =  6*4291,  hence  9  x  6*4291  =  57*8619  ;  and 
^86lp25i  =  6*4168  =  c,.  the  double  of  which  is 
12-8336. 

N  o  T  E. 

It  muft  be  obferved,  that,  as  thefe  two  approxi- 
mations are  derived  from  the  2d  rule,  they  muft  be 
ufed  only  in  fuch  cafes  in  which  that  might  be  ap- 
plied, viz.  thofc  in  which  the  abfciiTa  doth  not  ex- 
ceed half  the  ordinate. 

Problem  V. 

To  find  the  area  included  by  the  curve  of  a  parabola 
and  any  right  litic>  called  the  bafe  of  the  fegment 
or  area, 

R  u  L  E  * 

Take  }  of  its  circumfcribed  parallelogram  for  the 
area  required. 

Note. 


•Demonstration. 

Put  ;san  ordinate  to  any  diameter,  x  =  its  abfcifla,  and  f  = 
the  parameter  of  that  diameter ;  then  the  equation  to  the  curve  will 
be  (>x  =>y,  and,  putting  /  s  the  fine  of  the  angle  made  by  the 

abfcifla  and  ordinate,  the  fluxion  of  the  area  a  will  be  =  tyx  s 

  ;  hence  the  area  a  is  ss  —1—  =r  \sxy\  that  is,  \  of  thepa- 

raJelogram  having  the  fame  bafc  and  altitude,. 

Co- 
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Note. 

The  bafe  of  the  circumfcribed  parallelogram  is 
the  fame  with  the  bafe  of  the  fegment,  their  alti- 
tudes are,  likewife,.  the  fame  -y  and,  therefore,  the 
parabolic  area  will  be  equal  to  f  of  its  altitude  mul- 
tiplied by  its  bafe;  that  is  =  \ab\  putting  a  to  de- 
note its  altitude,  and  b  its  bafe.  It  may,  farther; 

be  obferved,  that  if  the  bafe  be  perpendicular  to  the 
diameter  of  the  figure,  then  the  altitude  a  will  be 
the  fame  with  the  abfcifla  of  the  figure;  otherwife, 
the  altitude  is  equal  to  the  abfcifla  drawn  into  the 
natural  fine  of  the  angle  made  by  the  abfcifla  and 
ordinate  or  bafe,  the  radius  being  I.  And  this  is 
to  be  obferved  in  every  other  figure. 

4  L  Ex- 


CoROLLARY  1. 


Hence  it  is  evident  that  all  pa- 
rabolas ADB,  ACB,  of  equal 
bafes  AB,  and  of  equal  altitudes 
or  between  the  fame  parallels  AB, 
DC,  are  equal  to  one  another. 

Corollary  II. 


B 


Any  common  feftions  FG,  fg,    A.  E 
of  the  parabolas  ADB,  ACB,  are  equal  to  eaeh  other. 

For  (EC  :  Cb  ::  ED  :  DH  ::)  ABX  :/*»::  AB>  :  F C*  ;  but  AS 
as  AB,  therefore  fg  =  FG. 

Cor  olla  r  y  HI. 

And  hence,  alfo*  tha  fegments  FDC,  fCg,  are  equal  to  each- 
other.  For  they  are  of  equal  bafes  and  altitudes. 

Corollary  IV. 

Moreover,  the  fruftums  AFGB,  A/gB,  of  equal  ends  and  alu' 
tudes  arc  equal  to  one  another. 

Co- 
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Parabola. 
Example  I. 


Part  III, 


Required  the  area  of  ,a  parabola.*  the  abfcifla  being 
2,  and  the  ordinate,  perpendicular  to  the  abfcifTa,  6, 

Here  the  altitude  is  2,  and  the  bafe  or  double  or- 
dinate is  12 ;  therefore  =  16  ;=  the  area  re- 
quired. £x- 


CORQLLARY  V. 

Let  ABC  be,  a  triangle  having 
the  lame  bafe  and  altitude  with  the 
parabolic  fegment  AE  B  DC;  then, 
bccaule  the  triangle  is  half  of  the 
circumfcribcd  parallelogram,  it  will 
be  ^  of  the  parabolic  fegment,  and 
^confequently  the  ferments  AEB, 
BDCt  together,  will  be  £  of  the 
whole  portion  AEB  DC,  or  |  of  the  triangle  ABC. 

Again,  it  will  appear  that,  if  in  the  two  fegments  AEB,  BDC, 
be  inferibed  triangles  AEB,  BDC,  of  the  fame  bafes  and  altitude* 
with  them,  then  tliefe  laft  triangles  will  be  7  of  their  circumfcribcd 
fegmcnts,  and,  confequently,  £  of  the  triangle  ABC;  if,  in  like 
manner,  in  the  laft  made  fegments  be  inferibed  the  grcateft  triangles, 

they  will  be  *  of  the  triangles  immediately  preceding  them,  or  -i. 

=  ^  of  the  firft  triangle ;  and  fo  on  continually :  And  confequently 
all  the  inferibed  triangle*,  taken  together,  will  be  expreflcd  by  the 

ferics  *X:i  +  -+-^4-i+A&c-  wherc  *  denotes  the  firil  tri. 
4     4      4'  4 

angle  ;  and  which,  when  the  feries  is  infinitely  continued,  will  denote 
rhe  area  of  the  parabolic  fegment. 

Corollary  VI. 

Hence  the  infinite  ferics  1  -f  —  +  -i  4-JL  &c.  will  be  sz  li,  as 

.4     4  4* 

we  alfo  know  from  other  principles ;  and,  confequently,  the  fum 

-of  any  finite  number  of  terms  of  the  ferics  -  +  -i-     —  &c.  is  left  than 

4      4*  41 

^  ;.  and  the  fum  of  the  infinite  number  of  them  s  -f . 
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Example  IL 

.  If  the  bafe  of  a  parabolic  fegment  be  12,  and  its 
abfeifla  2  make  an  angle  of  30  degrees  with  it  j  what 
will  be  the  area. 

The  fine  of  300  being  half  of  radius,  the  altitude 
will  be  2  x  7  =  1 ;  and  hence  7X12  =  8  =  the  area. 

Problem  VI. 

To  find  the  area  of  a  fruftum  or  zone  of  a  parabola, 
included  by  tivo  parallel  right  lines  and  the  inter- 
cepted curves  of  the  parabola. 

Rule. 

To  one  of  the  parallel  ends  add  the  quotient  arifing 
from  the  divifion  of  the  fquare  of  the  other  by  the 
fum  of  the  faid  ends,  multiply  the  fum  by  the  alti 
tude  of  the  fruftum  or  diftance  of  the  ends,  and  f 
of  the  product  will  be  the  area.  Or  divide  the  dif- 
ference of  the  cubes  of  the  diameters  by  the  difference 
of  their  fquares,  and  multiply  the  quotient  by  j  of 
the  altitude.    

That  is,  D  +  y",  or  « +  #+^         or  ^ttjt 

x  \a  -  the  area,  Dt  d  being  the  two  ends,  and  a 
the  altitude.* 

Ex- 


*  Demonstration. 

By  the  property  of  the  parabola,  DD—ddxa-.:  <  add 

Od''m=5d. 

;  the  altitudes  of  two  compleat  fcgraents  whofc  bafes  are  the  ends  D,  d 


320. 


Parabola. 


Part  in. 


Example  I. 

If  the  two  parallel  ends  of  the  fruftum  of  a  para- 
bola be  10  and  6,  and  the  part  of  the  abfcifla,  per- 
pendicular to  and  conneaing  the  middles  of  thole 
ends,  be  4;  what  will  be  the*  area. 

Here  the  abfcifla,  being  perpendicular  to  the  ends, 
will  be  the  altitude  of  the  figure,  and  therefore 

t*2       196  :  x  .  10x10 

L-=  Jj-»32i,  or  d  +  — ^ 


6x6 
1  10  +  6 


10x10  4x2 


=  32}  =  the  area. 


Ex- 


of  the  fruftum ;  and,  confequently,  the  fruftum  or  their  difference 
"t«  x  U+d —  =Ttf  X  D+D+d~ 


CotouAir, 


Hence  a  para- 
bolic fruftum  is  e- 
qual  to  a  parabola 
of  the  fame  alti- 
tude, and  whofe 
bale  is  equal  to  one 
end  of  the  fruftum 
encreafed  by  a  sd 
proportional  to  the 

fum  of  the  ends   q 

and  the  other. 
Wherefore,  in  the  one  end,  produced,  of  a  parabolic  fruftum  AQCD, 
take  CE  =  the  other  end  A B ;  raife  EF  perpendicular  to  EC  and  sr 
CD  ;  draw  DF,  and  perpendicular  to  it  FG  meeting  with  CE,  pro- 
duced, ia  G  :  Then  if  upon  the  bafe  CG  be  defcribed  a  parabola  CHG 
touching  the  line  AB  H,  it  will  be  equal  to  the  fruftum  A  BCD. 

For  CG  =  CE.  +  EG  gs  AB  +  EC  =  AB  +  ^  =  AB  + 

DC1 
DQ  +  Ab- 
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Example  IL 

If  the  part  of  the  abibifla,  connecting  the  middles 
of  the  two  ends,  make  with  them  an  angle  of  480 
35t*i  '  >  required  the  area,  the  other  dimenfions  be- 
ing as  in  the  firft  example. 

The  fine  of  480  35  /.'  being  75  or  -J  very  nearly, 
hence  4  x  \  =  3  -  the  altitude  =  ^  of  that  in  the  lait 
example,  and  therefore  the  area  here  muft  be  \  of 
that  abovej  that  is,  32}  x  =  9*  =  24}  =  the  area 
required. 

Problem  VII. 

To  find  the  area  included  by  the  focal  diftance,  the 
line  drawn  from  the  focus  to  the  curve,  and  the  con- 
tained arc  of  the  parabola. 

Rule. 

Upon  the  axe,  or  focal  diftance  AB, 
produced  if  necefTary,  having  demo- 
ted the  ordinate  or  perpendicular  CD, 
cutting  off  the  abfciila  DA  ;  then 

To  the  focal  diftance  BA  add  j  of 
the  abfciflTa  AD,  multiply  the  fum  by 
the  ordinate  DC,  and  \  of  the  product  will  be  the 
area  of  the  part  ACB. 

*  That  is,  BA+  \  AD  x  2DC=  the  area. 

Note,  The  focal  diftance  AB  is  {  of  the  parameter. 

4M  Ex- 


*  Demonstration. 
Putting  AD  =  x,  DC  =  j,  and  BA=a;  ACB  =  ACD±DCH 
will  bc  =  ^±i;XT*±"  =  t  V -  **J  +  X  |*  -r*. 


Parabola*" 


Part  III. 


Example. 

If  the  abfcuTa  be  2,  and  the  ordinate  6 ;  required 
the  area  of  ACB.  , 

By  cafe  1  prob.  2,  we  have  2  :  6  ::  6 :  18  =  the  pa- 
rameter, and  hence     =  4?  = 

Then  47  -r  }  x  3  =  ji-  x  3  =  1  j^-  =  the  area  required.. 

Rule  II. 

fubtract  the  focal  diftance,  or  diftance  between 
the  focus  and  the  beginning  of  the  arc,  from  the 
diftance  between  the  focus  and  the  end  of  the  arc, 
and  multiply  the  remainder  by  the  faid  focal  di& 
tance ;  then  multiply  the  root  of  the  product  by 
the  fum  of  the  diftance  between  the  end  of  the  arc 
and  focus  and  double  the  focal  diftance,  and  ~  of 
this  product  will  be  the  area. 

*  That  is,  I  JAB  x  CB-BA  x  2AB  +  MC  =  the 
area  ACB. 

Example. 

Taking  here  the  fame  example  as  before,  we  have 
AB  =  4i,  and  BC  =  DA  +  AB  =  2  +  4; r  =  6| ;  and 

hence         r*2  *  9  +  6;L  =  '5-  =  the  area  as  before. 

Pro- 


'Demonstration. 

* 

By  the  nature  of  the  parabola,  z  =  C B  is  =  1!  A  +  AD  —  a  +  x, 
ind  x  =  =  —  a,  alfo  \y  =  */a  x  —  \/a  x  z~^~a  ;  which  values  of 
*  and>,  written  for  them  in  the  laft  rule,  give  f^/ </  x  s— T/  x  2a+~z 
=  the  atca 
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Problem  VIIIs 
To  find  the  curve  furface  of  a  paraboloid. 

1 

R  U  L  E  I* 

To  the  iquare  of  the  ordinate,  or  femi-diameter  of 
the  bafe,  add  4  times  that  of  the  axe,  and  the  root 

of 


•Demonstration. 

Calling  the  ordinate/,  the  abfcifla  x,  the  curve  z,  and  the  parameter 
p ;  alfo  a  =  3*14159  &c.  the  -equation  of  the  generating  parabola 

■will  be  px  ss  yy  ;  hence  px  =  2yy,  and  th*  fluxion  of  the  furface 


2  ay  z  =  2  ay  s/ /»  +  x»  =  207 


and,  by  taking  the  correct  fluents,  the  furface  /  will  be  =  —  XtPP+yyft 

—  3^ 

—  Lapp  =  T-ffy  X  —  TtfJ  X  — -  yny 


jy  +  4**\T—y* 


/»— >*  tt+ty+yy  yy  ft 

putting  /  35  »/yy  -f  4**  =  /fif  the  tangent  to  the  curve  at  the  ex- 
tremity of  the  ordinate  and  intercepted  by  the  axe  produced.  Q.E.D. 

Corollary  I. 

In  CB,  produced, 
tmke  BG  the  tan- 
gent BE  ;  ercft  CH 
perpendicular  to  C  B 
and  equal  to  B  D  ; 
draw  I)  H,  and  per- 
pendicular thereto  H I  I  (r 
meeting  BO',  produ- 
ced in  7;  take  B  K  = 
\  of  B  / ;  and  upon 
KC  defcribe  a  circle 
meeting  in  L  with  BL 
perpendicular  to  BC: 
And  the  circle  whofe  raJias  is  BL  will  be  equal  to  the  curve  furf*c« 
of  the  parabolo-J  B  JC.  yQTt 
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of  the  Turn  will  be  the  tangent  of  the  curve  at  the 
bate  and  intercepted  by  the  axe  produced ;  let  this 
tangent  be  called  /,  viz.  /  =  y/yy  +  4**,  x  being 
the  axe,  and  y  the  ordinate. 

Then,  by  problem  6,  find  the  area  of  the  fruftum 
of  a  parabola  whole  parallel  ends  are  /  and  y,  and 
its  altitude  =  y. 

And  this  area  multiplied  by  3*14159  &c.  will  be 
the  curve  furface  of  the  paraboloid  ABC  required. 

Example. 

Required  the  curve  furface  of  a  paraboloid  whofe 
axe  is  20,  and  the  diameter  of  its  bafe  60. 

Here 


For,  by  the  conftrudion,  B  L*  a  KB  x  BC  ss  CBx'TBI  as 
1-BDx  rc^j=^BDxBE  +  ~  =  \BDxBE+  J}£BD 

Corollary  IT. 

The  curve  furface  of  the  paraboloid  is  to  the  area  of  its  circular 
bafe,  as  IK  is  to  BD. 

For  the  bai'eis  =  rfX^£>1,  and  the  curve  furface  =|/5  xBDxa 
=  aX/KxBD. 

Corollary  III. 

If  M  be  the  focus  of  the  generating  parabola,  and  there  be  taken 
AN  =  MC  =  DA+  AM,  and  the  double  orJinates  PNG,  ^Mf  fi 
be  drawn  ;  the  furface  generated  by  B.4C  will  be  to  the  area  OlJ$jl, 
as  a  =  3-14159  &c.  to  1,  or  as  the  circumference  of  a  cirJe  to  its 
diameter. 

For  the  furface  is  =      x  ir/>+j/r-  }saf»p  =  i?  X  J77T7*I* 
 sr   3/*   

-  •       rs  ^  rf  X    A'  X  Ar2  —  £  </  X -VJ/ x  ^//?  =    x  PiO —  Q.AR 
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Hcre  v/3Q'+4°a  =  So  is  the  tangent.  Then,  by 

prob.  5,  50  +         x  2  x  30  x  3-14159  &c.  =  ^  x 

20  x  3-14^9  &c.  =  1225  x  3'i4i59  &c.  =  3848*45! 
=  the  furface  required. 

♦Rule  IT. 

• 

Divide  the  difference  between  the  cube  of  the  tan* 
gent  and  the  cube  of  the  ordinate  by  4  times  the 
fquare  of  the  axe,  multiply  the  quotient  by  f  of  the 
ordinate,  and  the  produd  multiplied  by  3*141 59  &c. 
will  be  the  furface. 

That  is,  x \cy  =  the  furface;  where  /  = 

x/yy  +  4*x  =  the  tangent,  x  =  the  abfcifla  or  axe, 
y  -  the  ordinate  or  femi-diameter  of  the  bafe,  and 
c-  3*14159  &c. 

Example. 

Taking  die  fame  example  as  in  the  laft,  in  which 
x  =  20,  y  =  30,  and  therefore  /  =  ^40 2  +30 2  =  50$ 
we  (hall  have  S~jf  x  30  x  }c  =  9^x  20c  =  1225  x 
3-14159  &c.  =  3848-451  =  the  furface  as  before. 

Problem  IX. 

To  find  the  curve  furface  of  the  frujlum  of  a  paraboloid^ 
having  given  its  altitude  and  the  diameters  of  its  ends. 

Rule. 

Divide  the  difference  of  the  fquarcs  of  the  femi- 
diameters  of  the  ends  by  their  diltance  or  by  the  al- 

4  N  titude 


*  This  rule  appears  in  the  inveftigation  of  the  laft. 
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titude  of  the  fruftum,  or  divide  the  difference  of  the 
fquares  of  the  whole  diameters  by  4  times  the  altitude, 
and  the  quotient  will  be  the  parameter  of  the  axe  of 
the  generating  parabola. 

Find  the  two  fums  arifing  from  the  addition  of  the 
fquare  of  the  parameter  and  the  fquare  of  each  dia- 
meter ;  multiply  each  Aim  into  its  root,  and  divide 
the  difference  of  the  produces  by  the  parameter ;  mul- 
tiply the  quotient  by  3*14159  &c.  and  £-  of  the  prc~- 
dudfc  will  be  the  furface  of  the  fruftum. 

•  That  is,  #H^B»-ff+3a*  x  .  c  a  Ae  furfec4t 
D  and  d  being  the  diameters  of  the  ends,  p  =  the 
parameter  =  — 77— >  a  =  the  altitude,  and  c  = 
3*  141 S9  &c. 

Ex- 


•  Demonstration. 
In  the  inveftigation  of  rule  1  of  the  laft  problem,  it  appears  that 


jp  X  \PP  +  //'  -ieppor -xpp  +  DDf-± epp  is  the 

of  the  fegment  whofe  bafe  diameter  is  D,  and  ^  X  pp+ddft  —  ±cpp 

cs  that  whofe  diameter  is  J;  and,  by  taking  the  difference,  $c 

 1   -± 

^  pp  +  DDF  ~pp+dd?  ^  exprefs  ^  fnrface  rf  the  fruftum 

diameters  of  whofe  ends  are  £>,  d. 

And  that  the  parameter  is  as  DD~dit  appears  thus  :  Since pX 

sc  rr,  and  px  ssjrjr,  therefore =  TT-jjr,  and  /  sb^~ 


Digitized  by  Google 


Sea.  iv; 


Paraboloid. 


327 


Example. 

Required  the  curve  furface  of  the  fruftum  of  a 
paraboloid,  the  altitude  being  25 and  the  diame- 
ters of  its  ends  48  and  15. 

Here  D  -  48,  d~  15,  and  a  =  25££. 


Therefore 


DD-dd 
A* 


-  48*  -15* 
4x25^ 


2™-  =  20 


Then  s/pp+DD,=  x/202  +  48*  =  \A704  =  52. 
And $/pp+dd  =  y/202  +  is 2  =  \/625  = 


Hence 


20x6 


x  r  =  l^.,x3.I4I59&c. 


=  4166-1  x  7S5398  &c  =  3272-047288$  ~  the  fin>- 
face  required. 

Problem  X. 

If  a  paraboloid  be  cut  by  a  plane,  oblique  to  its  axe^  it  is  ■ 
required  to  find  the  axes  of  the  elliptic  feclion. 

Rule. 

It  is  evident  that  AB 
is  the  tranfyerfe  axe.  And: 
if  Bb  be  a  double  ordi- 
nate to  the  axe  and  meet- 
ing the  diameter  AC  in  t?, 
then  ifCwill  be  the  other 
or  conjugate  axe  of  the 
feclion.  As  is  proved  in 
corollary  7  to  prop.  1  feci.  2. 

Example; 

* 

If  a  paraboloid  whofe  axe  is  45-^  and  its  baft  or 
greateft  double  ordinate  32,  be  cut  by  a  plane  patting 
through  the  extremity  of  thobafe  and  the  oppofite 

fide 
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fide  of  the  figure  at  the  height  of  20  above  the  bafe ; 
'what  arc  the  axes  of  the  fedtion. 

Draw  AF  perpendicular  to  and  meeting  with  the 

axe  DE  in  F.  Then  FE  =  ED-DF=  45}-  -  20 

=  257;  and,  by*  the  nature  of  the  parabola,  DEz 

=4x36=  1 44 ;  and  hence  FA~DC=\/  ia^. 

=  12  :  wherefore  C£  =  BD+DC=  16+  12  =  28  = 
the  conjugate  axe.     And  AB  -  y/BC2  +  CA2  = 
^/282  +  2o2  =4x/72  +  52  =  4^/74  =  34-4093010682  • 
=  the  tranfverfe  axe  required. 

Example  II. 
Let  the  fame  paraboloid  be  cut  through  the  extre- 
mity of  the  bafe  by  a  plane  cutting  the  figure  again 
on  the  fame  fide  of  the  axe,  and  at  the  fame  diftance 
of  20  above  the  bafe ;  to  find  the  axes  of  the  fection. 

Here  Cb  =  bD-D C=  16-11  =  4  =  the  conjugate 

axe.  An&bA^A&'+Cb*  my/2o*+i2=4%/sa+i* 
=  4V/26  =  20*39607804  =*  the  tranfverfe. 

•  * 

Problem  XI. 

■ 

To  find  the  folidity  of  any  fegment  of  a  paraboloid,  ivhofc 
bafe  is  either  perpendicular  or  oblique  to  the  axe, 

*  R  u  l  E  I. 

For  both  right  and  obltane  fegments. 
Multiply  the  bafe  by  half  the  altitude,  and  the 
product  will  be  the  content.  Note. 

*  Dfi  MONSTRATION. 

Let  b  denote  the  lvtfe,  a  the  altitude,  x  s=  any  variable  abfcifla, 
ca-  part  ot'  the  diameter  drawn  through  the  middle  of  the  bafe,  and 
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Note. 

When  the  bafe  is  perpendicular  to  the  axe,  it  is  a 
circle,  and  the  altitude  is  equal  to  the  whole  length 
of  the  axe  contained  between  the  bafe  and  the  ver- 
tex.— But  if  the  bafe  be  oblique  to  the  axe,  it  will 
be  an  ellipfe,  and  the  altitude  will  be  the  perpendi- 

4  O  cular 


/  ss  the  fine  of  the  angle  formed  by  this  diameter  and  its  ordinate, 
to  the  radius  i. 

bsx 

Then  as  a  :  sx  ::  b  :  —  =  the  feftion  correfponding  to  the  abfcifla- 
x,  by  prop,  i  fee*.  2.    Wherefore  ^  X  bsx  =s  the  fluxion  of  the  fo- 

lid  ;  and,  by  taking  the-flucnt,  the  folid  itfelf  will  be*"** ;  which, 

when  jx  =  a,  becomes  \ab  for  the  whole  folid  whofe  bafe  is  b  and  • 
and  altitude  a.  Q,E.D. 

■ 

Corollary  I.  . 

A  "paraboloid  is  equal  tohalfa  prifmof  the  fame  bafe  and  altitude ;  or 
a  prifm,  a  femi-fpheroid  or  femi-fphcre,  a  paraboloid,  and  a  pyramid, 
all  of  equal  bafes  and  altitudes,  arc  to  oneanother  as  the  numbers  i,  i ,  . 

and-j-i  or  as  6,  4,  3,  3 ;  and  are,  therefore,  in  a  discontinued  geome- 
tric proportion  whofe  ratio  is  that  of  3  to  2.  Which  will  appear  by 
comparing  the  above  value  .of  the  paraboloid  with  thole  of  the  other 

folids.  When  the  bafe-  of  the  paraboloid  is  perpendicular  to  the 

axe,  or  when  the  paraboloid  is  right,  theicmi-fpheroid  or  femi-fphere 
will,  alfo,  be  right,  and  the  prifm -and  pyramid  will  be  the  right  or 
common  cylinder  and  cone,  the  common  bale  being  a  circle  ;  but  if 
the  paraboloid  be  oblique  by  having  its  bafe  oblique  to  its  axe,  the 
common  bafe  of  all  the  folids  will  be  an  ellipfe,  the  femi-fpheroid 
will,  alfo,  be  oblique  by  having  its  bafe  oblique  to  its  axe,  and  the 
prifm  and  pyramid  may  be  cither  right  or  oblique. 

.  ■     .  .  . 
Corollary  II. 

If  upon  the  diameter  NP  =  BC  =  the  conjugate  axe  of  the  fcclion 
A3  be  defcribed  a  circle,  the  oblique  paraboloid  or  fegmcnt  AH  B 

will 
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cular  demitted  to  the  bafe  from  the  vertex  of  the 
diameter  drawn  through  the  middle  of  the  bafe,  or 
it  will  be  equal  to  the  product  arifing  from  the  mul- 
tiplication of  the  part  of  the  laid  diameter,  inter- 
cepted by  the  vertex  and  the  bafe,  by  die  fine  of  the 
angle  of  inclination  to  the  bafe. 

Ex- 


will  be  equal  to  the  right  paraboloid  whofe  bafe  is  that  circle,  and  its 
altitude  M H.  For,  the  diameter  of  the  circle  being  the  conjugate 
axe  of  the  bafe  of  the  oblique  paraboloid,  the  circle  will  be  to  that 
bafe  as  the  conjugate  is  to  the  tranfverfe  axe,  that  is,  as  CB  to  B  A\  ^ 
but  KH  is  to  H  M  in  the  fame  proportion  of  CB  to  B A;  confequcntly 
A*//X  elliptic  bafe  AB  will  be  =  HAlX  circular  bafe  NP  or  BC. 

It  is  alio  evident,  that  all  fegmcnts,  right  or  oblique,  having  the 
fame  vertex  H,  and  the  tranfverfe  axes  of  whofe  bafes  pafs  through 
the  fame  point  M  and  terminate  in  AC,  0Pt  parallel  to  and  equi- 
diftant  from  H ISU  will  be  equal  to  one  another. 

Corollary  III. 

If  B,  b  denote  the  two  bafes  or  parallel  ends  of  the  fruftom  of  a 
paraboloid,  either  right  or  oblique,  and  d  the  diftance  of  the  ends, 
or  the  altitude  of  the  fruftum ;  then  \  d  X  B+b  will  be  the  folidity  of 
the  fruftum. 

For,  by  this  problem,  \AB  is  the  fegment  whofe  bafe  is  B  and 
altitude  A,  and  \a  b  is  that  whofe  bafe  is  b  and  altitude  a ;  wherefore 
the  fruftum,  or  the  difference  of  the  fegmcnts,  is  \  AB  —  \ab :  But, 

by  the  nature  of  the  paraboloid,  B  —  b  :  d  (A— a)  ::B:Ass 

B  —  b 

bd 

and  B—bid::b:ass       ^ ;  which  values  of  A  and  a  being  fub- 

ftituted  for  them,  we  obtain  \AB— \ab  =  -^"^  =  idxB+b. 

2  B  —  2b 

Corollary  IV. 

Let  AG Bb  be  a  right  fruftum,  HI  the  diameter  to  the  double  or- 
dinate JB,  and  H  K  perpendicular  to  AB,  that  is,  H K  the  altitude 
of  the  oblique  fegment  AH  B.  Then  the  value  of  the  oblique  feg- 
ment AHB  it  in  x  ABxBC'x  MA,  putting  n  =s  785398  &c. 

But 
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Example  I. 

Required  the  folidity  of  a  right  paraboloid  whofe 
axe  is  30  and  diameter  of  its  bafe  40. 

By  the  rule,  40 *  x  1 5  x  7853  98  &c.= 1 8849*^92 1 5 
=  the  folidity  required. 

Ex- 


But,  by  the  property  of  the  figure,  3D*— DC*  :  Cjf  ::'BD*—DI*  : 
BD*-D/*  rtr  * 

BD*-DC>  *CJ=      *  hcncc  MH  =  HI~ IM  =  HI-\CA 

BD  +  DC  BCxCA 
=  BD  —  bC  X  *  8Df   ;  and'  by  fimiJar  Wangles,  ^  : 

/if*/,  i/jr—  HMxCB      BC*xCA      .  . 
tf<7  ::  MHiHKit—fj—  «  __  ;  therefore  the  ob- 
lique fegment  or  \nx  ABxBCxH It,  will  be  s  ££IX 

Or,  by  fubftituting  the  value  of  CA,  viz.  BD%~^C%  x  DB 
BCxiDI  n 

=  — 2*I)i —  X         m"cad  of"  ic»       &me  fegment  AHB  will  be 
Z?C4      „  BC* 

=  m7**DEx"v*BFxDEx*n' 

Corollary  V. 

If  from  DExBb1  x\»,  the  value  of  the  right  fegment  bEB,  be 
taken  the  above  value  of  the  oblique  fegment  AHB,  there  will  remain 
Bb*  —  /iC*        -  Bb*  —  BC* 

— —  X  DE  x  iff,  or  Bp._4Q*  XCAxi»  for  the  value 

of  the  greater  ungula  b  AB. 

COROLLART  VI. 

And  if  from  the  faid  value  of  the  oblique  fegment  AHB,  be  tafcen 
that  of  the  right  fegment  AEC,  viz.  d£LxDEx\n  or  j-^^i 

XCAxin,  there  will  remain  X  DE  x  in  or 

tib  Bb%—AC* 
X  CA  x  in  for  that  of  the  left  ungula  AGB, 
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Example  II. 

If  from  the  above  right  paraboloid  be  cut  a  part 
BAb,  by  a  plane  paffing  through  the  extremity  of 
the  bafe,  and  the  oppofite  fide  at  the  height  AC  of 
22y  above  the  bafe ;  it  is  required  to  find  the  content 
of  the  oblique  fegment  AHB, 

Here  FE  =  ED -CA  =  30-22-i-  =  74-;  then,  by 
the  property  of  the  parabola,  y/DE:  s/EF:i  BD: 

AF-BDs/F^  =  20\/^  =  20v^  =  20x^=10;  hence 

BD  +  DC  =  BD+AF  =  20+ 1  o  =  30  =  CB  the  con- 
jugate diameter  of  the  bafe,  by  the  laft  problem ; 

and  x/AC^CB*  =  ^22-5 2+3o2  =  7-5^3 2  +  42  = 
7*5  x  5  =  37*5"  =  tne  tranfverfe.  Now  H  being 
the  vertex  of  the  diameter  HMI  drawn  through  M 
the  middle  of  AB,  and  HK  perpendicular  to  AB, 
the  triangles  HKMy  MIB,  BAC,  will  be  fimilar ; 
but  MB=  \BA,  and  therefore  MI=\CA=  11^; 

but  HL  =  Df  =  B-^-  =_££ZLif>  =  5  j  then,  by  the 

property  of  the  parabola,  BD3 :  BD* —L'H2 ::  DE: 
^=^xM  =  ^x  30=£zillX30  = 

i|l  =  Hi=  28i;  hence  HI-IM=  28f-iii-  =  i<5£ 
=  MH-,  and,  by  fimUar  triangles,  AB :  BC::  MH: 
/ftC=    BA    =   3T7.5   =  1  3t  =  the  altitude. 

Then  CB  x  BAx  {HKx'y$S39%  &c.  =  30x37-5 
X675  x  785,398  &c.  =  7593*75  x  78539^  &c;  = 
5964*1 173033  =  the  fegment  required. 

Rule 
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Rule  II. 
For  the  oblique  Jegment, 

Divide  the  fourth  power  of  B  C  by  the  fquare  of 
Bby  multiply  the  quotient  by  \DEy  and  the  pro- 
duct multiplied  by  '785398  &c.  will  be  the  content 
of  the  oblique  fegment  ARB. 

That  is,  ~X  tDF**i=AHB.  By  corollary  4. 
Example. 

RC* 

Taking  here  the  laft  example,  we  have  ^  x  ~  DE 

=  7593  75x*785398  &c.  =  5964*1173033  the  fame 
as  before. 

Problem  XII. 

To  find  the  content  of  the  fmjlum  of  a  paraboloid,  hav- 
ing its  ends  parallel  to  each  other,  and  either  right 
or  oblique  to  the  axe. 

Rule. 

Multiply  the  fum  of  the  two  ends  by  their  dis- 
tance or  altitude  of  the  fruftum,  and  half  the  pro- 
duct will  be  the  content. — As  is  proved  in  corollary  3 
to  the  laft  problem. 

Note. 

The  fame  things  may  be  obferved  here  as  in  the 
note  to  the  laft  problem. 

Example. 

The  length  of  a  ca(k,  compofed  of  two  equal  fru- 
ftums  of  a  paraboloid,  is  45  inches ;  required  the 

4P  content 
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content  in  ale  and  wine  gallons,  fuppofing  the  bung, 
diameter  to  be  40  and  the  head  diameter  20  inches. 

Here  401  +  202  x  785398  &c.  x  22y  =  45000  x 
•785398  &c.  =  35342*917352885.  =  the  content  in 
inches. 

Then  iii^Ilil  -  125*329494  ale  gallons. 
And  3?34^9tI7?y  =  1 5^*999^4  wine  gallons. 

Problem  XIII. 

To  find  the  folidity  of  the  parabolic  ungula  bAB,  or 
BAG,  made  by  a  plane  pafftng  through  the  oppofile 
extremities  of  the  ends  of  the  fruftum  AGBb. 

Rule. 

Divide  the  difference  of  the  4th  powers  of  the  di- 
ameter of  the  bafe,  and  half  the  fum  of  the  diame- 
ters of  the  ends  of  the  fruftum,  by  the  difference  of 
the  fquares  of  the  faid  diameters ;  multiply  the  quo- 
tient by  785398  &c.  and  the  product  multiplied  by 
half  the  altitude  will  produce  the  content 

And  x  CA  x  \n  =  the  ungula  BAG*— 

As  is  proved  in  corol.  4  and  5  of  prob.  10- 

Example  I. 

If  a  veflel,  in  form  of  the  fruftum  of  a  parabo- 
loid, and  open  at  the  narrow  end,  be  fo  placed,  that 
the  liquor  in  it  may  juft  cover  the  bottom,  whofe 
diameter  is  40  inches,  and  rife  to  the  height  of  224- 

inches 
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inches  towards  the  top  of  it ;  required  the  quantity 
of  liquor  contained  in  the  velTel,  fuppofing  the  dia- 
meter of  the  veflel  at  the  upper  edge  of  the  liquor 
to  be  20  inches. 

Here  Bb=^o}  CA=22'£i  and  AG  =  20;  confe- 

quently  BC  =  =  30. 

Hence  4o»-20»  X  22*  X  "a   ~96~  X  9°  * 

785398  &c.  =  12885-438618  cubic  inches;  which 
being  divided  by  282  or  by  23 1,  will  give  45*693044  , 
ale,  or  55781 119  wine  gallons. 

E  x  A  M  p  l  e  II. 

If  the  vellel  have  its  dimensions  inverted,  that  is,, 
if  AGB  be  the  part  filled,  AB  being  the  furface  of 
the  liquor,  the  bottom  diameter  AG  being  20,  the 
diameter  Bb  at  the  top  of  the  liquor  40,  and  the  al- 
titude AC  22±  inches ;  required  the  quantity  of  liquor. 

TT       BCt'  —  AG*>       A~      ,         30*  — 30* 

Here  ^Tag^  x  ac  x  t«  =  40»-ao'  x  22^  x 
=  .to?  x  90  x  -785398  &c.  =  4786-020058 :< 

cubic  inches  =  16*971702  ale  gallons  =  20*718701 
wine  gallons.. 

Problem  XIV. 

To  find  the  folid'ity  of  the  jlicc  ABC  cut  off  a  parabo- 
loid ADE  by  a  plane  FCG  parallel  to  the  axe  DH. 

Rule. 

Multiply  the  bafe  of  the  flice  by  the  fquare  of  the 
diameter  of  the  bafe  of  the  whole  paraboloid,  and 

divide 
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divide  the  product  by 
thefquare  of  the  chord 
of  the  bafe  of  the  flice  j 
from  the  quotient  fub- 
tract  |  of  the  product 
of  the  faid  chord  and 
its  diftance  from  the 
center  of  the  bafe  of 
the  .paraboloid ;  and 
the  difference  multiplied  by  half  the  altitude  of  die 
flice  will  Be  the  fblidity  required. 

That  is,  —  3 —  x  i  B  C  =  the  flice 

ADC.  _ 

Ex- 


Demonstration. 


By  corollary  4  prop.  1  feet.  2,  the  feclion  FCG  is  a  parabola  hav- 
ing the  fame  parameter  with  the  generating  parabola  EDA,  and 

therefore  \FGxCB  X  BA  is  the  fluxion  of  the  folid  :  but,  putting 
a  ss  DHy  r  =:  N  J,  x  =  ABt  and  y  =  BG,  by  the  property  of  the 

parabola,  it  will  be  rr  :  a  : :  yy  :  ^  ss       ;  and,  by  the  property 


of  the  circle,  r  —  x  ss  \/rr—yy;  hence  5./  ss  *  ss 

*/rr—  yy 

then,  by  fubftituting  thefe  values,  the  fluxion  of  the  folid  will  become 


,  whofc  fluent  is  a  x  area  5  AG  — 


11  x  -y4> 

grr      Jrr  —  yy 
ss  the  folid  required. 

But,  putting  A  for  the  altitude  BC,  it  will  be  yy  :  A  ::  rr  : 
/It  t 

«  ss  wn>cn  being  fubflituted  for  it  in  the  above  found  value 


rr 


of  the  folid,  gives  A  X  —  X  BAG  —  ^yt/rr—yy  ss  itf^T  X 


X  FAG  -  i^FG  x  5#  ss  the  flice  yftTi?.  D. 


Co- 


Sed.  IV.  Paraboloid.  337 

E  x  A  M  p.  l  e  I.  r 

If  "a  cafk,  compofed.of  two  equal  paraboloidal 
fruftums,  having  its  length  =  40,  its  bung  diameter 
32,  and  its  head  diameter  24  inches,  when  laid 
with  its  axe  parallel  to  the  horizon,  want  io  much 
of  being  full  that  there  are  3y  =  3*2  inches  of  the 
bung  diameter  left  dry;  it  is  required  to  find  how 
many  ale  gallons  will  be  neceflary  to  £11  the  caflt. 

Here  3*2  is  the  verfed  fine  of  the  bafe  of  the  fKce, 

and  —  =  *i  =  the  tabular  verfed  fine,  to  which,  in 

32  -*  * 

the  table,  correfponds  the  area  '04087528,  and  hence 
•04087528  x  32 2  =  41*85628672  =  the  bafe  of  the 
flice. 

4<L  But 

 5  

Corollary  I. 
The  flice  ABC  is  equal  to  a  paraboloid  of  the  fame  altitude,  and 
whofe  bafe  is  equal  to  the-  difference  between  ^  of  the  rectangular 
area  HBGlxoA  a  fourth  proportional  to  the  areas  £Gl,  HA*, 
FAGF. 

C  OA  o  L  l  a  r  r  II. 
From  the  demoallration  it  appears  that  the.  flice  is  alfo  equal  to 

a  xB  AG  —  . 

COROLXARY  III. 

When  B  coincides  with  ff,  A  will  be  =  a,  and  t  ssj;  and  there* 
fore  the  rule  becomes  axH  AK  =  half  the  paraboloid. 

Corollary  IVj  . 
From  a  x  HAK  =  half  the  paraboloid,  fubtraft  ax  B  AG  — 
ayWrr-yy  _  ^  ^  JBC>  ^  ^  ^  rcmaIn  a%HBGK 


4.  aJWrr    »  =axHBGK+  \j,SDLxLH  for  the  value 

of  the  cooipferoental  flice  DHBC\  CL  being  drawn  parallel  to  HA. 

Co- 


3*8 


.Part  It 


But,  by  the  property  of  the  circle,  2^3*  -  3*2  *  3'2 
£T-»%/"8'8  x  3*2  £  19*2  =  the  chord  of  the  bafe  of 
the"  ffice,  and  16-3*2  =  12*  -  '*» *ft*a* .ft£» 
center  or  middle  of  the  bung  diameter.  Alio,  by 
the  nature  of  the  parabola*  rk  iaf  :  ap;::;  9-6; : 
9  6»  xso  _  2£  _  ,      =  the  attitude  of  the  flice,  or 

t  %c  *  »   t     .    .      .  .  ... 


half  die  length  of  the  empty  part. 
Then, 


H '"8563867 a  X32I 
X9'2  x  19*2 


i9:2xi3-8  v  a£ 


-41-8562567=  *  V 
3- 


-  6-4  x  i2-8x  ^-- 

•8» 


41-85628672  xj:  -r  ;4x?y^2  *  7  =  1072 

cubic  inches  =  2*004472  ale  gallons  =  the  content 
of  the  empty  part  required. 


••  >.  .t 


Co  KOLLit  Y  V. 


After  the  fame  manner 
■may  be  found  the  flice  pa- 
rallel to  the  axe  of  an  ob- 
lique fcgmcnt  AD  E. 

Thus,  fincc  \EG  x  CB 

X  B'Axs.  l  ABC  is  the 
fluxion  of  the  flice  ACB,  by 
putting  a=  DH  the  dia- 
meter of  the  double  ordi- 
nate AEt  t  =  HA  the 
femi-tranfverfe  axe  of  the 
legion  AFEGA,  ess  HK 
=  i  £  M  s=  the  femi-con- 
jugate,  xszABr  add  y  * 
;  we  fhall  have  cc  : 

SH^BCs  but 


*  : :  yy 


cc 


cc  :  it  ::yy  :tt  —  t  —  x\%t 


SecVIV.  P^RAHoLoii*  339 

v 

Example  II; 

J[f  the  fame  jcaflc  be  placed  in  the  fame  manner, 
and  6 -  inches  of  the  bung  diameter  be  dry;  re- 
quired how  many  ale  gallons  the  calk  wants  of  be- 
ing full. 

Here  the  dry  inches  being  more  than  16-12  =  4 
the  difference  of  the  -bung  and  head  femi-diameters, 
ihews  that  6f  -  4  =  aj-  inches  of  the  head  diameter 

alfo 


.  f  tf~c  c  —  v  y  •  •  I  v y 

hence  t  —  x  si   — ,  and  x  r=  B  A  r=   -~=z\  alfo  s. 

c*/cc—yy 


1  ♦ 


i.         is  ss.  £  ;  confcquently  the  above  fluxion  will  become  =  *y 

•  » 

X  ^  X  -7^—  X  ;  =    4"/V    -  ;  thcJhient  of  which  viz.  £ 

X  elliptic  area  BAG-V'j/ilZJl  wUi  ^  ^  value  ^  ^  flice 
S.CA. 

Or,  if  04.be  drawn  perpendicular  to  AE,  fince,  by  fimilar  tri- 
angles, it  is  /  :  c  ::  a  :  °-l  =  Z)A,  die  fame  flice  2?£y*  will  be  e». 

preffed  by  Db  X  l^C  —  *}Wc*  —  yy      D6>(  B  AG  _ 

DffxFG*  jem*  —  fg% 

\iEM* 

And  if  Ctf  be  produced  to  meet  E  M  In  0,  and  0  AT  be  perpendi- 
cular to  E  M  and  meet  the  circle  ENM  in  A';  then  will  the  circle 
ENM  be  to  the  ellipfe  EG  A,  is  well  as  the  fegment  N  MO  to  the 
fegment  GAB,  as  ME  to         as  c  to  /;  and  therefore  the  value 

of  the  flice  2?      will  alfo  be  a  x  A7  A'S  —  aJl^  ccZLll 

 l2£Af»  *    Where  ^  circular  area 

A/A^tf  is  the  projection  of  the  elliptic  area  ABC,  bylines  parallel 
to  the  diameter  DH  upon  a  plane  perpendicular  to  the  fame. 

More 
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alfo  is  dry ;  and  therefore  the  empty  part  of  the 
cafk  will  be  double  the  difference  of  two  dices  the 
verfed  fines  of  whofe  bafes  are  6{  and  2  j,  the  whole 
diameters  being  32  and  24. 

Now  the  tabular  verfed  fines  will  be  ^7='2,  and 

^  =  *r,  whofe  tabular  areas  are  '11182380  and 

•04087528;  hence  32* x'u  18238  =  1 14*5075712  = 
the  bafe  of  the  greater  flice*  and  24*  x  '04087528 
=  23*54416128  =  that  of  the  lefi. 

Again, 


Moreover,  face  yy  :  cc  ::  BC  =  A  :  a  =  HD  as  jS,  by  fub- 
ftkuting.tlm  value  of  a  inftead  of  it,  the  folidity  of  the  iame  flice  witt 
become  ^  X  ACB  -  i,  Ay  V^=F  »  *C  K 

*?y  __ 

Corollary  VI. 
Hence  the  flice  FC  AC  is  equal  to  a  paraboloid  whofe  altitude  i* 
&C,  and  its  bafe  equal  to  the  difference  between    of  the  rectangular 
area  P I  NO  and  the  fourth  proportional  to  the  areas  NO*,  MP*» 
tMNO. 

Corollary  VII. 
When  A  coincides  with  H ,  the  rule  becomes  barely  DM  x  MQP 
__  DhxHKA  for  the  value  of  DAN  =  DEH  =  half  the  ob- 
lique fetnnent. 

Corollary  VIII. 
*  By  taking  the  flice  from  the  femi-fegment,  we  obtain  Dff  X 

i»<5^^.+  D  //  X"*  ^ "g  ^  =  D  H  X  P0A-£+  2) H  x  ^^T- 
fbr  the  value  of  the  complemental  flice  DCB  H. 

Corollary  IX", 
And  by  adding  this  laft  to  the  femt  fegment,  there  refults  D  H  X 

ENQ  +  DH  X  ^p-ffiT-  =  — offl —  X*NO+BCxiNO 
XQP  fdr  the  value  of  the  flice  ED  QBE  greater  than  the  femi- 
fegment,  C°- 
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Again,  16  —  6' 4.  -  9*6  =  the  diflance  of  the  chord 
of  the  bafe  of  the  greater  flice  from  the  middle  of 
the  bung  diameter,  and  12  -  2*4  =  9*6  =  the  dis- 
tance of  that  of  the  lefe  from  the  middle  of  the  head 
diameter;  and  hence  the  former  chord  will  be  = 
2  s/ 162  -  9'6J  =  2  x/25'6  x  6*4  =  25*6,  and  the  latter 
=  2N/i2J-9*6I  =  2v/2r6x2*4=  14*4. 

Moreover,  by  the  nature  of  the  parabola,  as 

r  t 2.8 2  :£^LOl- ii!  -  20/T ' 
16— 122  or 28x4:20::  j         20X7r8,  J|, 

=  the  altitudes  of  the  dices.  

~  r  ^  mTomn  *  331  25-6  x  9-6  v  32s  _ 
Conlequently,  3        *  —  — 

4   ^ 

i'i4r50757 12  x  5-'4  x  25*6'  x  y  =  2837*886683  = 

the  double  of  the  greater  flice. 

4  R  And 


Corollary  X. 

It*  RGSFR  be  a  circle  perpendicular  to  BC,  and  if  from  its 
center  7*  be  demitted  the  perpendicular  77'  ;  then,  by  taking  the 
oblique  flice  ABC  from  the  right  flice  SB 6",  we  fliall  obtain  BC 
x  KS'xtSC-BU'xONN+FG'xjPr  ^  rf 

x  ^771 

the  ungula  or  cuncus  AFGS  A  contained  between  the  two  fectiona 
RFSG  R,  EF ACE.  And  the  fame  will  hold  theugh  both  the  fec- 
tions  be  oblique 

Corollary  XI. 
And,  in  the  fame  manner,  BC 

tht  oppofite  ungula  or  cuncus  EG FRE. 
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2r£44l6j28x24»       i4-4  x  9-6  18* 

Alld  14-4-  i  *  if38 

33-$44i6i28  x  5»       14-4  X9-6  18* 

3*   3        X  J$~  t 

23-544i6^8><5  -  *4x  14V  *  f  =  178-852147  = 
the  double  of  the  lefs. 

Wherefore  2837-88^83-178*852147  = 
2659*034536  inches  =  9-4292  ale  gallons  =  die 
quantity  required. 

Problem  XV. 
Tofnd  the  Jolidily  of  a  parabolic  fpindlc. 

*  R  U  L  E. 

Multiply  the  area  of  the  greateft  circle,  or  mid- 
dle fedion,  by  the  length,  and  ,87  of  the  product 
will  be  the  content. 

That 


#  DEMOKS  TXAT1CK, 

Putting  a  =  DC,  bz=CA,  c  =  3-14159  &c.  x  s=  AG,  and y  — 
CH\  wc  (hall  have,  by  the  property  of  the  parabola,  as  AC*  : 

CD,,A€^CB,GH^ay,^l^^IlSlll^yt  pnN 
J>b 

ting  ^  =  —  =  the  parameter  of  DC;  and  hence  the  fluxion  of  th« 
folid  cyyx  will  be  y  X  2bx  —  xxl*  ;  the  fluent  of  which  <-x'  x 

T—  T- —  will  be  a  general  expreffion  for  the  fegment  AFJ/; 

8cb* 

which,  when  x  =  b,  gives  =  ^caab  for  the  vaJue  of  the 

fcmi-fpinJle  AD  E.         E.  D. 
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1 

^ — 

L 

That  is,  tt» 
x  Z>£2  x  AB  = 
the  whole  folid 
ADBEA  ;  -4  5 
being  the  length 

or  axe,  the  greateft  diameter  or  double  the 
abfcifla  of  the  generating  parabola  ADB,  and  n  = 
•785398  &c. 

Example. 

Required  the  folidity  of  a  parabolic  fpindle  whofe 
length  is  80  and  greateft  diameter  32. 

By  die  rule,  785398  &c.  x  32  s  x  80  x  T*r  = 
•785398  &c.  x  43690}  =  343H' 569357 6  =  tne  con- 
tent required. 

Pro- 


Corollary  I* 

A  parabolic  femi-fpindle  is  to  a  cylinder  of  the  fame  bafc  and  alti- 
tude L  8  to  1 5 .  and  to  a  paraboloid  of  the  fame  bafc  and  altitude  as 
8  to  7i  or  as  16  to  15. 

Corollary  II. 

It  appears  from  the  demondration  that  the  fcgment  JHFistx- 
jKfid  by         X  Mh-b*  +  r**  m  c  X  AGi  X  DC*  X 

1  7c~* 

Corollary  III. 
If  from  the  value  of  the  femi-fpindlc  ADEht  taken  that  of  the 
fegment  JFH,  there  will  remain         -  cx*  X  ^  —  

i-  If  (or  ca*s\  X  A4—  f**z*  +fs*  for  ^  of  the  fruftum 
EFHD,  putting  z  inttead  of  *  —  x  =  CC.  And  if  inftcad  of  z, 


344  Paraboloid.  Part  IIL 

Problem  XVI. 

To  find  the  content  of  the  fegment  AFH  of  a  para- 
bolic fpindle. 

Rule. 

To  |  of  the  fquare  of  the  length  of  the  femi- 
fpindlc,  add  \  of  the  fquare  of  the  altitude  of  the 
fegment,  from  the  fum  take  the  produft  of  the  faid 
length  and  altitude,  and  call  the  difference  P. 

Mul- 

in  the  two  laft  terms  of  this  expreffion,  be  fubftitutcd  its  value 
b  </ the  value  of  the  faid  fruftum  will  he  denoted  by  czX 

IS  60 

CotOUART  IV. 

If  to,  or  from,  the  fruftum  DEFN^x  cA  X  8Jtl±±*lLtl^  .  _ 

60 

be  added, or  fubtraftcd,  the  (cutomDIKE  =  ca xSDl±^^+3^\ 

there  will  refult  c  X  7  £- 

60 

for  the  value  of  the  fruftum  H IKF,  neither  of  whofe  ends  pafs 
through  the  center  ©f  the  fpindle,  the  upper  or  under  figns  being 
ufed  according  as  the  faid  center  is  within  or  without  the  fruftum, 
and  wherein  D  rcprelents  the  diameter  through  the  center  of  the 
fpindle,  d  the  diameter  of  the  lefs  end  of  the  fruftum,  and  /  that  of 
the  greater  ;  alfo  A  the  diftance  of  d  from  the  center  of  the  fpiodlc, 
and  a  that  of  <f  from  the  fame.  Or  in  a  calk  of  this  form,  (landing 
upon  one  end,  D  will  be  the  bung  diameter,  </.the  head  diameter, 
2  A  the  length  of  the  calk,  A  ±  a  =  <u>  =  the  wet  inches  of  2  A, 
and  -f  the  diameter  at  the  furfacc  of  the  liquor,  the  value  of  which 
Jiamctcr  is  as  determined  in  the  following  corollary. 

Corollary  V. 
Since,  by  the  property  of  the  parabola,  A*  :  a*  ::  Z>— d  :  D—A 

,      '  DA*  -  a*  X  D-d 

:\v:  value  of  /  will  be  . —  ^ 
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Multiply  the  cube  of  the  altitude  of  the  fegment 
by  the  fquare  of  the  greateft  diameter  of  the  fpin- 
i!fle,  divide  the  product  by  the  fourth  power  of  the 
length  of  the  femi-fpindle,  and  call  the  quotient  J^. 

Then  the  product  of  P  and  ^  multiplied  by 
".785398  &c.  will  give  the  content  of  the  fegment. 

That  is,  1  —jci — —  xAG1  xDE*  x 

•785398  &c.  =  the  fegment  AFHt  by  corollary  2  of 
the  laft  problem. 

Example. 

If  the  diameter  of  the  bafe  of  the  fegment  of  a 
parabolic  fpindle  be  24,  and  its  altitude  20  ;  what 
will  be  the  content,  fuppofing  the  length  of  the 
whole  fpindle  to  be  8c*. 

Here  AC  =  40,  AG  =  20,  and  GH-  12  ;  then 
GC  =  40  -  20  =  20,  and, by  the  parabola,  AC2  - CG  : 

GH ::  AC2  :  CD  =  A(1._CG>  =  *  4  x  4  =  1 6 ? 

the  double  of  which  gives  DE=  32. 
Then,  by  the  rule,  ^f-  -  40  x  20  +  221  x  2-^J± 

x  78539s  &c-  =  t-x  +  To  x 5 x 32 5  x 785398  &c. 
=  8°~33°  +  3  x  1 6 2  X785398  &c.  =  4522I  x  785398 
&c.  =  3552*004003650  =  the  content  required. 
Problem  XVII. 

To  find  the  content  of  the  fruftum  of  a  parabolic  fpindle, 
one  of  the  ends  of  the  frufium  pajftng  through  the 
tenter  of  the  fpindle. 

Rule. 

Add  into  one  fum  8  times  the  fquare  of  the  dia- 
meter of  the  greater  end,  3  times  the  fquare  of  that 

4  S  of 
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of  the  left,  and  4  times  the  product  of  the  diame- 
ters ;  multiply  the  mm  by  the  length,  and  the  pro- 
duct multiplied  by  T'T  of  785398  &c  will  be  the 
content. 

=  the  fruftum  DEFH,  by  corollary  3  to  prob.  15. 

Example. 

Required  the  content  of  a  cafk  in  form  of  the 
middle  zone  of  a  parabolic  fpindle,  the  bung  dia- 
meter being  32  inches,  the  head  diameter  24,  and 
length  40  inches. 

The  cafk  is  evidently  two  equal  fruftums,  whofe 
greater  diameters  are  32  and  leaft  24,  and  their 
lengths  each  20 ;  wherefore  »»3a'  +  4»3»M  +  ?»4» 

X  40  X  785398  &C.  =  8'   X  ?iL4'+3«4»  +  3»3'  ^ 

•785398  &c.  =  !iil|±i»  x  8 » x  78  J.398&C.  =  34%* 
X785398&c.-272io*38ii703inches=96,4007i337 
ale  gallons  =  the  content  required. 

Problem  XVIII. 

To  find  the  content  of  the  fruftum  of  a  parabolic  fpindley 
neither  of  ivbofe  ends  pafs  through  the  center  ef  the 
fpindle. 

Rule. 

Multiply  the  diameter  of  each  end  by  its  diftance 
from  the  diameter  in  the  middle  of  the  fpindle,  and 
multiply  each  product  by  the  fum  of  3  times  the 
laid  diameter  of  the  end  and  4  times  the  faid  middle 

diameter  > 
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diameter  ;to  or  from  the  product  belonging  to  the  lefs 
diameter  add  or  fubtracl  that  belonging  to  the  grea- 
ter, according  as  the  center  of  the  fpindle  is  within 
or  without  the  fruftum;  to  the  fum  or  difference 
add  8  times  the  product  arifing  from  the  multipli- 
cation of  the  length  of  the  fruftum  by  the  fquare 
of  the  diameter  in  the  middle  of  the  fpindle  ;  and 
this  fum  multiplied  by  Ty  of  785398  &c.  will  pro- 
duce the  content  of  the  fruftum. 
That  is, 

BDE*xGL  +  FffxGCX4DK  +  3FH±IJ!rxLCx4I)E+i/k 

15 

x  785398  &c.  =  the  fruftum  FHIKy  ufing  the 

upper  or  under  lign  according  as  GL  is  greater  or 

lefs  than  GC\  as  is  proved  in  corollary  4  to  prob.  15. 

Notey  The  value  of  the  greater  diameter  IK  is 
DExCC>-LC*xDE-Fff        .  ... 
 as  in  corollary  5  to  the 

fame  problem. 

Example  I. 

If  the  liquor  in  the  cafk,  in  the  example  to  the  laft 
problem,  when  (landing  upon  its  end  with  its  axe 
perpendicular  to  the  horizon,  rife  to  the  height  of 
30  inches ;  what  quantity  of  liquor  will  there  be. 

Here,  by  the  note,  lK=U^£zn=Zs  30. 
Then,  by  the  rule,   

8x  32*  x  30  +  34  x  20  x  4x32  +  3  x  34  +  30x10x4x33  +  3x30 

 1  i  * 

785398  &c.  =  8  x  i62  +  4  x  128  +  72+5x64+45 
x  8  x  785398  &c.  =  27144  x  785398  &c.  = 
21318-8477473  cubic  inches  =  75*59875088  ale 
gallons  =  the  quantity  required. 

Ex- 


1 


34* 


Universal 
Example  IL 
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If  in  the  fame  cafk,  placed  as  before,  the  liquor 
rife  but  to  the  height  of  10  inches ;  howanuch  will 
be  in  it. 

Here  all  the  dimenfions  are  the  fame  quantities  as 
in  the  laft  example,  excepting  GL  which  here  is  only 
10  inftead  of  30,  and  the  cafk  is  lefs  than  half  full. 

Wherefore,  by  the  rule, 

8x32*  x  «o+ 24X20X4X  324-3X24  —  30X10X4X32  +  3X30 

15  

0       o0        8  X  i6*  +  i2X  128+72—  if  X6.4  +  45  o 
*  785398  &C.=  -~  — X  8  X 

-785398  &c.  =  7501I  x  785398  &c.  =  589r533423 
cubic  inches  =  20*89196249  ale  gallons  =  the  quan^ 
tity  required. 

Problem  XIX. 

To  find  the  content  of  the  univerfal  parabolic  fpindk, 
or  folid  generated  by  the  revolution  of  a  parabolic 
fegmtnt  round  its  baft,  being  an  ordinate  to  any  di- 
ameter, 

R  u  l  x. 

Multiply  the  area  of  the  greateft  fec"lion  by  the 
length,  and  T87  of  the  producl  will  be  the  content  9 
as  in  the  common  fpindle. 

That  is,  DE2  x  D_ 
AB  x  TT  n  =  the  fo- 
lid AD  BE  Ay  ge- 
nerated from  the 
revolution  of  the 
parabolic  fegment 
ADB  about  its 
bafe  AB  which  is 

a  double 


V 

J 

Cj  P 

• 

i 
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a  double  ordinate  to  the  diameter  DP,  and  DCE 
being  perpendicular  to  AB.* 

EXAMPLE. 

> 

If  ah  oblique  parabok,  whofe  baie  is  inclined  to 
its  diameter  in  an  angle  of  30  degrees,  be  turned 
about  its  bale ;  required  the  value  of 'the  fblid  ge- 
nerated by  its  revolution  ;  the  bafe  of  the  .parabola, 

4T  ,or 

■  — -■  1    >■■       w    ,  ■  

w  Df'moksVration. 

Let  Gk  be  parallel  to  CD,  and  JfF  parallel  to  DP;  and  put 

*  =  =r=  PA  =  i^fl,      x  CD  s  *D£,  *  =  and 

/  ss  4»  =  3*14159  &c.    Then,  by  the  property  of  the  parabola, 

AP>  :  AF  X  F  B  : :  Pi)  :  F  H  ::  (by  fito. 'As.)  CDiGHsc 

CDXBF*FA  bz  —  zz      -n   rrrrj  . 

  =b  2CX  —jj — ::CPis  */PD*  —  JJC*  =  d : 

GF^GH^DPC      Ady.b^~'.  hence  AG  =  GF+FAxz 

*  x'l+ 4^JZj4j£,  and  the  fluxion  /  x  tiC'  X  GA  of  the  foHd 
Vdl  be  >i  X  "  +  4M-8rf«  x  4£  x  n^iil*  «  4^ 

*»  x i+V- 2 &» »  xj+I? +  **'  x  ?+7o"7-  8 iz*  .  ^ flomt 

of  which,  viz.  '4 ^  c*  *'  X  

xi+^-f^zX  f+1U  +  f*e»  K*+aoV—  Wz»  ....  . 
I  -  1 — :-_  will  be 

a  general  expreflGon'fbr  the  vsilue  of  the  fegnjent ;  which,  when  z  be>» 
comes  =  *,  wiH  be  ^  peeb  a:  ^nbec  for  the  content  of  the  whole 
ioUADBEA.  %,E.D. 

*  _    ■  * 

Corollary. 

If  any  parabolas  AD  B,  ACB,  [fig.  at  corol.  i  to  prob.  having 
the  fame  bafe  AB  and  between  the  fame  parallels  AB,  CD,  be  turned 
round  their  common  bafe ;  they  will  generate  equal  fpindles. 

For  the  lengths  and  greateft  diameters  will  be  the  fame  in  all  of 
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or  length  of  the  fpindle,  being  80,  and  the 
from  the  vertex  to  the  bafe  32. 

Here  AB  =  80,  PD  =  32,  and  the  angle  DPC= 
300  ;  then,  as  radius  =  1  :  i  =  fine  LP  or  300  :: PD 
=  32  :  D  C  =  16  =  the  radius  of  the  greateft  circle  of 
the  fpindle. 

Wherefore  32s  x8ox  t8t  x  785398  &c  =  785398 
&c.  x.43690}  =  343i4'5°93576  as  in  the  example 
to  prob.  15. 

Problem  XX. 

To  find  the  value  of  an  univerfal  paraboloid,  or  body 
generated  by  the  revolution  of  a  parabola  round 
any  diameter. 

Investigation,, 

Suppofe  AB  to  be 
the  diameter  about 
which  tile  parabola 
C-^trrevolves,  CAD 
a  vertical  fection  of 


1  » • 


j 

M 

\A 

by  AC,  and  dgAC 
that  of  the  folid  generated  by  cGA  \  alfo  let  GIH 
be  perpendicular,  and  FEIF  parallel  to  Cc.  Then, 
by  the  property  of  the  parabola,  CH2  =  bb :  HG  = 
a  r.CW-lF1  =  CH'  -  FE^e1\>  =  bb -y^d\2 
:  BE  =  x::-2y  x  y^d :  x  =  -2ay  X"^ hence 

the  fluxion  of  the  folid  2cyyx  will  become 
—  2 acy  2y  x  y-jp  >  and  the  correct  fluent  gives  ac  x 

 m —  - 

a*x 
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*c  x  ^  for  the 

value  of  the  folid  required,  in  "which  the  upper  figns 
refpect  the  folid  dkfc  generated  by  cfy  and  the 
under  the,  folid  DKFC  generated  by  CF. 

Corollary  I. 

When  £  arrives  at  A,  then  y=  o,  and  the  expref- 
fion  becomes  ac  x  b x  36^  d  -  c  x  HG  x  CB* 

*CJTnr  -  (by  ^ftituting  for  HG  its  value 
cxCB'x  BAx  B-^£*  for  the  folid 

CAD. 

And  if  CM  be  an  ordinate  to  the  diameter  AB, 
we  mail  have  as  cB:BC  ::  BA  :AM= 

hence      x  — ^ —  will  be  =  g  ,  and  con- 

fequently  the  above  value  of  the  folid  CAD  be- 
comes cxCB*  x2By*+  JM 

CORO'LLARX  II. 

When  B  coincides  with  H>  d  will"  be  =  0,  and  : 

£4         4  . 

then  the  rule  becomes  ac  x    .£>  =cx  \HIx  bb+yy 

for  the  fruftum  CF/c  generated  about  HI,  as  in 
problem  12.  Or  cxCHz  x  ±HG  for  the -whole 
paraboloid,  as  in  prob.  1 1. 

The  Investigation  otherwife. 

Suppofing  FL  to  be  an  ordinate  to  the  diameter 
AB  whofe  parameter  is  p>  and  putting  m  and  n  for 

the 
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the  fine  and  cofine  of  the  angle  L  to  the  radius  i ; 
we  'lhall  have  FL  =  \/p  xLA  =  \/px,  where  x  is 
*now  =  LA  ;  then  FE  -  ms/px,  and  FL  ~  ny/pxi, 
-hence  FA  —  AL+LF  =  x  +  n\/px.  Then  the  fluxion 

-of  the  folid  c  x  Fk2  x  FA  =  cnt3p'x  x  x+inW{* 
whofe  fluent  gives  cm2px  x  ^.x  +  ~iiy/px  =  cyy  x 
ax  +  W/x^  <  xJT*  x7-Ej4+ALioT  the  value  of 
the  folid  '^F/Sl"  generated  by  the  revolution  of  AF. 
And  <:  x  CB2  x  t AM  for  the  folid  as 
above. 

5t  H  O  L  I  U  M. 

It  is  evident  that  the  furface  of  this  folid  might 
l?e  found  by  the  method  by  which  we  determined 
that  of  an  elliptic  ipindle ;  and  the  liirface  of  the 
parabolic  fpindle  alfo  might  eafily  be  determined  if 
there  appeared  an  occafion  'for  it,  but  not  by  the 
fame  method. 


S  E  C  T  I  O  N  V. 

*0f  hyperbolic  Lines,  Areas,  Surfaces,  and  Solidities. 

Definition  s. 

*T"*0  what  hath  been  faid  of  the  hyperbola  among 
JL    the  conic  fections  in  general,  may  be  added 
tlie  following  obfervations. 

If  AVB  touch  the  hyperbola  in  the  vertex  V,  and 
be  equal  to  the  conjugate  axe,  viz.  ^and  VB  each 
<qual  to  the  half  of  the  conjugate  axe,  and  if  from 

the 
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the  center  C  through  the 
extremities  A,  B,  right 
lines  CAt  CB,  be  drawn, 
thofe  lines  will  be  what 
are  called  afymptotes  to 
the  hyperbola  ;  that  is, 
they  are  lines  which  c  on- 
tinually  approach  to  the 
curve. 

And  like  as  the  con- 
jugate axe  is  a  tangent  to  the  curve  at  the  vertex 
of  the  tranfverie  and  bounded  by  the  afymptotes, 
fo  if  to  the  extremity  D  of  any  diameter  Dd  be 
drawn  a  tangent  aDb  and  terminated  by  the  afymp- 
totes, then  ab  will  be  the  conjugate  to  Dd, 

When  the  lymptotes  form  a  right  angle  at  the 
center,  the  hyperbola  is  faid  to  be  right-angled ;  or, 
alfo  equilateral,  becauie  that  then  its  axes  are  equal 
to  each  other. 

Problem  I. 

To  conftrucl  an  hyperbola,  having  given  the  tranfverfe 
and  conjugate  axes  AB  and  iBC. 

The  fcmi-conjugate  BC 
being  erected  perpendicu- 
lar to  AB,  and  D  being 
the  middle  of  AB  or  the 
center  of  the  hyperbola; 
with  the  center  D  and  ra- 
dius DC,  defcribe  an  arc 
meeting  with  AB,  both 
ways  produced,  in  F  and  f  the  two  focufes. 

4U  Then, 
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Then,  affuming  feveral  points  E  in  the  tranf- 
verfe,  produced,  with  the  radiufes  AE,  BEr  and  cen- 
ters /,  F,  defcribe  arcs  interesting  in  the  feveral 
points  G  j  through  all  which  draw  the  cuxve. 

Problem  II. 

In  an  hyperbola,  to  find  any  two  conjugate  diameters, 
an  ordinate  to  one  of  them,  and  its  abftiffay  one  from 
another;  viz.  having  any  three  of  themgiven%  to 
find  the  fourth. 

Case  I. 
To  find  the  ordinate. 

*  R  V  L  E. 

As  any  diameter: 
Is  to  its  conjugate:: 

So  is  the  mean  proportional  between  the  two 

abfciflas  : 
To  the  ordinate. 

That  is,  as  d  :  c  ::  s/d  +  x  xx  iji/d+x  x  x  =  y\ 

where  d  denotes  the  diameter,  c  its  conjugate,  y  an 
ordinate  to  the  diameter,  and  x  its  abfcifla,  or  its 
diftance  from  the  vertex  of  the  diameter,  meafured 
upon  it. 

Note.  In  the  hyperbola,  the  lefs  abfcifla  added  to 
the  diameter,  gives  the  greater  abfcifla. 

Ex- 


*  The  values  of  the  feveral  quantities  in  the  four  cafes  of  this  pro- 
blem arc  eafilv  found  from  the  general  property  of  the  curve,  via. 
dd  :  cc  ::  xxd  +  x  :yy.  The  demonftration  of  which  together  with 
that  of  the  preceding  problem  belongs  to  conies. 
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Example. 

■ 

If  the  diameter  be  24,  its  conjugate  21,  and  the 
lefs  abfcifla  8  j  what  is  the  ordinate. 


By  the  rule,  J —  =  —  «=  ~-  =  14 

=  the  ordinate  required. 

Case  II. 
To  find  the  abfeiflas. 
Rule. 

As  the  conjugate : 
Is  to  the  diameter:: 

So  is  the  root  of  the  fum  of  the  fquares  of  the 

ordinate  and  femi-conjugate : 
To  the  diftance  between  the  bottom  of  the  ordi* 

nate  and  the  center. 
Then,  to  and  from  this  diftance  add  and  fubtracl: 
the  femi-diameter,  and  the  fum  and  difference  wili 
give  the  two  abfeiflas. 

That  is,  dJ^5I±yl  +  Ld  =  x  the  greater  or  lefs 

abfcifla  according  as  the  upper  or  under  fign  is  ufed. 

Example. 

The  diameter  and  its  conjugate  being  24  and  21, 
required  the  two  abfeiflas  to  the  ordinate  14. 


Here  ---^   12 

4v/21>7+28>  -  12  =  4^3^  zb  12  =  20  =t  12  = 
32  and  8  the  two  abfeiflas  required. 

Case 
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Case  III. 
To  find  the  conjugate* 

Rule. 

As  the  mean  proportional  between  the  abfcifias: 
Is  to  the  ordinate :: 
So  is  the  diameter : 
To  its  conjugate. 

That  is,  JdTxxx  xyxxdx  ^^L—=c. 

Example. 

What  is  the  conjugate  to  the  diameter  24,  the* 
lefs  abfcifla  being  8,  and  its  ordinate  14. 

TT  dy  84x14       24  x  14  . 

Here  -7  =  -> — -Q  =  —77—  =  21  =  tne  con- 
jugate  required. 

Case  IV. 
To  find  the  diameter. 

Rule. 

To  or  from  the  root  of  the  fum  of  the  fquares 
of  the  ordinate  and  femi-conjugate,  add  or  fubtract 
the  femi-conjugate,  according  as  the  lefs  or  greater 
abfcifla  is  ufed :  Then,  as  the  fquare  of  the  ordinate 
is  to  the  product  of  the  abfcifla  and  conjugate,  fb 
will  the  fum  or  difference,  above  found,  be  to  the 
diameter. 


That  is,  cxx'*"*?**'-*, 


Ex- 
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Example. 

The  lefs  abfcifla  being  8,  and  its  ordinate  14, 
Tcquircd  the  diameter,  fuppofing  the  conjugate  to 
be  21.   

Here  2 1  x  8  x  ^M-^J^. 

=  3  x  =  3  x  = 3  4X  = 

24  =  the  diameter  required. 

Problem    III.  * 

Having  given  any  two  abfcijas  X,  x,  and  their  or- 
dinates  Y,  y,  to  find  the  diameter  d  to  which  they 


*  R  U  L  E, 

Multiply  each  abfcifla  by  the  fquare  of  the  or- 
dinate belonging  to  the  other ;  multiply,  alfo,  the 
fquare  of  each  abfcifla  by  the  fquare  of  the  other's 
ordinate;  then  divide  the  difference  of  the  latter 
products  by  the  difference  of  the  former,  and  the 
quotient  will  be  the  diameter  to  which  the  ordx- 
nates  belong. 

.      XX  yy  wxxTT  , 

That  is,  -vrhr/r  =  d- 

4X  Ex- 

*  Demonstration. 

By  the  nature  of  the  hyperbola,  dX  +  XX :  dx  +  xx  : :  TT:yy, 

«*.  «.        j      XX/t  —  xxTT 
mdXyj  +  XXjjzsdxrr+xsYr-,  hence  d  a  xrY-Xjj  ' 
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Example. 

If  two  abfcifTas  be  i  and  8,  and  their  two  ordi- 
nates  4f  and  14;  what  is  the  diameter  to  which 
they  belong. 

T-I       XXyy-xxTT  _  8»  X  8  X  4jX  4j-  1  X 1  X  14  X 14 
■tlere    xTT-Xyy    ~       1  X  14X  14-8  X  4*  X  4*  53 
35  X  35^_MX±4  _  5*?-2X2  _  £1X8  _  ,  jj 

14X14-35X4*"  2X2-5XV         7     "  24  "  mC  ^ 

ameter  reqviired. 

Problem  IV. 

Givtfi  any  /£r**  equidijlant  ordinates  a,  b,  c,  w*>£ 
their  common  difiance  or  common  difference  d  of  their 
abfciflas,  to  find  the  diameter  D  to  which  they  be- 
long, together  with  its  conjugate  C. 

*  R  u  L  E. 

From  the  fum  of  the  fquares  of  the  extreme  or- 
dinates  take  the  double  of  that  of  the  middle  one, 
and  call  the  difference  J* 

From 

 ■  ■ 

*  Demonstration. 

If  x  be  the  abfcifla  to  the  lead  ordinate  a,  by  the  nature  of  the 

hyperbola  we  lhall  have  thefe  three  equations, 

CC  CC  l 

*a=z  —  xt>  +  xxs       —       —  X  Dx  +  xx, 

i*=55Xi)+x+iX*+</=:  fipXDx  +  xx+idx  +  DJ+Jd, 

ct=-fffi  xD  +  x  +  idXx+idx^pXDx  +  xx  +  idx  +  jDJ+tM. 
And  by  taking  the  double  of  the  fecond  from  the  fum  of  the  firft  and 
third,  we  obtain  this  equation,  aa—zbb+cczs  X  idd\  and 
CC  _  «u  —  ibb+cc 

DD ~"         2dd       '  Again* 
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From  the  fquare  of  the  difference  between  A  and 
the  double  of  the  faid  fquare  of  the  middle  ordi- 
nate take  4  times  the  fquare  of  the  product  of  the 
extreme  ordinates,  and  call  the  fquare  root  of  the 
remainder  B. 

Then,  as  A  is  to  B,  fo  will  the  given  common 
diftance  be  to  the  diameter  to  which  the  ordinates 
belong. 

.      dy/-am  +  tbb-cc\%-Aaacc  p 
1  nat  IS,  mm  —  aib  +  cc  -  •LJm 

And  as  the  common  diftance  of  the  ordinates 
is  to  the  root  of  i  A,  fo  will  the  diameter  D  be  to 
its  conjugate  C. 

Th^  i$>  C  = 

Ex- 


Again,  taking  the  firft  equation  from  the  fccond,  leaves  bb —  ma 

CC  „  .-Tn-nTTT-v.  k  _  DD^bb-mm      D+d  _ 

2  "* 


~dd* *dx  +  Dd+dJ> hcncc *  —  -qc 


bb  —  mm  D  +  d  7bb  —  \aa  —  icc  xn 

*%ZZ-=Tbb+Tc        2  mm-ibb  +  cc   ~  %U' 

Confequently  mm  =        X  D+~*  X  *  *  ""1%  +  "  X 


=  -— -  =  the  diameter  D. 

si 

Alfo  from  the  equation  ^  =  aa  """^ **»  13  deduced 

CblOLLART. 

Hence  the  fum  of  the  fquares  of  the  extreme  ordinates  it  greater 
\fcfcn  double  the  fquare  of  the  middle  one. 
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E  x  A  M  P  L  E. 

Required  the  diameter  and  its  conjugate  to  which 
belong  the  three  ordinates  4},  14,  and  Vn/6j:, 
their  common  diftance  being  7. 


«  /  07     35v  ""6yxai'|'  4X65X3S,Xn> 
7V  28    ~  ^  1   ~  8*  


3c1  •   ,  65X21^ 


7^^^65X3^12:65  XJQ12L31  =  7^311  _      _  j 
 J*'-  2  X  161  +  65  X  3*  98     "  ^  "*  U1C 

■diameter  Z).  

=  IV50-  322  +  OX  130  =  -IV196  =  -I-  X  14  =  21  = 

the  conjugate  C 

Problem  V. 

To  find  the  length  of  any  arc  of  an  hyperbola,  the  arc 
beginning  at  the  'vertex, 

♦Rule  L 
Put  a  -  the  femi-tranfverfe  axe,  c  =  the  femi- 
conjugate,  q  =  ce        y  =  an  ordinate  to  the  axe 

drawn 

•  Demonstration. 
Fatting  x  sr  the  abfcuTa  of  the  ordinate  j,  we  fhsdl  obtain,  from 

a    cc  -f*  jy  , 
the  nature  of  the  curve,  x  ss   —  <*>  and  therefore  *  ss 
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drawn  from  the  end  of  the  arc  required,  A  -  the 
hyperbolic  logarithm  of  3  *   ,  *JJ  =  2*30258509 3 

x  common  logarithm  of  — B   ^  , 

q  _  jWcc+yy-iccB  _  y'  */cc+yy  —  $ccC    g  _ 

&c. 

Then  will  the  length  of  the  arc  be  expreflcd  by 
c  drawn  into  theferies  A +■*- B  -      C  +  ^  D 

2-  2  *4  2*4.0 «. 


E  &c. 


2.4^.8 

Example. 
Required  the  length  of  die  curve  correfponding  to* 
the  ordinate  10,  the  tranfyerfe  and  conjugate  axes 
being  80  and  60. 

Here  a  =  40,  e  =  30,  and/  =  10 ;  hence  q  - 

4  Y  =  2500- 


,  cc  +  aa 

c  c 


a  y  y  •         /  *  '•  •  / 

x/cc  +  yy*  *  >/cc+yy 

*    X+V  +J^Z'  3.4.6.8-*   

But  the  fluent  of    ,  7       is  the  hyp.  log,  of 7 A* 
y/cc  +  yy  c 

that  of.     'i^  b  J.that  of  -7^=U 

_Vcc+jy  %  mm  \Ccc+y, 

j'y/ec+yj-jccB^  th9fnf.   >*>      h  y'x/cc+yy-sccC 

sz  D,  &c.  ^ 
And  therefore  x  is  =  ,x  :>/+       -      C  +  ^ Z>  -  ^78R 
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-  .2122-  rs-i-,  Jcc+yy  =  iov/io  =  31*62277662, 
■**  810000  334 

an&lf"**'  =  r 387425887,  whofe  hyp.  log. is 
'3274501'  =  J;  alfo'-^-=^  =  1076133  =  *. 

=  641796405 =C  = 

45698*97*  =  A  and^^/  ~  7     =  354°  W  3125 

Then  +     ^  =  '32745°      "   hC  = /G00764 
+   \  B  =  -o«  6607      -  >5£8  £  =  '000012 

+if6Z)  =  '000084  -  -000776 

+  '344I4I 

—  '000776 

•343365  =  the  fum  of  the  feries, 

which  multip.  by  c=  30 

produces  10*30095  =  the  length  of  the  arc 

reqUired'  *  R  U  L  E  IL 

Ufing  the  fame  fymbols  as  in  the  laft  rule,  the  arc 

will  be  exprefled  by  the  feries.y  x :  1 + ^y a  -  ^gr-J* 

+  — |iaf««"    y  w$2ci*  j 


or 


*  Demonstration. 

.      +  fg.. 

y*H  — — J/ 
ft  


=  fbr  extracting  the  root  of  the  numerator  and  denominator,  and 
W                                     •             a»         "*  +  4",ir*M* 
then  dividing  the  one  by  the  other)  y  X  :  i  +   T.*c*~  ' 

,  ,«  +  4^4- 8**  cf  6      5*»  +  a4««c »  +  48*4<r4  +  *4«^* 

+  4"^         '   "  4.4.8c"  7 

And,  by  taking  the  fluents,  we  obtain  the  fcrics  at  in  the  rule. 
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6r*  c*        20  ax+^c*  14c4- 

«*  +  4*-c» +8c-*  7i?  *>«c  putting  A,  B, 

€t  &c.  for  the  firft,  fecond,  third,  &c.  term. 

Example. 

Taking  the  fame  example  as  to  the  laft  rule,  in 
which  d  =  40,  c  =  30,  and  y  =  10  ;  we  fhali  obtain 
A  -  1  C-  '003170 

B  =  0*032922  £=   £2 

=       .  398  -'003229 
+  1*033320 
*    -  '003220, 
.  the  fum  =  1*030091  which  multiplied 
by    y  =  10 
produces  10*30091  =  the  arc,  nearly  the  fame  as 
before. 

Rule  III  * 

As  the  fum  of  15  times  the  parameter  of  die  axe 
and  a  fourth  proportional  to  die  axe,  the  abfcilfa, 

and 

•  Dl  MONSTRATION. 

Firft  *  s  2lEf-EZ?  -  a  (ufing  the  fame  fymboU  as  in  the  laft 
rote)  =  <2l  _  V_  +  J2L  _  J ftc 

'        2C1         2.4c*         2.4.6c"  2.4.6.8c1 

Then  proceed  as  in  rule  5  for  the  elliptic  arc. 

^  '  *     A  +  V*     m  '  *   ^   „'  - 


•  •  ii*  Of 

-_  r-^^ — 7*  &c.  the  value  of  the  arc  in  the  laft  rule.  Then,  by- 
equating 
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and  the  fum  of  9  times  the  axe  and  2 1  times  the 
parameter ;  is  to  the  fum  of  15  times  the  parameter 
and  a  fourth  proportional  to  the  axe,  the  abfcifla*. 
and  the  fum  of  1 9  times  the  axe  and  2 1  times  the 
parameter  ;  fo  is  the  ordinate,  to  the  length  oP  the- 
curve,  very  nearly. 

That  is,   of+aiA  x^  =  the  length  of  the- 

curve  nearly ;  where  r  is  =  the  tranfverfe  axe,  p  = 
its  parameter  or  a  third  proportional  to  the  tran£ 
verfe  and  conjugate,  x  —  the  abfchTa,  and  y  =  the 
ordinate  correfponding  to  the  arc. 

Ex- 


equating  the  correfponding  terms,  we  have  =  ~,  or  A  as 

*—  =  \p;  and  — — - —  —  — — ,  hence  B s  y~^-  

,  21.ce 
9«  -I  

=a  — =  9t^Jf1^*  putting  /  for  the  parameter  and  /  for 
the  whole  tranfvcrfe  axe. 

Confequentfy  vX^t^U^  is  =;X  —  ^  1» 

*^  '      10/  * 


,   0/  -f  2I> 
15/  ,  '* 


COIOIUIT. 


A  right  Hne  may  be  found  nearly  equal  to  an  hyperbolic  arc  by  pro- 
ceeding in  the  fame  manner  as  in  the  corollary  to  rule  $  for  the  arc 

of  the  ellipfr,  taking  here  PC  =  \AP  +  i£^±^£f  x  AJh 


■ 
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#  « 

E  X  A  M  P  L  E. 

•  *  ■  ■ 

Taking,  again,  the  fame  example,  we  have  t  = 
8o,  p  =  ^  =     =4S,y  =  .o,  and  *  =  « 

=  -  x  ==  40  x  ^^l-0  =  4  x  ^^12  = 

2*l63702l6. 


Then  y  x 


19/  +  21^ 


0/  +  21* 

isp+  i — x 


i5X4i  +  ,9X8o8t2lX4rx^63702i6 
10XI,x45  +  9X8orX4?X2*i637o2i6  =I°X 

15x9x80  +  iy  10  +  21  19x2*16370216  _  i i866*7op6488  = 
15x9x80+ 9x16-4- 21x9x2*  16370216  11520*51281928 

10*3005  =  the  length  of  the  arc  required,,  very  near. 

Problem  VI. 

To  find  the  area  of  a  fegment  cut  off  an  hyperbola  by  a 

double  ordinate, 

m  * 

Rule  L* 

From  the  product  of  the 
ordinate  and  its  diftance  from 
the  center,  fubtract  the  pro- 
duel  arifing  from  the  multi- 
plication of  the  product  of 
the  femi-axes,  by  the  hyper- 
bolic logarithm  of  the  quo- 
tient refulting  from  the  divi- 
fion  of  the  fum  of  the  pro- 

4  Z-  duds 


E 

r  • 

0  a! 

1  £ 

H  I 

I 
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dudls  of  the  femi-tranfVerfe  multiplied  by  the  or- 
dinate and  the  femi-conjugate  multiplied  by  the 
faid  diftance  of  the  ordinate  from  the  center,  *by 
the  product  of  the  femi-axes  ;  and  the  remainder 
will  be  the  area  cut  off  by  the  double  ordinate.* 

That 

*  Demonstration. 

The  fluxion  of  the  area  ABD  i»B;t»s  (by  the  nature  of  tie 
curVe)  Z*lv— a\  the  fluent  of  which  is  =  ^  v~aa _  If  x 


h,  j.  of  v+Syv-"*  _  ^  ^  JBDt  ^  doublc  of  which 


be    Y  ^  -«Xil.  of         a   =  17-fli:  X  h.  1. 

of  -  +  -  =  vy  —  ac  X  h.  1.  of  fJ    CV-  =  the  whole  fogment 

a     c  a.c 

DAF.  %.E.D. 

■Corollary  I. 


The  fame  feg.  DAF  or  CV'9V — ' -acX  U.of 
is,  alfo,  =  'y/'c+yy  _acxh,  L  0(>±^±R  m  ac  X 


f  >/ 1  +  f  7  —  h.  1.  of  q  +  \L\-\-qq  as 


*  X  4Lv^3.—  I  —  h.  1.  of  £.+  1,  putting  7  = 

and      sb  j  . 

Corollary  II. 
If  from  the  triangle  CBD  =5  \vyt  be  taken  the  fcmi-fegmoni 
ABD  =  ivj  —  fa*  x  h.  I.  o{?J  +  'v,  there  will  remain  i*c  X 

h.  I.  of  "/J-L*  for  the  value  of  the  hyperbolic  feflor  6?^Z>.  Whea 

r  .or  *  are  fuppofed  infinite ;  then  the  feeler  becomes  the  fpace  CAG 

betweca 
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That  is,  CBx  BD  -  CAx  AE  x  hyp.  log.  of 

-  "J  -  "  *  hrp-  los-  °f  = 

the  area  ^DF,  putting  a  =  the  femi-tranfverfe  axe 
CA,  c  =  AE  the  femi-conjugate,  =  BD  the  ordi- 
nate, and  v  =  BC  its  diftance  from  the  center. 

Note 

r 

   |   _ 

between  the  afyraptote  and  the  curve  infinitely  produced,  and  the 
expreffion  for  it  becomes  infinite. 

Corollary  III. 
When  the  hyperbola  is  equilateral,  then  a  is  s:  c ,  and  the  area 

DAF-ss  ty  — *«Xk.I.of  V-^l. 

-a 

Corollary  IV. 
When  A  and  C  coincide,  the  hyperbola  becomes  a  triangle,  and 
becaufe  C  A  and  AE  are  then  each  s  o,  the  rule  will  become  barely 
CB  X  BD  or  AB  x  BD  for  the  area. 

Corollary  V. 
Similar  fegments  of  any  hyperbolas  are  to  each  other  as  the  rect- 
angles of  their  axes.    (Where  by  fimilar  fegments  are  meant  thofe 
whofe  ordinate*  orabfeifias  areas  their  like  axes  or  diameters  )  For,  by 

cor.  1 ,  the  feg.  being  expreffed  by  a  c  x  q  i/i  +  qq—  h.l.  ofq-h^/i  +f/7 
or  ac  X  3V$L$L-i  -h.U^+v'U-'i  and  j  =  ^,  or 

^  —  — ,  being  the  fame  in  all 'fimilar  segments,  thofe  fegments  will 

be  as  ac.  And  hence,  fimilar  fegments  of  equilateral  hyperbolas 
are  as  the  fquares  of  their  axes,  or  of  their  like  diameters. 

Hence,  alfo,  "hyperbolas  of  the  fame  tranfverfe  axe  and  abfeifia, 
are  to  one  another  as  their  conjugate  axes  ;  but  if  their  bales  or  or- 
dinatcs  and  conjugate  axes  be  the  fame,  they  will  be  as  their  tranf- 
verfe axes.  For  when  a  and  v  are  the  fame,  the  quantity  Zv^v*^Zf*. 

—  ac  X  h.  I.  of  V+*SV*—  aa  wju  be  as  r;  and  if  c  and  y  be  the 

<w.ttav^2S^^.„x».i.0fi±J^S?rtlb,»  * 

An3 


♦ 
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Note'  i.  The  fame  rules  will  ferve  for  any  other 
two  conjugate  diameters  and  their  abfciflk  and  or- 
dinate ;  multiplying  the  reiult  by  the  fine  of  the 
angle  formed  by  the  abfciflk  and  ordinate,  to  the 
radius  I. 

Note  2.  The  hyperbolic  logarithm  is  equal  to  the 
common  logarithm  multiplied  by  2*302585093. 

Ex- 


And,  consequently,  having  the  quadrature  ofany  one  hyperbola, 
from  it  we  may  find  that  of  any  other  hyperbola  ;  viz.  knowing  the 
the  area  anfwering  to  every  abfcifla  in  any  one  hyperbola,  we  can  find 
/  the  area  anfwering  to  any  abfcifla  in  any  other  hyperbola.  For  we 
can  find  a  fimilar  abfcifla  in  the  fquared  hyperbola,  with  the  cor- 
refponding  area.  Then,  as  the  rectangle  of  the  axes  of  the  fquared 
hyperbola  is  to  the  rectangle  of  thofe  of  the  hyperbola  propofed,  fo 

is  the  area  of  the  former  to  that  of  the  latter.  Thus,  let  /,  c  be 

the  tranfverfe  and  conjugate  axes  of  any  propofed  hyperbola,  and  x 
its  abfcifla  ;  alfo  T,  C  the  axes  of  the  fquared  hyperbola  :  Then,  /  : 
'  Tx 

T : :  x  :  -y-  =  the  fimilar  abfcifla  in  the  fquared  hyperbola,  whofe 

teui 

correfponding  area  call  A  :  Then,  as  TC:  A ::  tc  :       —  area 

of  the  hyperbola  propofed.  Now,  it  will  be  tnoft  convenient  to. 

iJave  the  fquared  hyperbola  an  equilateral  one  whofe  axes  are  each 
an  unit.  For  then  we  need  only  divide  the  abfcifla  of  the  hyperbola 
propofed  by  its  tranfverie  axe,  and  multiply  the  product  of  its  axes 
by  the  area  anfwering  to  this  quotient  in  the  fquared  or  equilateral 
hyperbola.  And  this  is  fimilar  to  the  finding  of  the  fegmenrs  of  cir- 
cles and  cllipfcs  from  thofe  of  a  circle  whofe  fegmcnts  arc  already 
calculated  and  ranged  in  tables. 

Corollary  VI. 

If  a  and  c  be  any  other  two  conjugate  diameters,  and  >  the  fine-of 
the  angle  formed  by  a  and  its  ordi nates,  to  the  radius  i ;  it  is  cx- 

tremely  evident  that    —  -  sac  X  h.\.  of  — —  

a  a 

will  denote  the  oblique  fegment  cut  off  by  a  double  ordinate  to  the 

diameter  a.    And  if,  ia  this  cxprefllon,  for  s*  and  j  v  be  fubftituted 

reipec- 
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Example. 

Required  the  area  of  an  hyperbola  whole  bafe  is 
24  and  altitude  10,  the  tranfverfe  axe  being  30. 

Here  a  =  15,  y  =  12,  and  v  =  25  5  hence  c= 

_     ay  15x13         180  __ 

s/vv  —  a*  ~~  y/^oxio  —  20  ~"  9' 

S  A  Then 


refpeaively  A  and  ^,  the  fold  oblique  hyperbola  will  be  expreffed 

by     -   ^fc  X  h.  1.  of  ~f  which  alfo  ex- 

press a  right  hyperbola  whofe  tranfverfe  and  conjugate  axes  are  A, 
(,  and  the  diftance  of  its  bafe  from  the  center  V. 

And  hence  is  evident  the  following  conftru&ion  which  Schoote* 
firft  demonftrated,  in  a  very  operofc  manner,  in  his  Excrcitationes 
Mathematics  Lib.  4. 

Viz.  Let  AD  be  a  double  or- 
dinate to  the  femi-diameter  CV 
of  the  oblique  hyperbola  AVDi 
Draw  V v  parallel  and  Cvb  per- 
pendicular to  AD ;  and  with  the 
femi-tranfverfe  Cv  and  femi -con- 
jugate =  the  femi -conjugate  of 
CV  defcribe  the  right  hyperbola 
avd.  And  the  right  hyperbola 
avd  will  be  =  AVD  the  oblique 
one  propofed ;  alfo  AD  as  ad,  and  every  other  correfponding  ordi- 
nates  EF,  ef,  equal  to  each  other. 


Corollary  VII. 

Hence  it  appears  that  all  hyperbolas  having  the  fame  center  and 
equal  bafes,  and  between  the  fame  parallels  Ad,  Vv,  infinitely  pro- 
duced, are  equal  to  each  other ;  as  are,  alfo,  their  correfponding 
feflions  EF,  ef,  parallel  to  the  bafes;  and  likewife  the  intercepted 
faiftums  AEFD,  aefd. 


$1° 

Then 


Hyperbolic  Area.      Pan  ML 

ay  +  tv   "  ijx  13+9*3?  _  4+1  _ 


ac 


is*  9  "  3  =3,whofchy- 
perbolic  logarithm  is  1/0086 12288},  which  being 
multiplied  by  ac-  I5X9»  produces  148*31265897; 
and  this  being  taken  from  1^=25x12  =  300,  leaves 
151*687341.03  =  the  area  required. 

Rule 


COROLLARY  VIII. 

Let  AB  be  the  femi-tnmf-  ^ 
Terfe  axe  of  the  hyperbola  CBD ; 
draw  CF  parallel  and  FB  per- 
pendicular to  BA,  and  draw 
A FG  meeting  DC,  produced,  in 
(7;  then  upon  the  bak  CD  of 
the  hyperbola  defcribe  a  para- 
bola CHD  having  its  parame- 
ter equal  to  the  conjugate  axe 
of  the  hyperbola.  And  EG  —  CH  *h 
X  AB  will  be  equal  to  the  hyperbolic  area  BCE. 

For  the  area  BCE  =  A  =  \vy  —  $ac  X  h.  1.  of  a'"* 

ay  +  cv 

and  a  X  the  curve  CH  sr  aC  s  \vy  +  i«  c  X  h.  1.  of « — -7— "» 
by  addition,  A  -f  <»C  s  ry,  and  therefore  A  st  vy  —  aC  =z  a  X 

'vy     Z     AE  XEC 


1>-C 


AB 


—  CH  X  AB  =  EG-CH  X 


So  that  the  quadrature  of  the  hyperbola  depends  upon  the  rectifi- 
cation of  the  parabola. 

Corollary  IX. 

By  fubtracting  the  fegmeat  vy  —  a e  X  h.  1.  of  from  the 

a  c 

fegment  VT-ac*  h.  I.  of  fY+cFt  there  will  refult  JT-  vy- 

a  c 


ttc 


X  h.  1.  of  ■        for  the  fruftum  included  by  two  parallel  double 

ay-\-cv 

ordiaates  if,  27,  their  diftaoces  from  the  center  being  V ,  v. 
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♦Rule  II. 
Putting  x  =  the  abfcifia  AB%  and  the  reft  of  the 
letters  as  in  the  firft  rule,  alfo  z  = *    .  Then 

XI               I                       I            2               I            .                 I  AO 
:  z  z  z 5  —  2 4  &c.  or 

3     1-3-5       3.5.7         5.7.9  7-9-n 

2*y  x:  j-^z-^z-  ^Cz  -  ^Dz  &c.  will  be 

the  area  of  the  femi-fegment  ABD.  (Fig.  to  rule  1) 
putting  4  5,  C,  &c.  for  the  firft,  fecond,  third,  &c. 
term. 

Ex- 

•  Demons  tkitcon. 


The  fluxion  of  the  area  is  s=  yx  ss  cmx^2ax     **.  Then  inftead 

*>f  a<T^y  write  2,  in  order  that  the  fluent  quantity  z  may  be  left 
than  1,  and  by  that  means  the  feries  be  made  to  converge  by  its 

1  <    ~..n    •        *       ex^2ax  +  xx    ... ,  Atftslz 
powers,  and  the  faid  fluxion  >x  ss  — - — - — ■  will  be  as  — 

=  2acz*'z  x  :  r.a  +  2.32  +  3.42*  +  4.52'  fcc.'and  the  flueBt  is 

Aacz*  x  :  +  iiz  +  &*z*  +  fc$z»  &c.  as  the  femi-fegment 
*     n         3         5  7  9  * 

Now  although  this  feries  converge  by  the  powers  of  z,  yet  the  co- 
efficients actually  diverge ;  in  order,  then,  to  make  the  coefficients  to 
converge,  let  the  feries  be  multiplied  by  fome  convenient  quantity  left 

than  1,  as  1  —  z,  and  the  quantity  4*^2^  divided  by  the  fame,  and  the 

refult  will  be  x  :  —  +  —  z  +  Us.  +  tlx*  «cc.  for  the 

1  —  2        1.3      3.5        5.7  7.9 

faid  area  ABD.    And,  to  make  the  feries  converge  ftill  quicker,  let 

the  fame  operation  be  performed  upon  this  feries,  and  there  will  re- 

fult  X  :  i  -  -L-2  _  _L-2»  l-  2»  i—  z*  kc% 

1-2I       3      1.3.5        3.5.7         5.7.9  7-9-11 
for  the  value  of  the  faid  area. 
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Example. 

Taking  here  the  laft  example,  in  which  x  =  iG> 
y  =  12,  and  2a  =  30 ;  z  will  be  =  j^—  =  J0£10 


—  =- 

40  4 


Then 


But£^  ^cx^ax  +  x*  =  2x/;  whcreforc         x  f 

I  —2  —  z»  — z»  &c.  =  the  area 

3     1.3.5        3-5-7  5.7.9 

Cat  Oil  ART  I. 

An  hyperbola  is  always  Icfs  than  a  parabola  of  the  fame  bafe  and 

altitude;  for  ixy  X  :  — z  - — z*  Sec.  is  always  lefs 

3      »-3-5  3-5-7 
than  2  xy  X  4-  ss  \xj  =  the  parabola ;  but  as  the  altitude  is  dimi- 
nifhed,  the  hyperbola  approaches  nearer  and  nearer  to  the  meafure 
of  the  parabola,  till,  at  laft,  they  vanifh  in  a  ratio  of  equality. 

C0R.0iLA.RY  II. 

An  hyperbola,  is,  evidently,  for  any  finite  altitude,  always  greater 
than  a  triangle  of  the  fame  bafe  and  altitude  ;  but  as  the  altitude  is 
increafed,  the  triangle  approaches  nearer  and  nearer  to  the  value  of  the 
hyperbola,  till,  at  length,  when  the  altitude  is  infinite,  they  become 
accurately  equal  to  each  other.  Which  I  demonftrate,  by  the  me- 
thod of  increments,  after  the  notation  of  the  ingenious^-  Emerfon, 
thus : 

When  the  altitude  x  is  infinite,  then  zs  =  -  =  i,  and  the 

2  a  -f-  x  x 

general  feries  expreffing  the  value  of  the  area  will  become  ax;  X: 

 —  &c.  Now  to  find  the  fum  /  of  anv 

3      1-3-S      3-5-7  5-7-9 

number  n  of  the  negative  terms ;  fmce  it  is  evident  that  the  »  term 

is  L  ,  or,  putting  p  =  2«— i,  then  vss  2«  =  2, 

as  —  1. 2«-f- 1.2/1  +  3      10  * 

and' 
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Then  A  =  ±  =  -33  &c.    B~  ±Az  =  -01666667 

C=  |#z  =  51524 
D  =  \Cz  -  4960 
E  =  -'tDz=  5639 

F  =  T7T£z=  76 
G=r9rFz=  11 

h=±±Gz  =  2_ 

the  fiim  of  thefe  negative  terms  is  '017318039 
which  being  taken  from  the  firft  term  y,  leaves 
'316015294;  and  this  multiplied  by  2x7  =  240, 
produces  75*84367056 = the  femi-fegment,  the  dou- 
ble of  which  is  I5T68734I 12  =  the  area  required. 

5  B  Rule 


the  n  term  =s  —      1    -■-    =  — •  the  «  +  i  term  or  /  "will  be 

+  3  vvv 
■  * 

— ;  and  the  integral  /  s  A  —  ae  A  — :  But  when  n  \z 

vvv  2vvv  4»t» 

I  2  |  IS*  IS 

a  i,  then  /  ought  to  be  as  (in  this  cafe)  A  —  — —  ,  hence  A  s 

9  vvv       x  '  4VW 

IS  IS 

—  +  —  =s       ±  sS  JL±±  =  i-  =  i-  ;  and  confcquendy 
4v«r      vvv       +VVV       4.I.3.5       60  12 
is         1  *  «  » 

the  correct  integral  is  /  s  


I*        4VO        12        4.2»  +  I.2*  +  3 

which  when  n  is  infinite  becomes  accurately  s  Vr»  that  is,  the  fun 

of  the  infinite  feries  — l-  —  &c.  is  as  — ;  which  being  taken 

1-3-5      3-5-7  *V  6 

from  f  leaves  f  —  A  =  i»  and  hence  2  jy  X  t  *=  •  */  =  the  area  of 
the  hyperbola  when  *  is  infinite,  and  is  therefore  equal  to  a  triangle 
of  the  fame  bafc  and  altitude. 

CoaoLLAar  III. 

Hence  the  fpace  included  between  the  arc  of  an  hyperbola,  infi- 
nitely produced,  and  its  chord,  is  of  a  finite  magnitude,  although  it 

be 


374  Hyperbolic  Area,       Part  III. 

Rule  IH. 

Take  BH-  ^-^r  =  to  three-fourths  of  a  third 

proportional  to  the  tranfverfe  axe  2  AC,  and  the 
abfcifla  AB;  upon  the  diameter  AI-=.  the  parameter 
of  the  axe,  defcribe  a  circle  meeting  with  B  D  in  A", 
and  with  HL9  parallel  to  BD>  in  L;  and  draw 
A K,  AL.    [See  fig.  to  rule  i .] 

Then  will  the  fegment  FAD  ht  nearly  equal  to- 
 15      x  4^>  OT  -  Ts  x  ~>  Put" 


be  of  an  infinite  length.   For  this  fpacc  is  the  difference  between  the: 
hyperbola  and  triangle,  which,  as  above,  is  nothing,  that  is,  no- 
thing in  comparifon  with  an  infinite  fpace. 

COKOILART  IV. 

hy  cor.  3  role  a  for  the  fegment  of  a  circle,  the  area  of  a  circle-  - 
whofedi.»«TU,,b»=JX:i+ri5-5^?+&c.  and. 

by  cor.  a  to  Uu.  problem.  lm  ,  X  .|  -  ^  -  j^j-fc. 
from  hence  are  deduced  the  following  equations  : 

I:  »  as  |  -4  X  :  —  +  — l—  +   —  +  —  &c. 

o  3.5.7      7.9.11      11. 13. 15.  15.17.19. 

II.  »  =  i  +  4x:—  +  —  +  +-7-^   &c. 

aT  *      1.3.5      5-7-9     9-"-13  *3-»5-i7 

III.  »  =  2  +  12  x  :  — —  +  —  +   &c. 

3  1.3.5.7  ^  5-7-9-u  9.11.13.15 

IV.  .  \  =5  — ! —  +  - —  +   3   ftc. 

96      1.3.5.7    .5.7.9.11  9.11.13.15 
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ting  /  =  the  tranfvcrfe  2  AC,  c  =  the  conjugate,  and 
x  =  JBthc  abfcuTa.* 

Example. 
Taking  the  fame  example,  in  which  /  -  30,  c  = 
18,  and  *  =  10 ;  we  {hall  have  ^"  +  4^+77- x 

V-  =  — — ,2  ?     x  720  =  — ^  —    X  8  = 

%/3  +  2v/ii  x  i<$  =  151*64828  =  the  area  nearly. 

Rule 


•  DlMOH  8  TRATION. 

By  proceeding  as  in  rule  2  for  the  circular  fegment,  we  obtain 

cl/!l  X  :  -  +  —  —  -£r  for  the  true  value  of  the  feini-fegment 
/  35/  20/ 

//Z>  Then,  after  the  method  ufed  in  demonftrating  rule  6  for 
the  cir.  fegment,  fappokADB  to  be  =   ^     *     H  ^ — 

=  — y —  X  :»+»+.        &c.  hence,  comparing  the  like  terms, 

2  .  3  m       1       1  u     r             8 '       •          2  8 
w+/is  -  ,  and  ^—  s=  - ;  and  therefore  ///  =  —,  and  /r  =  

3  8       5  ij  3  »S 
=  — .  Which  values  being  fubftituted  for  them,  we  have  AD  B  = 

yc^x     3<r'x»  /r»v 

=  2//5x  -^^-T;   =  ***X 

#nd  this  rule  was  firft  given  by  Sir  I.  Ntwiett,  but  without  de- 


376  Hyperbolic  A*ea,  Part 

Rule  IV* 


If  BH  be  taken  =  *~  m         =*  to  five-fevenths 

of  the  faid  third  proportional  to  the  axe  2  ACy  and 
the  abfcifla^^  ;  and  the  lines  drawn  as  in  the  laft 
rule.   

Then  will  >ld±±id£x  AAB,  or 

x  lii  exprefs  the  area  nearer  than  by  the  laft  rule.* 

Ex- 


*  Demonstration. 
BH  sb  ~— ,  l«t.  as  before,  the  area  be  exprefled  by 


AB%  mXAL  +  nXAjt  =  AB*m</HAxAl  +  n*/BAxAI 


VI  X  , 


cx      cWix  x:w+s+^^  !^!  &c.  whlch  being  com- 

yared  with  the  true  feries  X  :  |  +  j^-  ^  &«.  we  obtain 

3    nt  A       1        ,  «f  A 1  1 
thefe  three  equations,  *»  +  *=  -,  —  =■  -»  — g—  = 


whence  A  =  * ,  *  «  j*.  and  .  =  I.  Confequeudy  2?//=  ^ 

«        and  the  femi-fegment  =x  ^*  x»^  +  4^„  x 
7/  75  ' 

7J 

Which  likewife  is  another  role  given  by  Sir  L  Newton,  without 
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Taking,   ftill,  -the  fame  example,  we  Ijave 

=  the  area  nearly. 

Problem  VII. 
To  find  the  area  of  the  fruftum  of  an  hyperbola  y  included 
between  tivo  parallel  double  ordinate*. 

Rule. 

Multiply  the  femi-tranfverfe  by  the  one  ordi- 
nate, and  its  diftance  from  the  center  by  the  femi- 
conjugatc,  and  take  the  fum  of  the  products  ;  do 
the  fame  by  the  other  ordinate  and  its  diftance  from 
the  center,  taking  the  fum  of  the  products  alfo ; 
divide  the  greater  mm  by  the  lefe,  and  multiply 
the  hyperbolic  logarithm  of  the  quotient  by  the 
product  of  the  femi-axes  ;  then  fubtract  this  lad 
product  from  the  difference  of  the  products  ariling 
from  the  multiplication  of  each  ordinate  by  its 
diftance  from  the  center,  and  the  .remainder  will 
be  the  area  required. 

That  is,  rr-v;-af  x  hyp.  log.  of  = 

the  area  included  by  iY  and  2jy,  Pand  *u  being 
their  refpective  diftances  from  the  center,  and  a 
and  c  the  femi-axes.  As  is  proved  in  cor.  8  to 
rule  1  to  the  laft  problem. 

Or,  if  there  be  calculated  the  two  fegments  whofc 
bafes  are  2T  and  2yt  their  difference  will  be  the 
area  fought. 

S  C  Ex- 


378  Hyperbolic  Area,       Part  III. 

Example. 

To  find  the  area  of  the  fruftum  whofe  altitude 
is  5 ;  ita  lefs  end  being*  as  in  the  example  to  the 
laft  problem,  24,  its  diftance  from  the  center  of 
the  hyperbola  25,  the  tranfverie  axe  30,  and  the 
conjugate  18. 

Here  a  =  15,  c  = o/'v  =  2  J,  y-  12,  and  V-  30;. 
hence  T=  <-^EZf  =  9*3* -«f»  =  = 

9v/3  =  15:58845727. 
Then "r  ^"^sa    *9V,3  +  9*  3° ^ 9*3+3*6 _  *3+* 

tfy  +  co.        15X12+9X25        12  +  3X5  3 

=  1*244016936^  whofe  hyperbolic  logarithm  is- 
'2183456,  which  multiplied  by  if  =15x9  will 
produce  29*476656, 

And  ^r-v/=3ox9v/3-25x  12=  30x9^/3-10 

=  30  x  5"58845727  =  1 :  6*7*653718. 

Wherefore  167*6537 18-29*476656'=  138*1 7706*2. 
=  the  area  required. 

Problem  VIIL 

To  find  the  area  included  bcr- 
between  two  ordinate:  B  Fj 
DG,  to  qfymptote  CD 
a/* <?»  hyperbola,  drawn  pa-  Q 
rallel  to  the  other  qfymp- 
tote. 

Rule. 
From  the  vertex  E  of  the 
curve  draw  EA  parallel  to 

Then 
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Then,  the  fquare  of  CA  or  of  AE  multiplied  by 
the  hyperbolic  logarithm  of  the  quotient  ariling 
from  tie  divifion  of  CD  by  CB,  or  from  the  di- 
Tifion  of  RF  by  will-  produce  the  area  of 
BFGD>* 

Ex- 


•  Demonstration. 
Pot  CA  =  <r,  AB  —  x,  and  BF  z=  y\  then,  by  the  property  of 
th»  curre,  aat=CBxBF=a  +  xXy,  and  hence  y  =  ^d 


'  _  111.  whole  fluent  is  *«  X  h.  1.  of  1±1  =  CA*  X  h.  1.  of 

cd 

In  like  manner  ADGE  is  =         X  h.  1.  of 

And,  taking  the  difference,  we  have  BDGF  =  C/f*  x 
~CD     .  .    e(TB  ,    r  CD 


h.  1.  of  ^  -  h.  1.  of  ^  =  CA*  X  h.  1.  of  or  by  writing 
£dL  for  C5,  and  for  CD,  the  fame  area  will  be  =  CA*  x 
h.l.  of^. 

COIOLL  ART  I.. 

C2X 

If  CB,  CD,  Cf,  Sue.  be  in  geometrical  progreffion ;  then  ^  wiU 

_  £1.  &c  and  confequently  the  fpaces  P,  J^,  /?,  &c.  equal  to 
—  CD ' 

one  another;  or  the  fpaces  ABFE„ADGE,  AIKE,  &c.  a  feries 
of  arithmericals*.  and  are  the  logarithms  of  the  geometrical  ~, 

CD  £L  &c.  to  the  modulus  CA\  or  the  faid  fpaces  will  form  a 
C~? *  CA* 

fcale  of  hyperbolic  logarithms  whofe  abfolute  numbers  are  C2J,  CD, 
C7,  &c.  whenC//«  i. 


g8o  H  y  fkhbolic  Area,      Part  III. 

Example. 

Required  the  area  BDGF  included  by  two  or- 
*dinates  J3F,  DG,  whoie  lengths  are  8  and  6  ; 
the  lemi-tranfverfe  CE  being  15,  and  the  femi- 
xonjugate  EK  =  9. 

Draw  AL  perpendicular  to  CE ;  then  became  E  A 
is  =  AC,  CL  will  be  =  LE  ;  and  in  the  fimilar  tri- 
angles ALC,  CEKy  becaufe  CL  is  =  it?£,  will 
be=        andfo       «  ±CK'  8      +       =  i£!±9l 

V  4  '2  2 

But 

CoiouAiy  II. 

The fpace  >f£/".£  is  alio  equal        x  : -  —  ~  +  —  —  ~  &c 

a     2a1  T  3«  > 

For  the  fluxion  of  the  area^i  =  f^L'nssmai  X  :  -  —  -  +  — 
-  *-i  &c.  whofe  fluent        X  *e.  « 

w     ytfZ?         y*2?*     t  AB* 

After  the  fame  manner  ^2)C£  is  =  x  :        -  ^ 

And,  confequently,  by  taking  the  difference,  we  obtain  BDCF 

=  ^  X  *  — CA  TCI*—  +      3^.  -  &c' 

Corollary  III. 

Hence  the  hyperbolic  logarithm  of        is  -  —  ^1 4.  ^  — 

tec.  ^ 


Digitized  by  Google 


Sect.  V.    Hyperbolic  Surface.  381 

R  F  8 

But  the.  hyperbolic  logarithm  of  ^  =  g  =  -  is 
•287682. 

Wherefore  '287682  x  =  22*007673  =  the 
area  required. 

Problem  IX. 
To  find  the  curve  furface  of  an  hyperbohid. 
Rule. 

Let  a  and  c  be  the  lemi-axes  of  the  generating 
hyperbola,  and  «u  the  diftance  of  its  bafe  from  the 

center.  Alfo  let  A  =    i—t     be  the  femi-tranfverfe 

y/ aa  -f-cc 

of  another  hyperbola  whofe  femi-conjugate  is  c  the 
fame  with  that  of  the  former.  Then  find,  by  pro* 
blem  7,  the  area  of  the  fruftum  of  this  latter  hy- 
perbola whofe  two  ends  are  diftant  from  the  center 
by  v  and  a ;  multiply  this  area  by  3*14150  &c.  the 
circumference  of  a  circle  whofe  diameter  is  1,  and 
the  product  will  be  the  furface  required. 

That  is,J>  xvr-oy-Jcx  hyp.  log.  of  = 

the  furface  required;  p  being  =3*14159  &c.  and 
r,  y,  the  ordinates,  of  the  latter  hyperbola,  whofe 
diftances  from  the  center  are  v>  a.* 

5  D  Ex- 

*  De  monstration. 

Put,  here,  10  st  the  ordinate  to  the  abfcifla  v,  and  z  =:  the  curve ; 
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Example. 
Required  the  curve  furface  of  an  hyperboloid 
whofe  altitude  is  10,  the  tranfverfe  and  conjugate 
axes  of  the  generating  hyperbola  being  30  and  18. 

Here  a  =  15,  —  n   4~-aa  »c 


.75 
</34 


15,  and/ 


7S 
V54 


Hence 


hence  the  fluxion  of  the  furface  will  be  2/w 

2pc  */vv  —  an     /  •  -  cevvvv  2 

=  "—J-  V  *  v  + 


2  =  a/tuvTv 


x  vv  —  aa 


•   .  —  .  .  

Ipcv  V aa  +  cc    / vv_  *la?  2pcv\fvv  —  AA  .      .  .  . 

is,  evidently,  equal  to  /  drawn  into  the  fluxion  of  an  hyperbolic 
fegment,  the  femi-axes  being  A,  c,  and  abfcifla  v.  And  by  taking 
the  corrcft  flueut  we  obtain  the  expreflion  in  the  rule  above  given, 
which  is  the  difference  of  two  fegments  whofe  bafes  are  diftant  from 
the  center  by  v  and  a ;  or  the  fruftum  whofe  two  ends  are  diftant 
Jrom  the  center  by  the  fame  quantities  v  and  a.  £,  J), 

Corollary  I. 

- 

Hence  if  ABM  be  the  generating  hyper- 
bola, BC  its  femi -tranfverfe,  BD  perpendi- 
cular to  BC  and  equal  to  the  femi-conjugatc. 

 Draw  CD ;  make  CE  =  CB,  and  on  CB 

l»t  fall  the  perpendicular  EF  ;   with  the 
icmi  tranfverfe  CF  and  femi- conjugate  of  £rf 
AB  M  defcribc  the  hyperbola  C  FH.  u  x 

Then 
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Hence  vY  -  ay  =  25  x  15  -  15  x  Sj  =  19}  x 

^  +  ^"75X27      Q„lc"3X3+734  Fj— 

5^34  +  9  ><  X5 

=  2*0441269  ;  whofe  hyperbolic  logarithm  is 
•7149706;  which  multiplied  by  Ac  =  1 1 5*7615451 
produceth  827661049,  which  being  taken  from 
vY  —  ay  =  294  leaves  21 1*2338951,  which  multi- 
plied by  3*14159  &c.  produces  663*610853  =  the 
curve  furface  required. 

Pro- 


Then,  as  the  diameter  of  a  circle  is  to  its  circumference,  fo  is  the 
fruilatn  G 1KH,  included  by  the  parallels  BIt  AM,  produced,  to 
the  furface  generated  by  AB. 

BC* 

For,  by  fimilar  triangles,  DC  :  CB  : :  EC  :  CF  =  A  =s  a 

j  and  all  the  reft  is  evident. 


\/CBl  +  BD1  ~  y/Ta  +  c'c 

Corollary  II. 

Putting  Z  =r  2L.£+fL»  and  =  =  3CF+FB'>  and  Pr0CTCding 

as  in  rule  2  for  the  hyperbolic  fcgraent,  we  fliall  obtain  the  furface 
generated  by  B  A  equal  to  3*14159  &c.  drawn  into  the  difference  of 

anJ  2F*  X  /ATX  :  i  -  ri3=  -  j^->  -jfc  »'  *<• 


384        Hyperbolic  Solidity.    Part  HI. 

Problem  X. 
To  find  the  folidity  of  an  hyperboloid.. 

Rule  L* 

From  the  rum  of  the  height  of  the  folid  and  the 
tranfverfe  axe  of  die  generating  hyperbola  fubtracl: 
£  of  the  faid  height,  and  divide  the  remainder  by 
2  times  the  faid  fum ;  then  multiply  continually 

together 

*  Demon  stutiom. 

Let  /  be  =2  the  tranfverfe,  and  c  =  the  conjugate  axe  of  the  ge- 
nerating hyperbola,  x  =  its  abfcifla  or  the  altitude  of  the  folid,  /  = 
the  ordinate  or  radius  of  the  bafc,  and  p  =z  3-14 icq  &c. 

Then  yy  ss  cc  X  ■**  ^  **>  and  the  fluxion  of  the  folid  or  pyy'x. 
is  =  peex'x  X  t-~^,  whofe  fluent  hpccxx  x  =  pxyy  X 

-^tJL  =  pxyyX  '  =»        meafurc  of  the  folid  as. 

2*"X-23f  "  T  '* 

i  bafe  X  altitude  X  *     ^  E' D' 

CoxoLLitr  I, 

An  hyperboloid  is  to  a  paraboloid  of  the  fame  bafe  and  altitude, 
as  /  +  ■}•*  's  to  /  +  x ;  and  therefore  the  former  is  always  lefs  than 

x 

the  latter  by  the  quantity  bpxyy  X        ■ :  which  difference,  when 

x  is  infinitely  little  or  nothing,  is  nothing;  and  the  hyperboloid  ap- 
proaches nearer  and  nearer  to  the  paraboloid  as  the  common  altitude 
is  diminijhed,  till  at  lad  they  vanifh  in  a  ratio  of  equality;  alfo  when 
the  altitude  is  very  little  the  hyperboloid  is  equai  to  the  paraboloid 
very  nearly  :  but  when  x  is  infinite,  the  fame  difference  ^/x;;  x 

_f —  becomes  barely  ^pxyy,  and  the  value  of  the  infinitely  long 

hyperboloid  is  \pxyy  —  ^pxyy  a:  \pxyy  =  a  cone  of  the  fame  bafe 
and  altitude,  to  which  meafurc  the  hyperboloid  continually  ap- 
proaches, and  when  the  altitude  is  very  great  it  is  equaJ  to  the  cone 
very  ncarJy. 

Co- 
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together,  the  quotient,  the  altitude,  of  the  folid,  and 
the  area  of  the  bafe,  and  the  product  will  be  the 
iblidity  required. 

That  is,  bafe  x  altitude  x  '  j"*^**  =  parr  x 

*  2  /  -+•  2  a  1 

~ar =  ^c  ^^ity,  putting  a  *°r  the  altitude, 

r  the  radius  of  the  bafe,  t  the  tranrVerfe  axe,  and 
p=  3M4150&C. 

5E  Ex- 


Corollary  II. 

When  x  Tsss  m  t,  the  general  exprcffion  becomes  i  bafe  X  altitude 

X  ■  "^j".  where  »  may  beany  number  integral  or  fractional.  When 

»  is  infinitely  little,  this  ezpreflion  becomes ^  bafe  X  altitude  or  =: 
the  paraboloid  of  the  fame  bafe  and  altitude,  as  before;  if «  be  in- 
finitely great,  it  will  become  i  bafe  X  altitude  X  f ,  that  is,  4.  of  the 
paraboloid,  or  =s  the  cone  of  the  fame  bafe  and  altitude,  as  above; 
when  » is  =  1,  orfsx,  the  ezpreflion  becomes  i  bafe  x  altitude 
X  or  £  of  the  paraboloid.  Moreover,  when  n  is  between  1  and  o, 
the  hyperboloid  is  between  £-  and  {.  of  the  paraboloid ;  and  when  * 
is  between  1  and  -infinite,  the  hyperboloid  is  between  {-  and  £  of  the 
paraboloid  of  the  fame  bafe  and  altitude. 

Corollary  III. 

* 

,  If  the  generating  hyperbola  be  equilateral,  fince  /  is  then  =  e, 

yy  will  be  =  tx  +  x*.  and  hence  /  =  "  ~  xx  ;  which  being  fubfti- 

tuted  inftead  of  it,  the  general  ezpreflion  for  the  hyperboloid  will  be- 

come  /xX  *    aT—  $  which  is  the  fame  ezpreflion  as  that  for  the 

fpharic  fegment,  differing  only  in  the  fign  of  the  latter  term,  it  being 
—  {xx  here  and  +  fxx  there. 

Corollary  IV. 

When  /  is  s.o,  the  rule  becomes  4-  haie  X  altitude,  as  it  ought; 
for  when  /  is  ss  o,  the  hyperboloid  becomes  a  cone. 


386       Hyperbolic  Solidity.   Part  Iff. 

»  *        *  •  • 

Example. 

Required  the  content  of  an  hyperboloid  whoft 
altitude  is  xo,  the  radius  of  its  bafe  12,  and  the 
ordinate  to  the  middle  of  the  abfcifla  or  height 
3^7- 

Here,  by  prob.  3,  «e  fell  km  ^^»^J£ 

=  ^| — ^  =  ^  =  30  =  the  tranfverfe. 
0  —  7  1 

Then />^rr  x -JqpyJ-       x  10  x  144  x^x.  = 

^  x  1440  x  ^=/>x  1440x5^  =  3*14159  &c.  x  660 
=3  2073*451151369  =  the  content  required. 

Rule  II. 

.  To  the  fquare  of  the  radius  of  the  baie  add  the 
fquare  of  the  diameter  in  the  middle  between  the 
bafe  and  top,  multiply  the  fum  by  the  altitude,  the 
product  by  3*14159  &c.  and  ±  of  the  laft  product 
will  be  the  content  of  the  fegment. 

That  is,  rr  *  dd  x  ap  =  the  content  of  the  feg- 
ment, putting  r  and  d  for  the  radius  of  the  bafe 
and  diameter  in  the  middle,  a  for  the  altitude,  and 
p  =  3*14159  &c. — This  is  proved  in  corollary  1  to 
rule  2  for  the  next  problem. 

Example. 

Taking  here  the  laft  example,  in  which  r  =  12, 
d  =  6\/7,  and  a  =  10; 

We  mail  have  l£±f£*2  x  lop  =  1 1  x  6  X  10/  = 
66o/>  =  the  content  the  fame  as  before. 

Pro- 
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Problem  XI. 
To  find  the  content  of  the  fruflum  of  an  bypcrboloid. 

*Rum  I, 

From  the  fum  of  the  fquares  of  the  femi-diame- 
ters  of  the  two  ends  fubtract  \  of  a  fourth  propor- 
tional to  the  fquare  of  the  tranfverfe,  the  fquare  of 
the  conjugate,  and  the  fquare  of  the  altitude  of  the 
fruftum  ;  multiply  the  remainder  by  the  faid  alti- 
tude, and  the  product  by  3*14159  &c.  and  the  half 
of  the  laft  product  will  be  the  content  of  the  fruftum. 

That  is,  DD  +  dd-       x  \pa  =  the  content, 

putting  D  and  d  for  the  femi-diameters  of  the  ends, 
a  =  the  altitude,  /  =  the  tranfverfe,  c  =  the  conju- 
gate, and  p=  3*I4I59  &c» 

Ex-* 


•  Demonstration. 

Ufing  here  T  for  the  ordinate*  or  femi-diameters  of  the  ends, 
x  for  the  altitude  j  and  putting  A  for  the  diftancc  of  the  lefs  ordinate 

j  from  the  vertex  of  the  whole  folid  j  fince  IT  is  =  '  +  ^+*X^+* 

X  cc,  we  (hall  have  the  fluxion  of  the  folid  /  ss  pTTx  ss  pccx  X 

At  +  A  A  +  2  Ax  +  tx  +  xx       «  «  #» 

— —  — — —  — —  ,  and  the  fluents  give  /  ss  pccx  X 

it  •  0  cc 

At  +  A  A  ,  rr  .    At  +  A  A  +  2  Ax  +  tx  +  xx  . 

 77  *  ^  Tc   tt  —  ^omes 

CoaOLtARV  I. 

When  the  generating  hyperbola  is- equilateral,  /  i*  ss if,  and  the 

rule  becomes  .2T+/j  —  ^Jt  Xi^,  which  U  the  fame  with  the 
rule  for  the  fruftum  of  the  fphere, 

Co- 
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Example. 

*  *  .  •  • 

If  a  cafk  in  the  form  of  two  fraflums  of  an  hy- 
perboloid  have  its  bung  diameter  32  inches,  its  head 
diameter  24,  and  the  diameter  in  the  middle  be- 
tween the  bung  and  head  *\/3 1  o ;  required  the  con- 
tent in  ale  gallons,  the  length  being  40  inches. 

By  problem  4  we  {hall  have 

io^/—  I2»  +  |j  x  310  —  l6*\  —  4  x  I2»  x  16* 
12*  -?|x3io+  i6» 


t    32x310  125  —  124 

20  — 27- 


_  30  v/4 1 2  -  40 1  =  3  ov/8 1=270= the  tranfverfe  axe  /. 
'And  ^7?-^P  +  f  =  27  x  4yF?7? 
«  lo8 yZT|  =  ,087'^  =  ,087 1  =  the 
conjugate  axe  t\ 

Then 

Corollary  II. 

When  the  ue  it  s  o,  or  the  hyperboloid  becomes  a  cone ;  fince 

then  T":jp  ::  vf+x  :  ^»  or  2*— y  '.y  ::  x  :  As  3,1 °"  '  :* 

_  „,      ec      yy         — t!*        .   ,     -  ccxx 
^.wefoallhave--^-^,  and  therefore  —  , 

TEE. ;  which  being  fubftituted  for  it  in  the  rule  TT+yy-  OH 
2  ___________  3 " 

y  -^x,  produces  TY~+Ty~+yy  X  |/  x  for  the  fniftum  of  the  cone, 
as  it  ought. 
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20*  x  io8v 


aac  c  /  t  ,     zu   x  loo 

74iiil2x^=7957^X3.I4I59&c.^  24998-69994216 
inches  =  88*64787213  ale  gallons. 

Rule  II. 
Add  together  the  fquares  of  the  greateft  and  leaft 
femi -diameters  and  the  fquareof  the  whole  diameter 

5  F  in 

•Demonstration. 

'  put  x  —  the  abfcuTa  whofe  ordinate  is  <A  the  axes  being  /  and  c ; 
and,  from  the  nature  of  the  hyperbola,  we  mall  have  thefe  three 

equations :     ,__ 

=  ccXt  +  xX.x   =  ff  X/x  +  xx,   , 

}ttJJ  —  ccX^  +  y  —  i^Xy  —  •»a=  CfX  /x  +  xy- ax  —  V/-H<u, 

(.//DD  =  f  r  x  7+7+iix  *+t*  =  f  < .x *+ V/ 

from  the  fum  of  the  two  latter  of  which  fubtrafl  the  double  of  the 

former,  and  there  will  refult  //  X  D'D  -  2W  +  dJ  ss^aacc;  and 

hence  -yj-  win  oe  —  ^ 

Which  being  fubaittttcd  inftead  of  it  in  the  laft  rule  will  give 
DP  +  4//+  dd  x  ^  for  the  content  of  the  frnftum  required. 

^  Corollary!. 

If  d  the  leaft  diameter  be  fuppoftd  to  become  infinitely  little  or 
nothing,  the  above.rule  will  become  4^  X  af  for  the  con- 

tent of  a  fegment. 

Corollary  II. 
An  hyperbolic  fruftum  is  equal  to  a  cylinder  of  the  fame  altitude  and 

whofe  diameter  is  J °D  +  " .    And  the  fegment  is  equal 

to  the  cylinder  whofe  diameter  is  JPD  ^4^»  altitude  being 
the  fame. 
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in  the  middle,  multiply  the  fum  by  the  altitude, 
and  the  product  by  3*14159  &c.  and  one-fixthof 
the  laft  product  will  be  the  content. 

That  is,  6  —  x  ap  =  the  content,  put- 
ting Z),  <f,  and  d  for  the  greateft,  middle,  and  leaft 
femi-diameters,  a  =  the  altitude,  and  p  -  3*1415*9 
&c. 

Example. 
Taking  here  the  fame  Example  as  before,  we 

fhall  have  2J  


20»  + 


64  X  62 


x4o/> 


6  ~  *twr  *  6 

=iX^o'+  4x62  x  ^  _  jQ5j>-f,  -  the  content 

the  fame  as  before. 


Problem  XII. 

To  fold  the  content  of  the  figment  cut  of  an  hyperbo- 
loid  by  a  plane  oblique  to  the  axe  of  the  /olid. 

Rule. 

From  the  fum  of  2  CD 
and  DE  fubtract  |  of  DE, 
and  divide  the  remainder  by 
die  double  of  the  faid  fum ; 
multiply  the  quotient  by  the 
product  of  the  bafe  and  per- 
pendicular altitude,  and  the 
laft  product  will  be  the  con- 
tent. 
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ryv,       .      2CD+  DE  —*DE     ~«    .    r  . 

That  1S>        46TZ)  +  aflg      *  ^  X  bafe  =  ^  COn^ 

tent  ,  of  ADB. — —Where  2  CD  is  the  diameter  to 
the  double  ordinate  AB  or  tranfverfe  diameter  of  the 
the  bafe,  DE  the  Continuation  of  the  diameter  to 
Che  middle  of  AB,  and  DF  perpendicular  to  AB* 

Pro- 

*  Demo  n  itution. 

Put  iCD  ss  a,  DEea  b,  SB  =  c,  Dd  —  x,  db  =/,  B  =  the 
elliptic  bafe  whofe  tranfverfe  axe  is  AB,  and  /-ss  the  fine  of  the  angle 
E  to  the  radius  i . 

By  the  property  of  the  hyperbola,  ab+  bb  :«k  +  xx    cc  :  yy  ss 

tc*  ^r-rrri  831(1  l**anfe  parallel  fecb!ons  are  funilar,  and  funilar 
ab  -\-  00 

figures  as  the  fquares  of  their  like  diameters,  we  obtain  ec  :yy  ::  B  : 

a  x  *.t?.f  =  at  *b\ 

ab  -f-  bo 

Hence  the  fluxion  of  the  folid  is  B  s'x  X**^J*  ;  whofe  fluent 

#,xx  X  =  X  will  be  the  content  of  aDb. 

And  when  x  or  Dd  becomes  s  *  or  DE,  the  rule  will  be \Bbj  X 

a      X  7>F  X  for  the  folid  ADB.     9.E. T>. 

*+P       *  a  +  b  *~ 

Cot  OIL  ART  I. 

When  E  is  a  right  angle,  DE,  DF  and  /ft*  coincide,  as  do  AB 

%C  H  1 

and  £7;  and  the  rule  will  become  i  bafe  X  HG  X  2cH  +  HG  for 
the  righj  fegment,  the  fame  as  m  problem  10. 

CotOLLART  II. 

If  from  i  bafe  B I X  HG  X  HG  th*  rlght  fcgment  ™' 

be  taken  i#  X       x  ^cn^DlT       oblique  fegment 
there  will  remain  the  part  2?vf  7. 

Scholium. 

I  might  here  proceed  to  find  the  flice  parallel  to  the  axe  and  the 
other  parts  dependent  on  it;  but  as  there  appears  little  occafion  for 
it,  and  it  would  run  into  a  complex  infinite  feries,  I  have  omitted  it. 
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Problem  XIII. 
*  To  find  the  content  of  an  hyperbolic  fpindle. 

Rule  I. 

Proceed  as  in  rule  i  for  the  elliptic  fpindle,  and 
the  content  will  be  obtained. 

That 

*  General  Investigation. 
Put  x  cs  DE,  and  y  =  EF ;  then 


By  the  property  of  the  curve,  c  :  f  ::  ^cc  +  xx* :  t*f,cc^'.x2L  = 
f/;  hence  y=s  DG-/F  =  C-  t4/cc  +  **,and  the  fluxion  of  the 


folid  will  be  /„;  =  />*  X  C67  -  ?£Vf  l±Jlf  +  „  +  HI 


x 

cc 


fix  n-CC+  'Jg.  +  ,CX  +  "  =  /,  x 

ft  c 


ttxx        r  r   •  pti' 


tt  —  CC  -\  h  sCjss  2pCyx  —  - — x  XiLI-xx.  whofe  fluent 

C  c  cc 


gives  3^67 X  area  £F£2>  —         xiil-}*x  =  2/t7  X  area 

EFBD  —  P-^-  X  3lLT***  for  the  content  of  the  fruftum 
cc  12 

BFML.    Or  a/6?  X  area  £Fj5JV0  -  tllL  x  *LL~!f  -  the 

rr  12 

content  of  the  middle  zone  FB  NPLA1,  putting  /ac2xs£0its 
length. 

CO  KOLLilT  I. 

When  /  becomes  =  L,  the  laft  theorem  becomes  2pCS  ~ 
for  the  whole  fpindle  AB CLA. 

Corollary  jr. 

If  from  the  femi-fpindle  be  fubtrafled  the  fruftum,  there  will  re- 
main 2 pC  x  area  AFE  -  t^fli  x  L*L=d5fbrthefegment  MAF% 
putting  a  for  AE  the  altitude. 
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That  is,  iCS-^i 

x.p-  the  content  of  the 
fpindle  .^Z?CZ^;  where 
Cis  =  GD  the  central 
diftance  or  the  diftance 
of  the  centers  of  the 
fpindle  and  generating 
area  ABC,  5=  the  ge- 
nerating area  ABC,  t  = 
BG  the  femi-tranfverfe,  c  =  Gffthe  femi-conjugate, 
L  -  AC  the  length  of  the  fpindle,  and  p  =  3*14159 
&c.    As  in  corollary  1. 

S'O  Note 

Corollary  III. 
When  the  generating  hyperbola  is  equilateral, we  (hall  have  LLst 
ACC—4tt  =  4CC  —  26  —  D\%  =  ^CD  —  DD,  and  hence 67  = 

^  ^  "^//^  ^>  which  being  fubfl.it nted  in  the  foregoing  rules,  we  ob- 
tarn  —  xpS  —  \pL*  for  the  whole  fpindle, 


12 


for  the  middle  zone  FBNPLM, 


f  Xarea  EFBNO—plx 
and  D  XpX*sciJFE-paaX  3l~2<>  for  the  fegment 

Corollary  IV. 

Putting  </  for  /Iff  the  leaft  diameter  of  the  fruflum  or  zone,  »  at 
J/  =  .785398  &c.  and  the  reft  of  the  quantities  as  above;  fincc  LL 
DC-fDD  tt  DC-JC-iDD+iJJ 

1S  =  //X  bC-dC-iD n+Ydj '  7c  =  f//  * 

and  the  area  EFBNO  =5  i<//  +  /,  putting  /  for. the  area  FBN;  if 
thefe  values  be  fubftituted  in  the  general  forms,  we  (hall  obtain 

±*lX2DD+dd  +  8Cx~D  +  d+3j  for  the  value  of  the  middle 

zone  FBNPLM,  and  |»I  x  *DD  +9C  x  —Z>+^  for  that 
of  the  whole  fpiadJe.  Co- 


4 


394        Hyperbolic  Spindle.     Part  IH. 

Note. 

If  the  generating  hyperbola  be  equilateral,  the 

theorem  will  be  barely  LL \D°  xS— |Z3  for 

the  content  of  the  fpindle,  putting  D  =  &L  the 
greateft  diameter.    As  in  corollary  3. 

Rule, 

Corollary  V. 
And  if  here,  again,  the  generating  hyperbola  be  fuppofed  to  be 
equilateral,  ftnce  in  that  cafe  //  is  =  iC  —  d\%  —  4//  =-  2C  —  d\* 
—  7C^D\*  =  —  4Cd+  dd  +  tCD  —  DD*  and  hence  C  = 

'-L±°°-/J  =  hL±™ ;  w.  (hall  then  W  |»I  x 
for  the  whole  fpindle,  and 


^XJi)i>+^+   D~-  d  X—D-M+^r 

WU>lXldd-//  +  3jX  //  +  ff  7^  for  the  zone. 

Hence  it  may  be  obferved  that  the  content  of  an  equilateral-hyper- 
bolic-fpindular  ca(k  may  be  found  from  having  only  its  length  with 
the  bung  and  head  diameters  given. 

Corollary  VI. 


fluent  ofp„x  or  fx  X  -  '£^±£5  ^ 

. ,         ,         ,   //XX      Ctxdcc  4-rx       .  , 

alfo  =  /x  X  CC  +  //  +  —  Ctc  X  h7P-  log. 

ef  *^"*cc  ** ,  which  is  another  expreffion  of  the  content  ofthe 
fruftum  FBLM. 

Corollary  VII. 

Putting  m  for  the  diameter  in  the  middle  of  the  fruftum  or 
fcmi-fpindle  j  then,  by  the  aature  of  the  hyperbola,  we  (halt 

have 
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Rule  II. 

Divide  3  times  the  generating  area  by  the  length 
of  the  fpindle,  from  the  quotient  fubtrac*l  the 
greateft  diameter  of  the  fpindle ;  multiply  the  re- 
mainder by  four  times  the  central  diftance,  and  to 
the  product  add  the  fquare  of  the  greateft  diameter; 
then  the  fum  multiplied  by  the  length,  and  the 
produfr  by  ft^s?  &c.  £  of  the  laft  produ&  will 
be  the  content. 

That 


have  C-\d\%  -C-jD\%  tC~jm\%  -C-jD\*  ::4:r, 

~  X     «m-,U-<t     m  lhe  fruftum'  or  C  =  I  X  4   *~r- 

4        4*      3.  4       4m  — 3D 

in.  the  whole  fpindle ;  and  hence  the  rules  in  corollary  4  will  become 
DD  *        -3»  *  *T  *  D  *  rfL  for  the  vho\e  fpmdlc  and 

DD  +  *"  +  4~^V?^r*T^^  X  */<  the 
rone.. 

Corollary  VIII.. 
And  rf  the generating  hyperbola  be  equilateral,   then  ^//  s= 
C — —  t-  —  \0\*  =  (by  writing  for  C  its  value  found  in  the 

hence  ^  ""^  ~  *  X^^1'1*  ~  ^^1*  ~t  *  aSff 
the  length  of  the  zone;  and,  when  d  vanifhes,  we  have 

V^_i0.|.-_0-„i--tD.7  =  L  the  ltneth  of  ^  wholc 

fpindle.  So  that  when  the  hyperbola-  is  equilateral,  the  length  oC 
the  fpindle  need  not  be  given  if  the  diameters  D  aad  m  be  given. 
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 ^ 

That  is,  DD  +  4C  x  -  D  x  ±pL  =  the  con- 
tent ;  the  letters  as  before.  By  corollary  4* 

Note. 

If  the  generating  hyperbola  be  fuppofed  to  be 
equilateral,  4  times  the  central  diftance  will  be 

LL  +  DD        ,    ,        ~^      L~L+~DD     77     .  T 

=  —  d     ■>  and  then  35  x  — Tb  LLx}6pL- 

the  content.  By  corollary  5. 

Rule  III. 

Divide  the  difference  between  4  times  the  fquare 
of  the  middle  diameter  and  3  times  the  fquare  of 
the  greateft,  by  the  difference  between  4  times  the 
faid  middle  diameter  and  3  times  the  greateft,  and 
•4-  of  the  quotient  will  be  the  central  diftance. 

Then  proceed  as  in  the  laft  rule. 

.       nn     a  turn  —  *DD  ,  , 

That  is,  DD  +  --tt_lD  x  >T  -  D  x  ±pL  =  the 
content.  By  corollary  7. 

Note. 

When  the  generating  hyperbola  is  equilateral, 
the  content  may  be  found  without  having  the 
length  L  given,  for  then  L  is  = 

~  '  •    4m-3D~  >  by  corollary  8. 

Another  rule  might  be  drawn  from  corollary  6. 

PRO- 
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Problem  XIV. 

To  find  the  content  of  a  zone  or  double  fruftum  of  an 

hyperbolic  fpindle. 

* 

Rule  I.  ' 

Ufe  here  rule  1  for  the  zone  of  an  elliptic  fpin- 
dle, and  the  content  will  be  obtained. 

That  is,  2pC  x  area  EFBNO  -  p—  x  3lL~;/= 

1       •*  CC  12 

the  content  of  the  zone  FBNP LM ;  where  p  = 
3*  14159  &c.  C=  GD  the  central  diftanee,  /  =  BG 
the  femi-tranfverfe  axe,  c  =  GHthe  femi-conjugate, 
/  =  EO  the  length  of  the  zone,  and  L  =  AC  the 

length  of  the  whole  fpindle.  By  the  general 

inveftigation  of  the  laft  problem. 

Note. 

When  the  generating  hyperbola  is  equilateral,  the 
rule  will  be  barely  p  x     *DDD  x  area  EFBNO  - 

pi  x  *LL~U.  By  corollary  3  to  the  laft  problem. 

Putting  Mf=  BL  the  greateft  diameter. 

Rule  II. 

Ufe  the  fecond  rule  for  the  zone  of  an  elliptic 
fpindle,  only  here  add  the  firft  general  product 
inftead  of  fubtra&ing  it,  and  the  content  will  be 

got.  '^^^^^^^^^^^^^ 

That  is,  2DD  +  dd+SCx3-j  +d-Dxr'jpl  = 

FBNPLM.  Where  d  =  FM  the  leaft  diameter,. 

5H  1  = 
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s  =  the  area  FBN,  and  the  other  letters  as  be- 
fore, By  corollary  4  to  the  laft  problem. 

Note. 

If  the  generating  hyperbola  be  equilateral,  4 

times  the  central  diftance  will  be  =  5^  » 

and  then  the  content  of  the  zone  will  be 

i7d^ll  +  *ix"^>!!j"'  x  ±pl.  By  corol- 

lary  $  to  the  laft  problem. 

Rule  III. 

From  4  times  the  fquare  of  the  diameter  equi- 
diftant  from  the  greateft  and  leaft  fubtra&  the 
iiim  of  the  fquare  of  the  leaft  and  3  times  the 
fquare  of  the  greateft  diameter,  and  from  4  times 
the  faid  middle  diameter  take  the  fum  of  the  leaft 
and  3  times  the  greateft ;  then  divide  the  former 
difference  by  the  latter,  and  4  of  the  quotient  will 
be  the  central  diftance. 

That  is,  i  x  4^"^lf  =  Q  m  being  the  mid- 
dle diameter. — By  corollary  7  to  the  laft  problem. 

Then  proceed  as  in  the  laft  rule. 

Note. 

When  the  generating  hyperbola  is  equilateral,  / 

is  =  ^rjD--^j  by 

corollary  8  to  the  laft  problem ;  fo  that  the  content 
may  then  be  found  without  having  the  length  given. 

Another  rule  might  be  drawn  from  corollary  6 
to  the  laft  problem. 

Pro- 
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Problem  XV. 

To  find  the  content  of  the  fegment  of  an  hyperbolic 

fpindle. 

Rule. 

Ufe  here  the  rule  for  the  fegment  of  an  elliptic 
fpindle,  only  inftead  of  what  is  there  called  the 
lefs  axe  take  here  the  tranfverfe,  and  inftead  of  the 
greater  the  conjugate  axe ;  and  the  content  will  be 
obtained.— By  corollary  2  to  the  1 3th  problem* 

That  is,  2pC  x  area  AFE  -        x  3  L^7^ = the 

*  ceo 

fegment  MA F.  Where  a  is  =  AE  its  altitude,  and 
the  ofher  letters  as  in  the  laft  problems. 

Other  rules  might  be  found  by  fubtracling  the 
fruftum  from  the  lemi-fpindle  according  to  the  cor- 
refponding  rules  of  the  laft  two  problems. 

Problem  XVI. 

To  find  the  content  of  an  univerfal  hyperbolic  fpindle ; 
that  ix,  of  a  folid  generated  from  the  revolution  of 
an  hyperbola  about  an  ordinate  to  any  diameter. 

Investigation. 
Put  a = B  C  the  femi- 
diameter  to  which  be- 
longs the  double  ordi- 
nate A  A  about  which 
the  figure  ABA  re- 
volves, c  -CD  its  femi- 
conjugate,  b  .  AEt  C= 
EC,  z  =  EF,  y=FG 
parallel  to  CE,  m=  fine 
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of  the  angle  E  or  F.  and  »=  its  cofine  to  the  ra- 
dius i,  alfo  p  =  3*14159  &c.  and  let  GHbe  per- 
pendicular to  AE. 

Then,  by  the  nature  of  the  hyperbola,  c :  a :: 
y/77+Tz  :  +  Cly  hence  /  =  C-C/  = 
c^**/~  +  ««.  but  Gffis  =  my,  and#jF=«/; 
hence        is  =  z=t  a?,  and  the  fluxion  of  the 

foHd  is  p  x  GH*  xffK  =  p  x  Gi?2  x  BE  = 
•       •  •  . 

pmmyy  x  2  ±  ny  =  x  :  ±  *7a7  +  Ca  z 

 +  a7  z  +  ——  y  whole  correct  flu- 

m  C  C 

ent  is  pmtn  x  :  +  |  *y5  +  C*  2  +  flJz  +  ^  - 

+  »  -  Cac  x  hyp.  log.  of  +  "  =  the 

folid  generated  by  KBGH. 
And  when  2  becomes  =  b,  the  above  fluent  be- 

comes  x:=pC  b  +  a  0  +  j^-   c  ^ 

-Cac  x  hyp.  log.  of  *  +  +^*?  +  '*  for  j^f  ^  con- 
tent  of  the  whole  fblid  ABA* 

The  folution  of  this  problem  was  never  but 
once  before  attempted,  viz.  in  a  periodical  perform- 
ance, but  the  folution  there  given  is  wrong,  for 
the  fluxion  and  fluent  of  the  general  fruftum  was 
there  fattcly  affigned. 

SEC- 
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SECTION  VL 

Of  the  regular  bodies. 

A Regular  folkl  or  body,  is  a  folid  contained 
under  fome  number  of  £ke,  equal,  and  re- 
gular plane  figures. 

The  plane  figures,  under  which  the  folid  is  con- 
tained, are  the  faces  of  the  (olid.  And  die  fides 
of  the  plane  figures  are  the  edges  or  linear  fides  of 
the  fohd. 

There  are  only  five  forts  of  regular  iolids,  viz, 
the  tetraedron,  or  regular  triangular  pyramid,  hav- 
ing four  triangular  faces  ;  the  hexaedron,  or  cube, 
having  fix  fquare  faces ;  die  octaedron,  having 
eight  triangular  faces  ;  the  dodecaedron,  having 
twelve  pentagonal  faces ;  and  the  icoiaedron,  hav- 
ing twenty  triangular  faces. 

Problem  I. 

To  defcribe  or  form  the  regular  folidK 

R  U  L  E. 

Having  defcribed  figures,  as  below,  on  patfle- 
board  or  fome  other  pliable  matter,  cut  them  out 
by  the  extreme  fides,  and  cut  the  other  lines  half 
through,  then  fold  them  at  thefe  lines  fb  cut,  till 
the  fides  meet,  which  being  faftened  together  with 
glue,  &c.  you  will  have  the  form  of  the  bodies. 
Viz.  figure  1  will  form  the  tetraedron  j  figure  2, 

5 1  the 
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the  hexaedron;  figure  3,  the  oclaedron;  figure  4, 
the  dodecaedron ;  and  figure  5,  the  icofaedron. 


Problem  II. 
To  find  the  fur/ace  of  a  tctracdron. 
Rule. 

Multiply  the  fquare  of  the  linear  edge  by  the 
root  of  3,  and  the  producl  will  be  the  whole  fur- 
face,  or  the  fum  of  the  four  faces. 

That  is,  A2  3  =  the  whole  furface  ;  A  being 
the  linear  edge,  or  a  fide  of  one  of  the  faces.* 

Example. 

If  each  fide  of  a  face  of  a  tetraedron  be  1,  re- 
quired the  whole  furface. 

Here  A  =  1  ;  and  therefore  A7\/^  =  v/3  = 
1*7320508  =  the  furface  required. 

Pro- 


*  D  S  HONSTRATION. 

For,  by  rule  2  prob.  4  feci.  1  part  2,  one  of  the  faces  will  be  s= 
i  v^3  X  A% ;  which  being  multiplied  by  4,  gives  /*V3  for  all  the 
four  faces.  Q,E.D. 


Digitized  by 


Seel.  VI.  Tetraedron.  403 

Problem  III. 
To  find  the  folidity  of  a  tetraedron, 
*R  u  L  e. 

Multiply  T'r  of  the  cube  of  the  linear  fide  by  the 

root 

— — — — — ■■  

•  Demonstration. 

From  one  angle  C  of  the  tetraedron  let 
fall  a  perpendicular  CE  upon  the  oppofite 
fide  AD  B,  and  draw  E  A. 

Then  AC*  =  CE*  +  EA*  ;  but,  from 
the  tables  in  pages  81  and  84,  it  appears 
thatf^C*  =  \AB*  is  =  AE*  ;  where- 
fore, by  AibtradHng  this  equation  from  the 
former,  \A,CX  will  be  s=  CE*,  and  hence 
CE  =s  ACJ\ ;  but  AB  Z)  is  s=  i  A  If* 
=s  \AC*</i  *.  Then  {CE  x  ABD  = 
«r  AC</\  y.\AC*Vi  =  A  ACW*  =  the  folidity.         E.  D. 

Corollary  I. 

A  cube  is  to  a  tetraedron  of  the  lame  linear  fide,  as  1  is  to  ^3, 
or  as  12  is  to  >/ 2. 

Corollary  II. 

Put  r  for  the  radius  EF  of  thcincribed  fphere,  A  for  the  linear 
fide  AC,  B  for  the  whole  furface,  and  C  for  the  folidity ;  and  we 

ftall  have  r  =  ^=  (t£l£  =  \A^  =)  A^6. 

Corollary  IU. 

Hence  ahb  r  or  FE  is  =  for,  by  the  demonftration,  CE 

U  =  AJ\. 

Corollary  IV. 
And  hence  the  radios  of  the  circumfcribed  fphere  is  equal  to  1 

times  that  of  the  inferibed  ;  that  is,  R  sa  FC  sr  CE  EF  = 

4FE  —  EF=iFE=i3rz=iAS6. 

Scholium. 
From  this  problem  and  its  corollaries,  together  with  the  former 
problem,  are  deduced  thefe  equations. 

I.  A  =  V^T?  =  =  2>V6  =rf**/6. 

4.  r  =  T'T^V6  =3  A^aTTl  =  WfSy^  = 
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root  of  2,  and  the  product  will  be  the  folidity  of 
the  tetraedron  required. 

That  is,  ^Al\/i  =  the  folidity. 

Example. 

If  the  linear  fide  of  a  tetraedron  be  1 ;  required 
the  folidity. 

Here  A-  1,  and  ^A%  s/%  =  *i  178^11$ 

=  the  folidity  required. 

Problem  IV. 

To  find  the  fur/ace  or  JoMity  of  a  hexaedron  or  cube* 

Rule. 

It  is  evident  that  6  times  the  fquare  of  the  linear 
fide  will  be  equal  to  the  whole  furface,  and  the 
cube  of  the  linear  fide  equal  to  the  folidity  of  the 
hexaedron  or  cube.* 

Pro- 


•Scholium. 

Since  it  is  evident  that  the  diameter  of  the 
infcribed  fpherc  is  equal  to  the  linear  fide  of  the 
hexaedron,  and  that  the  diameter  of  the  circum- 
fcribed  fpherc  is  AD  c  +  CA*  = 

J  DC*  +  CB*+BA*  sc  t/yAB*  =  AB*/o, ; 
if  A%  Ii,  and  C  be  put  to  denote  the  linear  fide, 
the  furface,  and  the  folidity  of  a  hexaedron,  and 
r,  R  for  the  radius  of  the  infcribed  and  circum- 
scribed fphere ;  then  in  the  hexaedron-  or  cube 
we  ftiall  have  thefe  equations. 

1.  J=  */\B  =/C  =  2r=  »  /cV3. 

2.  B  =  6  A*  *=  =  24r»  =  BR*. 

3.  CzeiA*  =i-BS±Bz=Srt  =  »RW3> 

4.  r  =  ±A  =  ±</$B  =  \&Cst  V*V3- 


1 
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Problem  V. 
To  find  the  furface  of  an  oclaedron. 

Rule. 

Multiply  2  times  die  fquare  of  the  linear  fide  by 
the  root  of  3,  and  the  product  will  be  the  furface 
required.* 

That  is,  zA*\/$  =  the  furface;  A  being  the  li- 
fide.  -rA' 


EXAMPL  E, 

The  linear  fide  of  an  oclaedron  being  iy  it  is 
required  to  find  the  folidity. 

Here  A  =  1,  and  2A'%/$  =  2^3  m  3*4641016  = 
the  furface  required,  • 

Problem  VI. 
To  find  the  folidity  of  an  oclaedron. 

Rule. 

Multiply  \  of  the  cube  of  the  linear  fide  by  the 
root  of  2,  and  the  product  will  be  the  content  of 
the  o&aedron. 

5  K  That 

•  Demonstration. 
ently  8  foces,  or  the  whole  furfcee,  will  be  *  2  A  wl 
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That  is,  j A1  s/x  =  £  =  the  content ;  A  being  the 


linear  fide. 


Ex- 


•  Demonstration. 

Let  E  be  the  middle  of  tie  diagonal 
AC  of  the  folid,.  or  the.  center  of  the  fa- 
lid  ;  and  draw  DE  Which  win  be  equal- 
to  EA.         ;■•!:.'';.'  I  ' 

Then,  fince  the  folid  is  evidently  com- 
pofed  of  two  equal  fquare  pyramids,  each 
bale  of  which  ABCE  is  equal  to  Ae 
fquare  of  the  linear  fide  of  the  folid,  and 
the  altitude  of  each  equal  to  DE  or 
E  A  half  the  diagonal  of  that  fquare;  we. 
(hall  hare  ABCF  X  j'AE's*  AB>  X 
\AC  =  {AB?  ^AB*  +EC*  = 
\  AB*  */T7nF  =  \  AB\      for  the  foWditf.'  :  ' 

Cotouktr  r.  ;  j    '  '-I  - 

The  radius  AE  of  the  circumfcribed  fphere  is  =;  \ACez  W*AB%' 
as  \AB^i  as  AB^\.  >   '    -  <  * 

Corollary  H; 
The  radius  of  the  infcribed  fphere  is  equal  to  the  quotient  arifing 
from  the  dirifion  of  3.  times  the  foliditr  by  the  whole  furfaee  =. 
(from  this  problem  and  the4aft)  AB*j*2  <+•  zAB%«/%  s  \AB*/l- 
=  iABS6=zABSh 

SCHOtlVlt, 

From  the  two  lad.  problems  and  the  corollaries  are  deduced  the 
following  equations.;  in  which  At  B,  C,  r,  R,  denote  the  linear  fide 
of  an  otfaedron,  B  the  whole  furfaee,  C  the  folidity,  r  the  radius 
of  the  infcribed  fphere,  and  R  the  radius  of  the.circuxnfcribed  fpbere. 

k       = ^ = = "  " 

1  ^ 


.  .1 
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* 

Example. 

If  the  linear  fide  of  an  odaedron  be  i,  what  is 
ks  folidity. 

Here  -4=1,  and  therefore  ±Aly/z  =  \  %Ji  - 
-47 1 404 52079  =  the  content  required. 

Problem  VII. 
To  find  the  fur/ace  of  a  dodecaedron. 
Rule. 


To  5  add  2  times  the  root  of  £,  and  divide 
the  fum  by  5 ;  multiply  the  root  of  the  quotient 
by  is  times  die  fquare  of  the  linear  fide,  and 
the  product  will  be  the  furface  of  the  dodecaedron. 

That  is,  i  s  A 2  </ 5+^5  =  the  furface  ;  A  being 

the  linear  fide.* 


.  ■  1 


EXAM'PL  E. 

If  the  linear  fide  be  I,  required  the  furface: 

Here  A  =  1,  and-  therefore  ij'^V5*/*'5  = 

i5s/S+l^S  =  20,^4;7788o75  =  fin-face  re- 
quired. 

ho* 

•  Demonstration. 
By  rule  1  prob.  4  ftd.  1  part  a,  the  area  of  one  face  is 
i^'i/t  +  iVj*  and  therefore  t a  faces  or  the  whole  fcrface  will 

be  u  x  kA%  Si  +TV5  =  15^* 

5 
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Problem  VIII. 
To  find  the  filidity  of  a  dodecaedrtm. 
Rule. 

To  21  times  the  root  of  5  add  47,  and  divide 
the  fum  by  40 ;  multiply  the  root  of  the  quotient 

by 

-  *  •  - 

•Demonstration. 

Let  A  be  a  folid  angle  of  the 
dodecaedron,  and  let  the  extremi- 
ties of  the  fides  AB,  AC,  A D,  of 
the  faces  which  form  the  angle  be 
connected  by  the  right  lines  BC, 
CD,  D  B,  forming  the  equilateral 
triangle  BCD  within  the  folid; 
upon  the  center  E  of  which  tri- 
angle let  fail  the  perpendicular 
AE,  and  to  the  center  F  of  one 
-of  the  faces  draw  the  lines  AF, 
CF. 

The  angle  CAD  contains  108  de- 
grees, whofe  fine  is  £  -/io-f  aV'j* 
to  the  radios  1 ;  and  the  angle  ADC  contains  36  degree*  whofe 

fine  is  2V5  ;  wherefore  as  </io  — 2*/$  :  -/TcT+T/i 


AC:  CD 


=  ACj^±^  =  AC</l±S*  =  Acjt  +  S* 

=  ^t-P-AC  =  1±JSS  AC:  And  much  after  the  fame  manner, 
2  V>  2 

wefiod^B^D^3aBCZ)V'isrii^y/C.  Hence  £-^  = 

2  v3 

-  CE*  a.  -  l±^p"^  =  ^  Ji-\±gl 

=  ^  JlT^S .   Then  becaufc  the  chord  of  an  arc  is  a  mean 

proportional  between  its  rerfed  fine  and  the  diameter,  and  AE  is  the 
verfed  fine  of  the  arc  whofe  chord  is  AC  and  diameter  equal  to  that 
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by  5  times  the  cube  of  the  linear  Jide,  and  the  pro- 
duct will  be  the  folidity. 

»       ■  ii       •».      *       .  ..... 

That  is,  </47  +  *0W*  =  the  folidity;  A  being 
the  linear  fide,  t   ;  ' 

5  L  Ex- 

-  .  i  .  s 

C  Ax  C  4* 

of  the  circumfcribed  fphcre ;  we  (hall  have 


=  ±±2^4/3  _  V3±V^i^c==  R  ^  radhls  of  the  cir- 

cumfcribcd  fphere.  4 

Again,  the  angle  AFC  contain?  72  degrees,  whofe  fine  is 
i^/io-r>2y^5  ;  and  the  angle  ACF  54  degrees,  whofe  fine  is 


But,  fince  the  radios  of  the  circumfcribed  fphere  is  the  hypothe- 
nufe  of  a  right-angled  triangle  whofctwor  legs  are  AF  and  the  ra- 
dius of  the  inferibed  fphere,  we  fhall  have  </R>  —  AF*  = 

V        4       I  10  V       16  10 

_  ACJ  U+J.I&  -  r  the  radius  of  the  inferibed  fphere. 


4  j 


Then,  becaufc  the  foKdity  of  any  regnlar  folid  fs  equal  to  the 
farface  dVawn  into  f  of  the  radius  of  the  inferibed  fphcre,  and  the 

furfacc  B  equal  to  15//*  vA  +  3v'5  by  the  laft  problem,  we  fhall 
have  B  X  f  r  =  ^  *  = 

y^-Mi*/*  _  ^thc  foIiditv.  •  ^.£.d. 

Co- 
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Example. 

If  the  linear  fide  be  I,  required  the  folidity  of 
the  dodecaedron. 

Here  A  =  i,  and  therefore  i^V4**"^5- 

5V^47+4"^5  =  7-6631189605  =  the  content  re- 
quired. 

Pro- 

Corollary. 
From  the  demonftration  it  appears  that  the  radius  of  the  circum- 

fcribed  fphere  is  R  =3  A  and  that  of  the  infcribed  fphese 

40 

Scholium. 

Putting,  as  before,  J»  B,  C  for  the  linear  fide,  furface,  and !  fi> 
lidity,  and  R,  r  for  the  radius  of  the  circumfcribed  and  ioici" 
fphere  refpeclively ;  we  (hall  hare  in  the  dodecaedron 

1.  A  =  4/^5^2  ss  ^g^47o-3io^  _ 

^50-22^5  =  ^'^^/g- 

2.  £  =  15  ^v/^1^^1^  3v/io6»^i3o-58Vs  = 

3orVi30-58\/5  =  io/?*y°~2^. 

-  C  =       y/*7  +  2 =  *   /gjgso  +  29°^i  = 
J      ^         40  30  6 


4'  r  ""  20  ~"  2Q^  3 


^  200  v  15 

5*   4_    "  40  40 
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Problem  IX. 

•  ■  « 

To  find  the  furface  of  an  icofaedron. 
Rule. 

*  Multitiply  5  times  the  fquare  of  the  linear  fide 
by  the  root  of  3,  and  the  product  will  be  the  furface. 

That  is,  %A%  >/$  =  the  furface ;  A  being  the  linear 
fide. 

Example- 

The  linear  fide  of  an  icofaedron  being- 1 ;  required 
the  furface. 

Here  A  =  i,  and  therefore  $AW$  =  5\/3  = 
8-66025403. 

Problem  X. 

To  find  the  folidity  of  an  icofaedron. 

Rule. 

To  7  add  3  times  the- root  of  5,  divide  the  fum 
by  2,  multiply  the  root  of  the  quotient  by  five-fixths 

of 


•  Demons  t  rat  10  ** 

For  one  face  is  as  and  therefore  twenty- faces  or  the 

whole  furface  will  be  20  X  \.A%      =  5^*  -/3-  fLE.D. 


of  the  cube  of  the  linear  fide,  and  the  produ&  will 
be  the  content  of  the  icofaedron.* 

That  is,  M  V7-^—  =  the  content;  A  being 
the  linear  fide. 

Ex- 


•  Demonstration. 

Let  A  be  a  fbbd,  angle,  of  the 
icofaedron,  formed  by  five  faces  or  tri- 
angles whofe  bafe*  fotni  the  penugo* 
BCD  EF,  upon  whofe  center  G  let  fall 
the  perpendicular  AC,  and  draw  G  B. 

In  the  demonftration  of  problem  8  it 

was  found  that  GB  is  s=  BA*/ 

10 

and  that  the  radius  f  of  the  circle 
circumfcribing  one  face  ABC  is  = 
ABtJir.    But  the  radius  of  the  cir- 

B  A* 

cumfcribjd  fphere  is  R  =         =  7^Jy.'_'Jg» 


10  IO  Jo 


*      V  S-VS  S-VS    5+^5  V;  25-5 

ss  ABjl  ;  and  /i  is  the  hypothenufe  of  a  right-angled  tri- 

angle of  which  the  one  leg  is  the  radius  f  of  the  circle  circumfcri- 
bing  the  face,  and  the  other  the  radius  r  of  the  infcribed  fphere ; 

Jl±flAB*-±AB*  = 


r  is. 


A3J^.\^1  m  ABsp-±l^l.  Confequently  the  foli- 
ility  C=  \rB  [B  being  the  whole  Airfare)  wilUU \AB  Jl**^! 

0.E.D. 


SCH«. 
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*  , 

Example. 

The  linear  fide  of  an  icolaedron  being  1,  re- 
quired the  folidity. 

Here  A  =  1,  and  therefore  ^V7V^  = 

'  £>/1+l^5  =  2-1816949905  =  the  content  re- 
quired. 

5  M  SEC- 

Scholium. 

From  this  problem  and  the  laft  may  be  deduced  the  following 
equations  in  the  icofaedron,  the  letters  being  as  before. 

5 

2.  3  =.  s^Wl  ~  3^70^3-30^*5  =  3^  X  7^3-3^15 

3,  c = w, yi±i^£  =  ^7^3 +  ^ ,  „.lorl  K 

7V3  — 3Vis  =  \RWTZ+W$. 
2^       30  v  ij 
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SECTION  VII. 
Of  foHd  Rings. 
Definitions. 

BY  a  ring,  in  general,  is  meant  a  folid  returning 
into  itl'elf,  of  which  every  fe&icn  perpendicular 
to  the  axe,  or  line  paffing  through  the  middle  of 
the  folid,  is  every-whcre  the  fame  figure  and  of  the 
fame  magnitude. 

Problem  I. 

To  fold  the  furface  of  a  folid  ring. 

Rule. 

Multiply  the  axe  by  the  perimeter  of  a  feclion 
perpendicular  to  it,  and  the  product  will  be  the  fur- 
face. 

Example. 

A  workman  having  made  for  a  jeweller  a  circular 
ring,  or  a  ring  whofe  axe  forms  the  circumference 
of  a  circle ;  it  is  required  to  find  the  expence  of  the 
gilding  at  a  penny  the  fquare  inch,  the  thicknefs  of 
the  ring,  or  the  diameter  of  a  feclion  of  it,  being 
4  inches,  and  the  inner  diameter,  a-crofs  from  fide 
to  fide  18  inches. 

Here  18  +  2  =  20  =  the  diameter  of  the  circle 
formed  by  the  axe ;  confequently  20  x  3*14159  &c. 
=s  the  length  of  the  axe.  But  4  x  3-14159  &c. 
=  the  circumference  of  a  feclion  of  it.  Therefore 
20X3*i4i59X4X3*i4i59  =  8ox  3*i4i592  =789-57 
fquare  inches,  nearly,  =  789-57  pence  =  3  /.  5 s.  9^. 
nearly  =  the  expence  required. 

Pro- 


\ 
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Problem  II. 
To  find  the  folidity  of  a  ring. 

Rule. 

Multiply  the  axe  by  a  fe<flion  perpendicular  to 
it,  and  the  product  will  be  the  folidity. 

Example. 

Required  the  price  of  a  ring  of  iron,  whofe  di- 
menfions  are  the  feme  with  that  in  the  example  to 
the  laft  problem,  at  4  pence  a  pound ;  a  cubic  inch 
of  iron  weighing  4*423  ounces  averdupois. 

Here  the  area  of  a  fecYion  being  4 2  x  785*398  &c. 
=  4  x  3"  141 59  &c.  which  is  the  fame  number  as  that 
exprefling  the  circumference,  and  the  axe  being  the 
lime  as  before,  it  is  evident  that  the  folidity  will 
be  expreffed  by  the  fame  number  as  the  furface  in 
the  laft  example,  viz,  the  folidity  =  789/57  cubic 
inches  ;  which  multiplied  by  4*423  give  3492*2605 
ounces  =  2 18*26628  pounds ;  which,  at  4  pence  each, 
come  to  3/.  12/.  9  J.  =  the  price  required. 

Scholium. 

I  omit  any  more  examples  as  the  manner  of  ope- 
ration is  the  fame  in  all  forms  with  thofe  for  prifms, 
both  with  regard  to  the  furfaces  and  folidities ;  for, 
iince  it  is  evident  that  any  ring  is  equal  to  a  prifm 
whofe  altitude  and  end  are  refpedlively  equal  to  the 
axe  and  fection  of  the  ring,  both  in  furface  and 
folidity,  the  rules  for  them  both  muft  be  the  fame ; 
and  for  this  reafon  alfo  any  demonftration  of  the 
rules  for  rings  was  quite  unnecefTary  in  this  place. 

SEC- 
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SECTION  VUI. 

Promifcuous  §>ueftions  concerning  folids, 

QjJ  E  S  T  I  O  N  I. 

Equired  the  content  of  a  tub  whofe  greater 


R' 


diameter  is  60,  diagonal  66,  and  the  length, 
of  the  ftave  30  inches. 

AB  ~  60  :  BC  +  CA  =  96  ::  ^ 

BC- CA  =   36  :  ^  =  6  x  ^  -A* 

9-6  =  57-6  =  BE-EA  =  Z)C  \^ 


1*2. 


£C  =  v/C^1  -       =  v/302  - 1*2 2  =  6>/5  x-*22 


=  61/25- '04  =  6^24-96. 

Then  AB2  +AB  x  DC+PTF  x        x  785398 

&c.  =  6o2  +  6ox  57*6+57*6*  x  2V/24'q6  x 785398 

&c.  =  1037376x4^*39  *  3*HI59&c-  =  81410*1 12 
cubic  inches  =  288*688  ale  gallons  =  the  content  re- 
quired. 

Qju  E  s  T  1  o  n  II. 

Three  perfons  having  bought  a  fugar  loaf,  would 
divide  it  equally  among  them  by  fe&ions  parallel 
to  the  bafe ;  it  is  required  to  find  the  altitude  of 
each  perfon's  mare,  fuppofing  die  loaf  to  be  a  cone 
whofe  height  is  20  inches. 

Similar  cones  being  as  the  cubes  of  their  altitudes, 

we  mail  have  as  v/3  :  s/ 1  ::  20  :  20v/|  =  ^^2  = 

13*8672247  =  the  height  of  the  upper  part,  and 

as 
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as  \/3  :  \/2  ::  20  :  20v/f  =  — —  =  17*4716107  = 

that  of  the  upper  and  middle  part  together  ;  con- 
sequently 17*4716107—  13*8672247  =  3*604386  = 
the  height  of  the  middle  part,  and  20-17*4716107 
=  2*5283893  =  that  of  the  lower  part. 

Qju  e  s  t  1  o  N  III. 

A  (ilver  cup,  in  the  form  of  the  fruflum  of  a 
cone,  whofe  top  diameter  is  3  inches,  its  bottom 
diameter  4,  and  its  altitude  6  inches,  being  filled 
with  liquor,  a  perfon  drank  out  of  it  until  he  could 
fee  the  middle  of  the  bottom  ;  it  is  required  to  find 
how  much  he  drank. 

By  problem  14  of  fec"tion  1  we  have  D  =  4,  d-  3, 
h  =  6y  and  BD  =  ±D  =  2;  henoeZM-^  =64-27 
=  37,  P  =  (the  tabular  area  whofe  verfed  fine  is 

^  or  {-=)  jn  =  \  of  78539816  &c.  ^=  (the  ta- 
bular area  whofe  verfed  fine  is  *?^~^+—  or  ±  =) 

'229455^>^4^=2>  and  ^  =  2  ;  confe- 

quently  37 n-  3211-4-54^^2  x  2  =  5«  +  54^^/2 
x  2  =  7*8539^4 6  -"-35*0458624  =  42*899844  cubic 
•inches  =  '152127  ale  gallons  =  the  quantity  re- 
quired, or  1  gill  and  }  nearly. 

QjJ  E  S  T  I  O  N  IV. 

I  have  a  right  cone  which  coft  me  5/.  13/.  yd, 
at  1  oj.  a  cubic  foot,  the  diameter  of  its  bafe  being 
to  its  altitude  as  5  to  8;  and  would  have  its 

5  N  convex 
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convex  furface  divided  in  the  fame  ratio  by  a  plane 
parallel  to  the  bafe,  the  upper  part  to  be  the  grea- 
ter: Required  the  flant  height  of  each  part. 

Here  =  2g  =  the  folidity  of  the  cone 

in  feet,  and -785398  &c.x52x-  =  20ox-^ —  = 

—  =  that  of  a*  cone  fimilar  to  it  whofe  altitude 

3 

is  8. 

Now,  the  furfaccs  of  fimilar  folids  being  as  the 
fquares  of  their  like  dimenfions,  we  have  v/5  +  8  ; 
x/S  : :  v/2*52  +  82  =  the  fide  of  the  laid  fimilar  cone 
:  =  the  flant  height  of  the  upper  part  of  this 

cone  when  its  furface  is  divided  in  the  propofed  ra- 
tio ;  and  confequently  v/7<>t  -r  J     =  ~ 
5=  that  of  the  under  part  of  it. 

Then,  becaufe  fimilar  folids  are  as  the  cubes  of 

their  like  dimenfions,  we  fliall  have  V  ^~  :  s/ ^  :: 

S'±:^Jl-&x</&  =  3-9506486  =  the  flant 

1 

height  of  the  upper  part  required,  and  V  —  : 

V    120  *  *  V   8       V  J3      2  0  V    n     *  v    8  13 

x  x/^  -  3-9506486  =  5*0361098  - 
3*9506486  =  1*0854612,  =  that  of  the  under 
part. 

Quest. 
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Qj;  estion  V. 

There  is  a  mill-hopper  in  the  form  of  a  fquare 
pyramid,  whofe  folid  content  is  13-^  feet ;  but  one 
foot  is  cut  off  its  perpendicular  altitude,  to  make 
a  pafTage  for  the  grain  from  the  fruftum  or  hopper 
to  the  mill-ftone :  The  fides  of  its  greater  and  lefs 
end  are  in  proportion  as  4t  to  1.  Required  the 
content  of  the  fruftum,  in  corn  meafure,  in  which 
268*8025  cubic  inches  make  a  gallon,  or  2150*42 
=  the  bufhel. 

Since  fimilar  folids  are  as  the  cubes  of  their  like 
dimenfions,  we  {hall  have  4*5 3  :  1 3  : :  13^:  —7  = 

-7-r  =  gl  =  ^  =  the  content  of  the  part  cut  off*. 

4  Wherefore  !3i  -  i ■  =  ?  -  £  =  .&f±  = 

37      a      27         54  54 

721      1  •    r         721  0  721x288 

=  ^  cubic  feet  =  y^-x  1728  =  7 — -     =  721 x  32 

=  23072  cubic  inches  =  the  content  of  the  hopper. 
Which  being  divided  by  2150*42  gives  10729067 
bulhels  for  the  content  in  corn  meafure, 

Qju  e  s  t  1  o  n  VT. 

A  piece  of  round  tapering  timber,  wlwfe  top  and 
bottom  diameters  are  40  and  50  inches,  and  its 
height  6  feet,  is>  to  be  cut  through  the  extremity 
of  the  lefs  diameter  and  parallel  to  the  tapering  di- 
rection ;  required  the  content  of  the  two  parts  or 
hoofs  into  which  it  is  cut. 

By  prob.  14  feet  1,  D  =  50,  d  =  40,  h  s  6  feet 
=  72  inches;  then  A  =  50 2  x  tabular  fegment 

whofe 
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whofe height  is  (J^-4-  =  g«)'2  =  50'  x '1118238 

~  *79'SS9S-   

Hence  5^7  -  ^ds/'D^hTd  x  \b  = 

Z79'5S9S*5  -  x24=279*5595x3-i6ox4 
x  40  =  193*6785  x  40  =  7947*14  =  the  content 
of  the  hoof  cut  off. 

But,  by  prob.  8  fed.  1,  -£-Ef~  x'2?  x  7853,98 

&c.  =  51  -4J  x  100  x  24  x  785398  &c.  =  166400 
x  785398  &c.  =  2506*90*2543803  =  the  content  of 
the  whole  piece. 

Confequently  130690*2543893  -  7947*14  = 
122743*1 143893  =  the  folidity  of  the  complemental 
hoof. 

QjU  E  S  T  I  0  N  VH. 

"  Two  Oxonians,  meeting  at  an  inn,  encoun- 
tered with  a  tankard  of  negus ;  the  one,  being  pot- 
valiant,  gave  it  a  black-eye,  as  it  is  called,  that 
is,  he  drank  till  he  could  fee  the  center  of  the  bot- 
tom of  the  tankard ;  the  other  drank  the  reft :  Now, 
if  the  liquor  coft  u.  6d.  and  the  tankard  meafure 
4  inches  diameter  at  the  top  and  bottom,  and  6 
inches  in  depth,  what  muft  each  perfon  pay  pro- 
portionable to  the  liquor  he  drank." 

By  prob.  4  feci.  1,  we  have  *ddb  for  the  quan- 
tity left  by  the  firft  perfon  ;  and,  by  prob.  2  feet.  I, 
nddb  ■=  the  content  of  the  whole  tankard,  d  being 

the 
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the  diameter,  h  the  height,  and  n  =:  785398  &c. 
that  is,  the  whole  is  to  the  left  fhare  as  it  to  £ ; 

confequently  as  n  :  ±  ::  i8^/.  :  |  =  &g>  = 

3-8107185  pence  =  the  fum  the  latter  perfon  muft 
pay;  and  hence  i$d.  —  3-8197185^.  =  14*1802815 
pence  =  the  fum  the  firft  drinker  muft  pay. 

Qjj  e'stion  VIII. 

How  many  acres  of  the  earth's  furface  may  be 
feen  from  the  top  of  a  fteeple  whofe  height  is  400 
feet ;  the  earth  being  fuppofed  a  perfect  fphere  whofe 
circumference  is  25000  miles. 

Having  drawn  from  At  the  top 
of  the  fteeple,  two  lines  AD,  AF,  to 
touch  the  earth  whole  center  is  C, 
and  the  other  lines  as  in  the  figure  j 
FBD  will  be  the  furface  required. 

By  fimilar  triangles,  AC :  CD  or 
CB  ::  CD  or  CB  :  CE,  hence  AC  : 
AC-CB  =  BA  ::  CB  :  CB-CE  = 

25000  400 
CBycBA     CBY.BA     r*4'$9*c-  X  5280 
~      AC     m  CB  +  BA         25000      .  800 

5' 14159  &c  +  5280 

25000  X  4     100000  

2500  X  528  +  3-14159  &c  X  8  ^  1320025-1327412287 

•0757561 33364l6945- 

Then,  by  problem  19  fection  1,  we  have 
*°75756i 3330416945  x  250000  x  640  (the  acres  in 
a  fquare  mile)  =  12120981*338267112  =  the  num- 
ber of  acres  required. 

5  O  Qu e s- 
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Question  IX. 

How  high  above  the  furface  of  the  earth  mud  a 
perfon  be  raifed,  that  he  may  fee  one-third  of  its 
furface. 

The  furfaces  of  fegments  being,  by  prob.  1 9  feci.  1, 
as  their  altitudes,  the  altitude  of  the  fegment  in  the 
queftion  mud  be  one-third  of  the  diameter  or  two- 
thirds  of  the  radius  of  the  fphere ;  that  is,  EB  =  f  BC-, 
and  confequendy  EC=  ±CB.  [See  the  laft  figure] 

But,  by  fimilar  triangles,  as  EC:  CD  or  CB  :  : 
CD  or  CB  :  CA,  and  hence  EC :  CB  -  CE  =  EB  : : 

BC:  CA-CB  =  BA  -  C*£x/g,  which  is  a  general 

expreflion  for  the  height  above  the  furface,  and 
which  when,  as  above,  BE  is  =  2 EC,  becomes  2BC 
-  the  diameter  of  the  earth ;  which  is  the  height 
required. 

Qju  estion  X. 

If  from  a  piece  of  tin  AED,  in  the  fbrm  of  the 
feclor  of  a  circle,  whole  radius  AE  or  AD  is  30. 
inches,  and  the  length  of  its  arc  ED  36  inches, 
be  cut  another  feclor  ABC  whofe  radius  AB  or  AG 
is  20  inches;,  and  if  then  the  remaining  fruftum 
BCDE  be  rolled  up  fo  as  to  form  the  fruftum  of  a 
cone,  it  is-  required  to  find  its  content,  fuppofing 
one-eighth  of  an  inch  to  be  allowed  of  its  flant  height 
BE  for  the  bottom,  and  the  fame  allowance  off  the 
circumference  of  both  top  and  bottom  for  what  the. 
{Ides  BE,  CD,  fold  over  each  other,  in  order  to  their 
Ueing  foldered  together.. 
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By  fimiiar  figures,  as  EA  A 

=  30  :  AB=  20  ::ED  =  $6i  /\ 

*~  =  *4  =  ^  Thenthe           /  \„ 
. 3                                      B  J<P 
circumferences  of  the  top  /r~  A 

and  bottom  are  (36  —  i  =  //  \ 
35 j  =)  Sr 875,  and  23*875 ;  .  \ 

and  the  fide  of  the  veflei  is   

(30-20-^  =  9^=)  9*875. 

Hence  the  diameters  of  the  ends  will  be  D  = 

U±"    and  d  =  -3^-;  half  their  difference  is 

3*'4'59'  3'i4i59 

3.l4\59 »   confequently  the  perpendicular  altitude 


will  be  found,  by  the  property  of  right-angled  tri- 
ples, to  be  y0-87c'--^  =  &*Ts^*is£^£ 

_  3°'43749 
314159  &c/ 

Then,  by  problem  8  feclion  1,  we  fhall  have 

35'875*-  +  3r875  X  23-87;  +  33-875*      30* 43 7 49      3-14159  &c. 

3-14159*  3-14159  &c.  12 

_  387*  +  287  X  191  4-  191*  y  30-43749  _  170667  ^  3Q-43749 
8»X  3-14159*  12      "~    768  3,M,59*V 

ss  685*3263  cubic  inches  =:  the  content  required. 
QjJ  estion  XI. 

It  is  required  to  find  the  area  of  the  lection-  of 
any  fpheroid,  formed  by  a  plane  paifing  through  the 
extremities  of  the  two  axes,  the  one  axe  being  80 
and  the  other  60. 

By  prop.  1  feci.  2  the  iection 
AKB  will  be  an  ellipfe  whofe  axes- 
are  AB  and  zHKy  H  being  the 
xaiddie  of  ^B. 

But 
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But  JB  =  x/BEa  +  EA*  =  \/3oa  +  4oa  =  50. 

And,  having  drawn  EG  HI  parallel  to  DB,  by 
the  nature  of  the  ellipfe,  AE3  :  EB3  AE2  -  EG2 
=  AE3  -  ~AE3  =  \AE3  :  GP  =  }EBS  ;  and 

hence,  by  the  nature  of  the  circle,  2\/FHx  HI  = 
2x//03  -GH'  =  W}<EB3  -\-EB2  *  EBy/z  = 
the  other  axe  2HK. 

Confequently  AB  x  zHK  x  '785398  &c.  =  50  x 
30\/2  x  '78539880:.  =  1666*081101807  s  the 
area  of  the  feclion  when  thefpheroid  is  oblong.  And 
50  x  4o%/2  x  785398  &c.  =  2 22 1*44 1 4690 7 6  =: 
the  area  when  oblate. 

Qju  e  s  t  1  o  N  XII. 

There  is  a  punch  bowl  in  the  form  of  the  fegment 
of  an  oblong  fpheroid  whofe  axes  are  to  each  other 
in  the  proportion  of  3  to  4,  the  depth  of  the  bowl 
being  one-fourth  of  the  whole  tranfverfc  axe,  and 
the  diameter  of  its  top  20  inches:  it  is  required  to 
determine  what  number  of  rounds  a  company  of  1  o 
men  may  take  out  of  it,  when  filled  with  liquor, 
ufing  a  conical  glafe  whofe  depth  is  2  inches,  and 
the  diameter  of  its  top  one  incn  and  a  half. 

The  fegment,  whofe  altitude  is  1,  of  the  fpheroid 
whofe  axes  are  3  and  4  is  fimilar  to  the  propofed 

one ;  and,  by  the  nature  of  the  ellipfe,  4:3::  2  s/Jxi 

.  L^i  =  the  diameter  of  its  top;  but  by  prob.  14 

fea.  3,  its  content  is  ~±  x  3s  x  3*14^9  &c.  = 

1?X -78*398  &c      and  f()Uds  are  ag  ^  cubeg 

4 
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of  their  like  dimenfions  ;  wherefore 


20 3  :: 


'5  X -785398  &c.  #     40'      v  15  X -785398  &c.  80000^3 

4  '  34  X-/3  4  -  ~  X 

•785398  &c,  s:  the  content  of  the  bowl.' 

But  r5'x2x^i|i^  =  |x-785398&c.  =  the 

content  of  the  glafs,  and  15  x  '785398  &c.  =  each 
round. 

wncrciorc  8|  x  l$  x  7ss39a  &c.  -     2^3  - 
1 14*0444976  =  the  number  of  rounds  required. 

QjJ  e  s  t  1  o  N  XIII. 

Two  perfons  would  divide  between  them,  by  a 
plane  perpendicular  to  the  bafe,  an  hay-rick  in  the 
form  of  a  paraboloid  whofe  altitude  is  40  and  the 
diameter  of  its  bale  30  feet ;  it  is  required  to  find 
the  difference  between  the  folidities  of  the  parts, 
fuppofing  the  altitude  of  the  fe&ion  to  be  28  feet. 

Here  DH  —  40  [See  fig.  to  prob.  13  fed.  4], 

EA  r=  30,  and  BC  =  HL  =  28.  Hence  LD 

zz  DH-HL  =  40-28  =  12  ;  and,  by  prob.  3 
fed.  4,  as  s/HD  :  x/DL  ::  HA  :  LC  =  HB  z= 

^  =  15^30  hence ^AH*_HB>  = _  9^ 

2                        t  *  4 

=  ¥>  and  7*  =   To         -  —^o—  =  ^1387 

=  the  tabular  verfed  fine  fimilar  to  AB,  whofe  tabu- 
lar area  is  'i  3322474,  which  taken  from  '39269908, 
die  tabular  femi-circle,  leaves  '25947434  =  the  ta- 
bular area  fimilar  to  double  the  area  HBGK;  con- 

5  P  fequently 
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fequently  \  x  302  x  '25947434  =  116763453  =  the 
area  HBGK. 

Then,  by  cor.  4  to  prob.  13  feci.  1,  we  (hall  have 

116763453*4°  *2  +  3I5^22-—  =  934I'°7(*24  + 
630^2  i  =  934I'^24+2887,o2269i= 12228-09892 
=  the  difference  required. 

QjJ  EST  ION  XIV. 

The  curve  furface  of  a  paraboloid  being 

io9v/io9-27x  2  x 3*HI59  &c-  =  698o'57746"  &c. 
it  is  required  to  find  its  altitude  and  the  diameter 
of  it  bafe,  fuppofing  them  in  proportion  as  5  to  6. 

By  prob.  7  feci.  4,  ^V^l  J,!'  x  3  x|  x  3-1415? 
&c  _  l°9^-a?  x  2  x  3-14159  &c.  is  the  furface 

of  a  paraboloid  whofe  altitude  is  5  and  bafe  dia- 
meter 6*  which  is  fimilar  to  the  propofed  parabo~ 
loid ;  but  the  furfaces  of  fimilar  bodies  are  as  the 
iquares  of  their  lineal  dimenfions,  or  the  demen- 
fions  are  as  the  roots  of  the  furfaces ;  wherefore 
as  J  i^p^  x  2  x  3'  1 41 59 &c.  is  to  7  *S&2Z=*L 

x  2  x  3*14159  &c.  or  as  1  :  10  ::  5  :  50  =  the  alti- 
tude, and  : :  6  :  60  =  the  bafe-diameter  required. 

Qjj  E  s  t  1  o  N  XV. 

If  a  cubical  foot  of  brafs  were  to  be  drawn  into 
wire,  of  one-fortieth  of  an  inch  in  diameter,  it  is 
required  to  determine  the  length  of  the  find  wire, 
allowing  no  lofs  in  the  metal. 

Here 
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Here  ixi2}  =  1728  =  the  folidity  of  the  wire 
in  inches  j  and  i|  x  785398  &c.  =  ^-  x  '785398 

&c.  the  area  of  its  end ;  confequently  —  —  

■  yi^st*;  =  3520252*69329  inches  =  the  length 
required. 

Qju  e  s  T  1  o  n  XVI. 

A  gentleman  having  a  bowling  green,  300  feet 
long  and  200  feet  broad,  which  he  would  raifc  one 
foot  higher  by  means  of  the  earth  to  be  dug  out  of 
a  ditch  around  it ;  it  is  required  to  find  to  what 
depth  the  ditch  muft  be  dug,  its  breadth  being 
every  where  8  feet. 

Here  the  ditch  is  a  kind  of  ring  whofc  breadth  is  8, 
and  length  =  300x2  +  200x2  +  8x4=516x2=  1032, 
and  confequently  the  area  of  its  bottom  =  8  x  1032 
=  8256  ;  but  300  x  200  x  1  =  60000  is  its  content ; 

confequently  -g~~  =  7I4  feet  =  the  depth  required. 

QjJ  e  s  T  1  o  n  XVII. 

Required  the  weight  of  a  bomb-fhell,  or  hollow 
iphere  of  caft  iron,  whofe  out-fide  diameter  is  15, 
and  the  thicknefs  of  the  metal  i~  inches ;  the  gra- 
vity of  water  being  to  that  of  caft  iron  as  1  to  7, 
and  a  cubic  inch  of  water  weighing  '5787  ounces 
avoirdupois. 

Here  15 J  x  3*^?_^  =  the  folidity  of  the 

whole  fphere,  fuppofing  it  all  lblid ;  and,  fince 
15-2^x2  =  15-5=  i°  is  the  diameter  of  the 

cavity 
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cavity,  io3  x  vw>     will  be  the  content  of  the 

cavity ;  eonfequently  their  difference  15s  ~  io3  * 
rum     =   ,  __2i  x  5,  x  r  14159  &c.  =  J9  x  I25  x 

6  0 

3-'4*59&c-  -  the  folidity  of  the  metal  in  inches. 

But  1:7::  '5785  :  4*0509  ounces  =  the  weight 
of  a  cubic  inch  of  the  metal. 

Confequently  4*0509  x  19  x  125  xrMI*9  = 

1*3503  x  19000  x'78"f  &C'=  6413*925  *  785398 
&c.  =  5037*4849152  ounces  =  3 14*8428072  pounds 
avoirdupois  =  the  weight  required. 

Qjj  e  s  t  1  o  n  XVIII. 

Of  what  diameter  muft  the  bore  of  a  cannon  be 
caft  for  a  ball  of  24  pound  weight,  fo  that  the  di- 
ameter of  the  bore  may  be  one  tenth  of  an  inch 
more  than  that  of  the  ball. 

By  the  laft,  the  weight  of  a  cubic  inch  of  caft 
iron  is  4*0509  ounces,  confequently  as  4*0509  ounces 

•    1  iu        ~  .  24  x  16  ia8 

:  1  mch  ::  241b.  or  24  x  16  oz.  :  -*-Q9  =  — 

inches  =  the  folidity  of  the  ball ;  but  the  folidity 
16  equal  to  the  cube  of  the  diameter  multiplied  by 

S'lAICO  &C.         r      _/*  /  128X6 

6      »  wherefore     ,.3t0?  &c.  = 


•4501  X  3-14159  &C.  *"  ^  -9002  X  3*14159  &C. 

5*657098  inches  =  the  diameter  of  the  ball ;  to 
which  adding  *i  makes  5*757098  inches  =  the  di- 
ameter required 

PART 
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PART  IV. 

Having  given  at  large  the  menfuration  of  alL 
figures  which  are  generally  thought  to  be  met 
with  in  real  practice,  viz.  the  figures  formed  by 
right  or  circular  lines,  or  by  the  conic  fections;- 
I  mall,  under  this  part,  give  a  very  brief  treatife 
of  fuch  other  things  as  belong  to  menfuration  in 
general ;  fuch  as  the  quadrature  and  cubature  of- 
figures  from  general  equations*  expfeffing  their  na- 
ture or  property,  the  method  of  ~equidiftant  ordi- 
nates,  and  the  relation  between  the  areas  or  foli-^ 
dities  of  figures  and  their  centers  of  gravity. 


s  ecti'on  1: 

Of  the  true  Quadrature  and  Cubature  of 
Curves  in  cener,al« 

P  r-o  p  o  s  i  t  1  o-  n  I.  • 
Jfr  z  bethc  aifcijfa  of  any  curve,  and  the  ordinate  jhe 

equal  to  z     Xa+)Sz  +  yz  +  /z  +iz  +&c.\ 

x  :  A  +  bzn  +  cz*n  +  dz3n  +  ezin  &c  and  if  £  be  put 

equal  to  r,  r  +  q=S,  s  +  q  =  t,  t  +  q  =  v,  v  +  q  =  wv 
&c.  I fay  the  area  ivill  be  equal  to 

z  x  «  +  /3z  +  yz  +*z  +*z  +&C.I  drawn  xnta- 
the  feries 


M 
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|-Ayt-B*.s+i  n> 

a.r  +  2    _ 

1  _  A^v  -  By.  t  +  x  -  C/J.  s  +  2 

«.  r  +  3  ^  

--A«w-B4.  ▼+!  -Cy.  t  +  2  -D&S+3 


n 


4« 


«.  f +  4 

JPfor*  A,  B,  C,  6*.  anr  the  ivfole  coefficients  of  the 

a 

preceding  terms  with  their  figns  +  or  - ;  viz.  .4  =  * 

B=*— ,6*. 
a.  r  +  i 

DBMONSTRATIOK, 

T*he  fluxion  of  the  area  is  y  'z  =  z'"*  z  x  % 




«  +  £z  +  yz    &c.|     x:a  +  £z+rz    +  &c. 
Let  the  fluent  of  this  expreflion,  or  the  area  re- 

Quired,  be  reprefented  by  z  x  «  +  Az"  +  yz**  +  &c.| 

x  :  A  +  Bz  +Cz*  *  &c.  where  A>  Ct  &c.  are 
xiot  fuppofed  to  reprefent  the  fame  quantities  as  in 
the  propofition,  but  other  quantities  yet  to  be  de- 
termincd. 

Then 
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Then  let  the  fluxion  of  this  laft  aflumed  area  or 
fluent  be  taken,  and  compared  with  the  given  flux- 
ion, fo  lhall  we  have  equations  for  determining 
the  values  of  the  aflumed  letters  A,  B,  C,  &c. 

Thus  the  fluxion  of  the  afliimed  area  being 
zH  z  x  Ap  +  p+~n.Bz"  + 

P  +  *n.  Cz'+  &c.+«$/"  z  x  «+/Jz"  +  yzi"  +  &c.r 
x  :  fiz"+2yz**  +  3<rz7*+8>u:.x  :  A+Bzr+Cz%*+8ec. 

Or,  by  proper  multiplication,  &c 

 :  1  *  j  i 

£ ~l  z  x  a  +£z"  +  yz**  +  &cj    drawn  into 

/>«-4+/>+^» .  Mz"  +p+2qn .  yjfe' "  +  .  </^z '  *+&o> 

+/>+».  «5zV/>+?«+w.  $Bz*+p+2qn+n.yBzn 
+p + 2 » . a Cz  *  +  fj^[+2n„ /s Cz* * 


_3» 


+/>  +  3».«#z3 

If  the  feveral  terms  of  this  feries  be  compared 
with  the  correfponding  terms  of  the  feries  in  the 
given  fluxion,  we  (hall  obtain  thefe  equations,  viz. 

b  —  p  +  qn.pA+p  +  n.aB, 

c  =  p  +  zqn.yA+p  +  gn  +  n.fiB  +p  +  2n.*Ct 

d  =  p  +  ZqnAA  +p  +  2qn  +  n.yB  +  p  +  qn  +  2n. 
fiC  +  p  +  $n.«D,   

e  =  p+4gn.iA  +  p+sqn  +  n.  fB+p+2qn  +  2«, 

yC+p  +  qti+zn.fiD  +  p  +  4n.«E9 
&c.  &c. 

From 
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From  whence  we  obtain 

a  P   

B  _  b-p  +  qn.P>A ^ 
a.p  +  n 

"  0t..p  +  2tt 

&C. 

Where  now  the  letters  A>  B,  C,  &c.  in  the  terms  - 
on  the  right  fide  of  thefe  equations  denote  the  pre- 
ceding terms,  as  fpecified  in  the  propofition. 

And  if  £beput  =  r,  r  +  q  =  s,  *  +  q  =  t9  /  +  ?  = 
v,  &e.  thefe  laft  equations  will  become 

a 

ar 

B  ~ 


a.  r+  I 


- -Ayt-Bfi.  s  +i 
C  ~  —  —  »'■ 

l-Afv^By.t+i-Cfi.s  +  z 
D  =  —  


&c. 

Which 


igmzea  Dy 
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Which  values  of  A,  B,  C,  &c.  being  fubftituted 
for  them  in  the  amimed  fluent  or  area;  will  give 
the  area  as  in  die  proportion.  ^.E.D. 

And  much  after  the  fame  manner  we  may  find 
die  area  of  the  curve  whofe  abfcifla  is  z  and  ordinate 


ft  in      n  p-l  „    »  »*»        »   J"     n  I'*1 

4t  +  £z  +yz  +&C.X2    x«  +  0z  +yz   +  /z  -4 occ.l 


'  1  ir»  1 

x  A  +  Bz*  +  Cz%M  +  Bz  *  +  &c.l  -x  &c.  whatever  be 
the  number  of  feries. 

When,  after  fbme  of  the  firft  terms,  the  nume- 
rators of  each  oi  the  following  terms  of  the  feries 

{    t  -  Ats  , 

—  +  — — >-  z  +  &c.  become  equal  to  nothing,  the 
«r     a.  r+i  1  0 

feries  will  break  olF  and  terminate,  and  then  the 
-curve  is  faid  to  be  quadrable ;  if  other  wife,  it  is 
faid  to  be  non-quadrable.  -If  r  be  either  no- 
thing or  a  negative  integer  number,  it  is  evident 
that  the  denominator  of  one  of  the  terms  of  the 
above  ieries  will  become  equal  to  nothing,  and 
then  that  term  will  be  infinite  ;  and  if  this  happen 
before  the  feries  terminate  by  means  of  the  nu- 
merators becoming  equal  to  nothing,  the  value  of 
the  area  comes  out  infinite,  in  which  cafe  the  fe- 
ries is  faid  to  fail. 

The  curve  is  denominated  from  the  number  of 
terms  contained  in  the  quantity 

*  +      +  yz   +fz  +  &c.l  ;  fo,  if  it  contain  only 

one  term  a,  it  is  a  fimple  nominal;  if  it  contain 

1? 


two  terms  «+£z|  ,  it  is  a  binomial  ;  if  three 

5  R  «  + 
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_  • 

«+0z"+7Zl,,|\  it  is  a  trinomial  ;  &c.  But  in 
what  follows  I  fhall  confider  none  beyond  the 
trinomial. 

The  area  might  be  ex pr died  by  a  defcending 
feries,  and  from  thence  other  cafes  of  the  termi- 
nation of  the  feries  might  be  pointed  out ;  but  this 
I  fhall  do  in  the  particular  forms,  as  it  will  in 
them  be  done  with  greater  eafe. 

Nor  mould  it  be  wondered  at  that  the  area  ad- 
mits of  two  different  values ;  for  when  an  ordinate 
flows,  the  area  on  one  fide  of  it  will  increafe  as 
faft  as  that  on  the  other  decreafes,  confequently 
the  fluxions  of  thofe  two  areas  will  be  equal  to 
each  other,  that  is,  the  fluxions  of  the  areas  are 
both  exprefled  by  the  fame  quantity,  and  it  is 
therefore  but  right  that  the  fluxion  mould  admit 
of  two  different  fluents  anfwering  to.  the  two  areas- 
on  each  fide  of  the  ordinate.  When  the  expreflion 
comes  out  affirmative,  it  denotes  the  area  lying  on 
that  fide  of  the  ordinate  from  which  it  is  fuppofed 
to  move  ;  but  when  it  comes  out  negative,  it  de- 
notes the  area  on  the  other  fide  of  the  ordinate. 
When  it  comes  out  infinite,  it  denotes  die  area 
lying  along  the  abfcifla  infinitely  produced. 

If  all  the  terms  of  the  fenes  a  +  bz  +  c  z  +  &c. 
after  the  firfl  vanifh,  and  by  that  means  the  ex- 
preflion for  the  ordinate  become  only 

azp~*  x  «  +  fiz"  +  yz%m  +  &c.|  ,  the  curve  or  area 
is  faid  to  be  fimple  ;  but  if  there  be  more  terms 
than  one,  it  is  faid  to  be  compound. 
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In  what  follows  I  fhall  confider  chiefly  thofe 
cafes  in  which  the  curve  is  faid  to  be  fimple  ;  not 
only  becaufe  thofe  are  the  cafes  that  generally 
happen  in  practice,  but  becaufe  every  compound 
cafe  may  be  refolved  into  fo  many  fimple  ones  as 

there  are  terms  in  the  feries  a  +  bz'  +  rz*"+  &c. 
and  then  by  finding  the  area  for  every  fimple  cafe, 
the  aggregate  of  thofe  areas  will  be  the  area  for 
the  whole  compound  cafe. 

In  the  quantity  exprefling  any  area  write  that 
particular  value  of  the  abfcifTa  which  it  is  fuppofed 
to  have  where  the  area  commences  or  when  it  is 
equal  to  nothing,  and  the  value  of  the  area  refult- 
ing  from  that  fubftitution  will  be  equal  to  nothing 
if  the  firft  area  were  rightly  afugned,  and  then  it 
needs  no  correction  ;  but  if  the  area  by  this  fubfti- 
tution  come  out  of  fome  value,  by  jufl  fo  much 
will  the  firft  area  differ  from  the  truth,  and  mufl 
be  corrected  by  fubtracling  the  faid  value  from  it. 

It  may  alfo  be  obferved  that  when  the  ordinate 
is  oblique  to  the  abfcifTa,  the  area  as  found  by  the 
feries  muft  be  drawn  into  the  fine  of  the  angle  of 
inclination  of  the  ordinate  to  the  abfcifTa. 

_  Example. 

ZZ\fdZ— OL  *  +  CZ* 

To  have  this  in  the  fame  form  with  the  ge- 
neral feries,  we  muft  exprefs  it  thus 

y-  z*'1  x$a-~bzz  xa- bz1  +  czi\T'1 ;  or  it  may  be 

exprefTed  thus 7 =z~*  x  -  b + j*z~  x  <?—  bz  1  +* z"  I  . 

Now 
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Now  by  comparing  die  firft  of  thefe  forms 
with  the  general  expreflion  of  the  area,  we  obtain 
a  =  $a,  b-o,  c--b;  a  =  a,  /*=o,  y  =  -by  f=c; 
P  =  ~h  n=  I,  q  =  h 

Hence  r  =|  =  -  f ,  s  =  r  +  q  =  - i,  t  =  s +  9  =  -*-, 
v  =  /  +  q  -  o,  zv  =  v  +  q  -  &C. 

Then,  by  fubftituting  thefe  values  in  the  general 
feries,  we  have  z"* x a-bz7+cz3\*  x  -  2  (all  the 
reft  of  the  terms  after  the  firft  vanifhing)  n 
-2  a/  - — b~^+cz  ,t    ^nd  becaufe  this  expreflion  is 

negative,  it  denotes  the  area  on  the  other  fide  of 
the  ordinate. 

Again,  by  comparing  the  latter  form  with  the 
general  feries,  we  obtain  a  =  -b9  b  =  o,  c  =  $a; 
a  =  c,  fi  =  -b,  7  =  0,  <t  =  a;  p  =  -  1,  n  =  -  1,  q='3-. 

Hence  r=.£  =  1, ,s  =  r  +  q  =  ^./=?  .r  +  ?  =  2,  &c. 

Then  fubftituting  thefe  values  in  the  general  fe- 
xies,  we  obtain  J*-**1*'*:  x  .  {  +  iM+  i*£zif 

+  87z»  +  i^TI*  +  &c.  tor  the  area  in  this 
cafe ;  where  the  law  of  the  progreffion  is  manifeft, 
and  where  A,  B,  C,  &c.  denote  the  whole  coefficients 
of  the  firft,  fecond,  third,  &c.  terms. 

Corollary  I. 

When 11  CA  d>  &c*  m  each  C(luaI  to  nothing,  the 
.curve  will  be  fimple,  and  the  general  expreflion  for  fim- 

ple 
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pie  areas  becomes  — x«+^  +  y2"  +  /2J,,+&c.|  x 


+  r 


all 

I 


tyA  +  s+  l.fiB  z*n 
r  +  2  .  a 

v/J +r+  i.y-B  +J  +  2./5C  3» 

—  —   .-— .  2 

r  +  3  •  *     

ivtA  +  v  +  1  ./2?  +  /+2  .  yC-f  X+3.0.Z) 
r  +  4.« 

&c. 

Corollary  IL 

If  the  curve  be  only  a  trinomial,  asj'  =  az*~*  x 

«  +  sz"+72l1  ,  that  is,  ^  »,  &c.  each  equal  to 
nothing,  the  area  in  the  laft  corollary  will  become 

—  x  «+/Jz  -r?z  1  x  :  -  -  —  ■   z  z 

««  rti.«  r  +  2.* 

But  to  find  another  expreflion  of  the  area  in 
a  defcending  feries,  we  have  the  ordinate  y  or 

x.  +  flZ+yzl    =*2f  Xy  +  pz  +«z   j  ; 

then  by  comparing  this  with  the  original  feries, 

5S  the 
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>*»  — )? 

the  area  will  come  out  1  x«  +  /Jz"  +  yz*  I  x :-J— 

    _yn     -    t-2 

-  &c. 

When  any  particular  example  is  propoled,  if, 
after  having  fubftituted  in  the  former  or  amending 
ibrm,  it  come  out  an  infinite  feries,  let  the  latter 
ror  defcending  form  be  tried ;  for  fometimes  an  area 
is  quadrable  by  the  one  feries  when  it  is  not  fo  by 
the  other. 

Exam  p  l  e  I. 
Let  the  ordinate  y  be  =  a  «  which 

->-i  — !  ■  

reduced  to  form  is  az     x  1-22  +  3Z2'  . 

Here  then  we  have  a  =  a  ;  «  =  1,  $  =  -2,  7  =  3; 
/>  =  -2,  »=i,  y  =  i.  Whencer  =  ^=-ji,v  =  r  +  9 
3,  t  =^ s  -\-  q  ~  —  1 ,  1/  =  /  +  ^  =  —  y,  w  =  v+?=o, 

pec. 

And  by  fubftituting  thefe  values  m  the  amend- 
ing feries,  we  obtains"*  x  i-2z  +  3z2i* x I  - 

(all  the  reft  of  -the  terms  vanifhing)  =  x*\z  x 

-  -  2z  +  3zz  for  the  area  required,  and  which 
therefore  is  quadrable. 

But  if  the  fame  values  be  fubftituted  in  the  de- 
fending feries,  we  get  die  area  exprefled  by  the  in- 
finite 
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fin;t<:  foics  is£LT»±l£  x  :  _  ,  -  '-i  _ 

92*  42  J2* 

»g-5*  o,r  _«4/i-ar  +  3g*  ._.  _  ,  7  9-7+4-4 
,U  X9,7  +  4»4  +  5-?      g  ^4/1— ag  +  3»m  7 

+       4.5.62'       -etc.-  .92*  

Example  H. 
Suppofe  ^  =  a~Z         ;  which  reduced  to 

-the  proper  form  is  *jzw  x  2  +  3z  +  3z2|T  . 

Here  a  =   ;  «  =  2,  fi  =  3,  7  =  3,/)  =  3,  n  =  i,  q  =  \. 

Then  r  =  J  =  3,  s  =       t  =  3},  v  =  4,  &c. 

And,  by  the  afcending  {(tries,  the  area  will  be 
exprefTed  by  the  infinite  feries  \  az J  y/2  +  32  +  3z"* 

*'3     1PZ~       16       z  12      "*  14  * 


-  &C  =  ***  x/2  +  3*+  x.:  J  -  j£  +  ^ 
+  ^  87t2J  l2-  -  &c.  and  therefore  it  is  not  quadrable 

•by  .this  method. 

But  by  the  defending  feries  the  area  is  quadra- 

JWe,  and  comes  out        x  a\/z  +  3^  +  $xz*  9  aU 

the  terms  after  the  fecond  vaniftiing. 

So  that  fometimes  the  area  is  quadrable  by  the 
one  feries,  and  fometimes  by  the  other;  but  it  is 
alfo  fometimes  quadrable  -by  neither,  and  fome- 
tiaes  by  them  both. 

Co- 
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Corollary  III. 


In  the  cafe  of  a  binomial  y  =  az  *  x  «  +  £#1  > 
befide  the  letters  which  in  the  laft  corollary  were 
equal  to  nothing,  y  alfo  will  be  nothing;  and  by 
fuppofing  it  to  vanifti  in  the  afcending  feries  in  the 

Lift  corollary,  there  will  refult  —  x  a  +  a*"! 


x, 

X:  - 

an  r 


r+i.x        r+2.«  r+3.«  r+4,a 

-  &c.  for  the  afcending  feries  to  be  ufed  in  this 
cafe ;  where  the  feveral  letters  have  the  fame  value 
as  before.  And  this  feries,  it  is  evident,  will,  al- 
ways terminate  when  s  is  either  nothing  or  a  ne- 
gative integer,  and  the  number  of  terms  will  be 
one  more  than  the  number  of  units  in  s. 


But  the  fame  ordinate  y  =  ast*  x  *  +  fr2?f  is  = 

az*"1^***  x  +  .  Then  by  writing,  in  the 
above  afcending  feries,  *  for  p,  fi  for  «,  p+qn-n 

for />,  and  —  n  for  +*,  we  mail  have  ~^j~  x  «+ 
i      r-i.xA    r-2.«B     r-3.«C    „  „ 

the  area  exprefled  by  a  defcending  feries ;  and  which, 
it  is  evident,  will  terminate  and  be  quadrable  when  < 
t  is  any  affirmative  integer  number. 
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-  -  - 

Example  I. 

If  the  ordinate  W  =  w+2/c"+fV 

azzxb  +  cz3\   =  az    xbrcz3\  . 

We  fhail  have  a-a\  «  =  ?>-c\  />  =  3,  «  =  3, 
and  y  =  —  1.    Hence  r  =  |  =  1,  and  j-  =  r  +  9  = 

1-1=0;  fo  that  the  curve  is  quadrable  by  both 
forms  of  the  feries.  Thus, 

B7  fubftituting  in  die  afcending  feries,  we  (hall 

ftave  —  x  b+cz3\ '  x  -  =  —r^L~~^~7  *or  ^  area 
3.^  1    30  * 

on  the  one  fide  of  the  ordinate. 

And  by  ufing  the  defcending  feries,  we  obtain^ 

—  x  b+Tz1^  x  -  -  =  r  T  for  the  area 

on  the  other  fide  of  the  ordinate. 


E  X  AMPLE  IL 


az* 


Suppofe  the  ordinate  be  y  =  —=~~  =  az3  x 

b  +  cz't*  =  az**  xb  +  cz>\  *\ 

Then  a  =  a\  «  =  by  £  =  c\  p  =  4,  n  =  2,  and  ?  =  j. 

Hence  r  =  £  =  2,  and  *  =  r  +  q  =  27.    So  that  it 

appears  that  the  defcending  ieries  will  bring  out 
a  terminate,  but  the  afcending  one  an  interminate 
area.  Thus, 

5  T  By 
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By  fubftituting  in  the  afcending  feries,  -we  have 

~     2*         X*2     2.3.2*     2.3-4.2^»      2.3.4.5. 2'*' 

for  the  area.    Or  by  writing  d  for  zb,  It  wiH  be 

a  z**/t>  +  czl        1  _  $c  z»       s-7f*z4  _  S'7-9clzS  _  C-r 
5         X  :  2"     2.3*      2.3.4^      2.3.4.5*'  c* 
But  by  fubflituting  in  the  defcending  feries,  the 

area  is  quadrable,  and  comes  out  "~  ^h*c*z  * 

2        4T"  /t—   czz  —  ?h 

Example  III. 

if  the  ordinate  y  be  =  #  =  v/a^  +  ax  = 

^z*x°  x  Z>  +  jcI  =  a*  x "*  xM+x'^  1 ;  which  exprefTes 
.the  common  parabola,  a  being  the  parameter,  and 
b  +  x  the  whole  abfciua  or  diftance  of  the  ordinate 
from  the  vertex  of  the  curve. 

Here  a-  a  \  a  =.b,  £  =  1 ,  z  =  x;  p  =  1,  «=  i,  and 

q  -  |.    Hence  r  =  £  =  1,  and  j  =  r  +  q  =  {-.  So 

that  the  curve  is  quadrable  by  the  defcending  fe- 
ries, but  not  by  the  afcending  one.  Thus, 

By  fubflituting  in  the  defcending  feries,  we  ob- 
tain a*x°  x  x  -f  =  f  \/ a  x  b  *  x\    for  the 

area.  And  fince  this  area  vanifhes  only  when 

b  +  x  or  the  whole  abfcuTa  is  equal  to  nothing,  it 
denotes  the  area  of  the  whole  parabola.   But  when 

x  is  =  o,  this  area  becomes  }\/a  x  bx  for  the  area  to 

 1  1 

^  .    it  j» 

riie.abfcnTa£;  hence,  bycorre&ion,  2\/<ix  —  

will 
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•will  be  the  area  of  the  fruftum  included  by  the  two 
ordinates  anfwering  to  the  two  abfciflas  b+x  and  b. 

And,  after  the  fame  maimer,  2»/a  x  ~ 
.  3 
will  be  found  to  denote  the  fruftum  contained  by 

the  two  ordinates  whofe  abfciflas  are  b  +  x  and  b-x. 

But  by  fubftituting  in  the  afcending  feries,  the 
area  will  come  out  the  infinite  feries       x  b  +  xfi  x 

"  1  ~~  4I  +  4.6*»      4.6.8     +  0CC' 

As  this  feries  vanifhes  when  x  is  put  equal  to 
nothing,  it  exprefles  the  area  beginning  where  x 
begins,  viz.  the  fruftum  included  by  the  two  ordi- 
nates whofe  abfciflas  are  b  and  b  +  x ;  and  there- 

fore  this  feries  is  equal  to  is/ay.   ,  which 

was  found  above  to  exprefs  the  fame  area.  Then, 
by  making  this  quantity  equal  to  the  faid  feries, 

2b 


and  reducing,  we  obtain  -xi-  for  the  va- 
lue or  fum  of  the  infinite  feries  1  -  *|  +  ~£  - 

+  &c.  And  by  fuppofing  b  and  x  in  thefe  laft  ex- 
preflions  to  be  equal  to  each  other,  there  wiH  refuh 

zVlpl  for  tne  fum  0f  the  infinite  feries  1  +— * 
3v2  4  4-* 

5 -7 -9  _  S»7-9-»  _  «  1+4/2  _  1  _  H  5^9 

"4.6.8      4.6.8.10      ow"  Ui     3^2    ""4       4-6  4-6.8 

_Ll£Ii +  &c. 
4.6.8.10 

Now  fuch  kinds  of  diverging  feries  have  gene- 
rally been  thought  to  be  of  an  infinite  magnitude, 
and  their  fums  abfolutely  unaflignable ;  but  that 
there  is  nothing  abfurd  in  aflerting  the  foregoing 

feries, 
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leries,  and  cbnfequently  any  other  of  the  fame 
kind  to  have  a  determinate  finite  fum,  may  be 
eafily  made  evident  thus :  Notwithftanding  any  term 
of  this  feries  doth  exceed  any  of  the  preceding  terms, 
yet  it  is  evident  that  it  exceeds  the  term  immedi- 
ately preceding  it  by  a  lefe  quantity  than  that  by 
which  this  laft  term  exceeds  its  preceding  one,  and 
therefore  the  differences  of  every  two  adjacent  terms 
being  taken,  thofe  differences  will  form  an  infinite 
converging  feries,  of  which  the  firft  or  greateft  term 
will  be  the  difference  between  the  firft  two  adjacent 
terms  of  the  original  feries,  and  confequently  the 
fum  of  this  feries  of  differences  will  be  of  a  finite 
magnitude  ;  but  the  fum  of  this  feries  is  equal  to* 
the  fum  of  the  original  feries,  and  therefore  that 
alfo  hath  a  finite  fum. 

Corollary  IV. 
In  the  cafe  of  a  fimple  nominal' 7  =  az   x  <t~*  = 
a  J"1  z*'*,  fuppofing  fi  in  the  laft  corollary  to  be- 

a<t z*  mz* 

come  nothing,  the  area  will  be  =  —  t  put- 

P  V 

tmg  m  =  a<t  . 

Or  if  inftcad  of  mz*'1  be  written  its  value  y,  the 

y  Z 

area  will  be  '- — . 

P 

And  the  curve  in  this  cafe  is  always  quadrable 

except  when  p  is  =  o ;  for  then  the  area  be- 

P 


mz     in     .     .  r  .  , 
comes  —  =  -,  viz.  infinitely  great. 
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To  this  cafe  of  areas  belong  all  fimple  parabolic 
fpaces,  and  the  fpaces  lying  between  the  curves 
and  afymptotes  of  all  hyperbolas.  And  all  fuch 
are,  evidently,  to  the  parallelograms  of  the  fame 
bafe  and  altitude  as  i  to  p. 

Example  I. 
The  general  equation  to  parabolas  is  pm  z*  =  /"+% 

m  n 


or  y  =  .pm  +  *  zm  +  ".'t  whereby  is  the  ordinate,  z  the 
abfcuTa,  and  p  a  given  quantity. 


Here  thenTw  =/>'•+",  and/) 


+  i 


m+n  '  m+n 
which  value  of  p  being  of  fome  magnitude,  we 
conclude  that  all  parabolas  are  quadrable,  and  the 
area  will  be,  by  fubftituting  in  the  two  forms 

above,  either  _  t      x  ff  +  * 


2«t 


or 


xyz. 


m  +  zn    *  m+in 
So  that  the  area  of  any  parabola  is  to  that  of  its 
circumfcribed  parallelogram,  as  m  +  n  is  to  m  +  in. 

In  the  common  parabola  m  and  n  are  each  equal 
to  i,  or  p z  =  yy>  and  the  general  area  becomes  \yz 
or  |  of  the  circumfcribed  parallelogram. 

Example  TI. 

The  general  equation  to  hy- 
perbolas is  zm  y*  -  pm  +  *)  or  y 

m+n  m 

=  p  *  z  " ;  where  z  is  =  one 
afymptote  GC,  and  y  =  an  or- 
dinate CD  drawn  parallel  to 
the  other  GJP. 

s  u  *  \\a 
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****** 

Here  then  in  —  p  *  ,  and  7)  =  1  =    ~  r 

fo  that  the  fpace  will  always  be  quadrable  unlcfs 
when  n  and  m  are  equal  to  each  other,  as  in  the 
cafe  of  the  conic  parabola ;  and  by  fubftituting 
in  the  two  foregoing  forms,   we  obtain  either" 

n  +  nt    »  -f-  m 

n±l-±JL  or  JSJL  for  the  area  GPdDC. 
n—m  n-m 

So  that  hyperbolic  fpaces  are  to  their  in-- 
fcribed  parallelograms  as  to  1,  or  as  «  to- 

il — ;» ;  and  fince  when  n  is  =  my  as  in  the  conic 
parabola,  this  ratio  becomes  that  of  n  to  o  ;  it. 
appears  that  thefaid  hyperbolic  fpace  GPdDC  is. 
in  this  cafe  infinitely  great ;  but  in  any  other,  of 
a  finite  magnitude,  notwithftanding  it  is  of  an- 
infinite  length  towards  P. 

Corollary  V. 

If  in \the  original  feries,  in  the  propofition,  only 
/j,  7,  /,  &c.  vaaifh,  by  becoming  equal  to  nothing, 

•  f     &  bz* 

the  feries  for  the  area  will  become  *.  z?  x  :  -  +  — - 

p  p+?l 

+   4-  +  occ. 

p+m    p  +  311 

And  if  here  again  p  and  «  be  fuppofed  each  equal? 

to  1 ,  and  »  1  be  actually  multiplied  into  the  feries, 
and  then  the  literal  coefficients  of  the  feveral  terms 
be  reprefented  by  A,       C,  &c.  we  fhall  obtain. 
Ax  +  ±Bx2  +  |Cx*  +  $Dx4  +  &c.  for  the  area. 

cor- 
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correfponding  to  the  ordinate  y  =  A  +  Bx  +  Cx* 
+  .Dx*  +  &c.  putting  x  for  z. 

And  by  this  feries  we  D 
might  find  a  great  variety 
of  areas  ;  but  to  reduce  it 
to  another  feries  converg- 
ing quicker ;  fince,  if  x  be 
=  AC,  y  -  CD,  the  above 
feries  will  reprefent  the  area  A B DC  of  the  curve 
dBD  ',  fo  likewife  if  y  flow  back  from  A  to  cd, 
making  the  ordinate  y  =  A  -  B  x  +  Cx 2  +  Dx J  +  &c. 
x  being  now  negative,  the  area  ABdc  will  be 


Ax-iBx*  + 


fCxJ  -  ±Dx 


+  &c. 


Then,  fuppofing  the  former  x  or  AC  to  be  equal" 
to  this  latter  x  or  Ac,  and  adding  this  feries  to  the  * 
former  one,  there  will  refult  lAx  +  }CxJ  +  jEx* 
+  &c.  for  the  area  cdDC  Or  if  now  js  be  put  =  cC 

=  zx,  this  area  will  be  equal  to  Ax  +  ^  +  ^  + 

3*4      5'4       7  «4 

+  &c.  where  c  may  either  be  at  the  vertex  of  the 
curve  or  not. 

When  x  is  =  o,  then  y  -  A  -  AB,  fo  that  AB  is 
always  the  value  of  A,  or  A  denotes  the  middle  or- 
dinate of  the  area  cdDC. 

If  FBE  be  drawn  parallel*  to  cC,  and  meeting 
CD  and  c d  in  E  and  F;  the  rectangle  cFEC  will  be 
equal  to  cCxAB  =  Az>\  and  confequently  the  dif- 
ference between  cdDC  ztui  cFEC  will  be  ^  + 

3*4  3-4 


+  &C. 


Ex  AMPLE  r. 


If  dBD  be  a  right  line,  its  equation  wiU  be 
A  +  Bx  \  B  here  denoting  the  ratio  of  the  fine 
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of  the  angle  dBA  to  its  cdfine.  Then,  fince  the 
value  of  each  of  the  letters  Cf  D,  Et  &c.  in  the  ge- 

.neral  formula  is  nothing,  the  general  area  Az  +  — 

3-4 

+  &c.  will  be  only  Az  s  the  rectangle  CF=  AB  xcC 
=  d±±££  x  cC  for  the  area  dDCc,  as  in  rule  6 
prob.  3  fecVi  part  i. 

Example  II. 
If  dBD  be  a  parabola,  its  equation  will  be  y  s= 

x  £  +  *  «s  (by  extracting  the  root)  %/ab  x 

•    1  +2*        2.4*»  ^  3,4-6*'        2.4.6.8  4*  ^ 

Here  A  =  C-  -  £—3^,  &c. 
and,  by  fubftituting,  the  area  r^DC  will  be  =  2^4 

/  •  /   A  I.3.JX*  1. 3.5. 7.9 *7 

(VIZ.  2  v/^^j  X  :  X  -  ^  -  ^.S.IoT*  ~  4.«-8.io.i2,i4*< 

-8cc.  =  ^zx:  1-  4-x^i-  4.6.83,o.2V  -  &c*  And 
therefore  the  rectangle  Az  ov  BAx.  cC  exceeds  the 
parabolic  area  by  ail  the  terms  of  the  feries  after 
the  firft. 

But  by  example  3  to  corollary  3,  the  fame 
area  cdDC  is  >  2vA»  x  *  +  xl  ~*— 1  ;  confe- 

 /o35'7'?*/  jt<»  ~  &c*    And  wnen  *        x  are 

4.6.8.10.12.14*° 

equal  to  each  other  in  this  equation,  we  obtain 
3~2^a  for  the  value'  of  the  infinite  feries  ~ 

3  4«o 

-+  +  4".6.8.io.l2^  +  &C*  When 
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When  e  is  the  vertex  of  the  curve,  then  b  is 
m.K,  and  the  feries  for  the  area  cDC  becomes 

Az  x  :  i  -  \  -  &c.  which  alfo,  by  fub- 

4.0    4.0.0.10  '  j 

ftituting  for  this  laft  feries  its  value  1  —  3  ~*^2  = 

2^2  as  found  above,  will  be  =  ^-Az  =  ^  x  the 

rectangle  cFEC. 

"Example  III. 
If  the  curve  be  a  circle,  and  A  were  any  point 
between  the  circumference  and  the  center,  the  fe- 
ries would  be  very  complex  ;  but  if  A  be  the  cen- 
ter, and  r  the  radius,  then  will  y  be  =  \/rr  —  xx 
=  r  x :  1  -  ~  -  ^  -  -^3-  -  &c.  and  confequently 

the  area  will  be  2r*x:  x-^-^-^lj 

-  --1,63  gX9r>  -  &c.  which  feries  converges  very  faft 
when  x  is  finail  in  comparifon  with  r. 

When  x  becomes  equal  to  r,  we  obtain  4rr  (or 
the  fquare  of  the  diameter)  x :  1  -  ^  —       -  a.^lLj 
-  &c.  for  the  whole  circle. 


3.4:6.8.9 

Hence  I -'785398  &c.  is  = 
+  &c. 

Example 
If  dBB  be  an  hyperbola; 
put  its  femi  tranfverfe  AB  =  t, 
femi-conjugate  AG  =  c,  ab- 
fciffa  AC  =  x,  and  ordinate 
CD  =5  y  \  then  its  equation 

will  be  yy  =  ttx  or 


3.3  +  3.4.5 


'•3_ 
3.4.6.7 


V 

E 

.r  = 
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j  =  tV,  +  -  =  /  x  :  I  +  2-  -  2-^+  ^  - 

+  &c.  and,  by  fubftituting  in  the  general  feries, 

the  area  <;^Z)C  will  be  =  2ix  x  :  1+7^7  - 

+  a  *^7<?  ~       t^ie  ^ame  w^  t^ie  ^e"es  in  the  kft 
example  for  the  area  of  a  circle,  differing  only  in 
the  figns  of  the  fecond,  fourth,  fixth,  &c.  terms. 
When  x  is  =  c,  the  feries  becomes  itc  (or  ABx GG) 

*  = 1 + r3  -  rh  +      -  &c- for  ^ area  G^G- 

The  rectangle  ABEC  is  =  /*,  which  taken  from 
the  area  ^^Z)C  will  leave  ABxBEx :  - 

+  7^67^  *"  &c*  for  the        ^-E-   So  that 
rectangle  ABEC  is  to  the  trilineal  BDE%  as  1  is 

to  the  feries        -  ^  +  -  &c.  And 

when  x  or  AC  is  -  c  or  ^G,  the  redangle  ABe&- 

will  be  to  the  trilineal  Be^  as  1  is  to  — 

2.3  2-4-5 

+  _L3    -  &c. 
2.4.6.7 

Parallel  to  one  afymptote  CP  (figure  to  ex- 
ample 2  cor.  4)  of  an  hyperbola  draw  ordinates 
),  to  the  ot 


BA,  CD,  to  the  other  GG  j  B  being  the  vertex 
of  the  curve  :  And  put  GA  =  a,  AB  =  x, , 

and  CZ)  =.y. 

Then  a  +  x:  a::  b  :?  =  —>-  =  bx:  I  -  -  +  . 

+  -  &c.  =  the  ordinate. 

And  by  comparing  this  with  the  general  feries, . 

we  obtain  zbx  x  :  1  +  ~  +      +  ^7  +  &c.  for  the 

area  cdDC,  taking  Ac  =  AC 
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And  when  x  =  a>  or  AC  -  AG,  the  above  ex- 
predion  will  become  iGA  x  AB  x  :  1  +  7  +  j  +  ± 
+  £  +  &c.  for  the  area  GPB%G. 

Proposition  II. 

If  there  be  any  /olid,  in  which  all  the  parallel 
Jeclions,  either  right  or  oblique  to  the  axe,  are  like 
and  fimilar  figures,  and  if,  when  the  abjcijfa,  or  part 
of  the  axe  drawn  through  the  centers  of  the  parallel 
feclions,  is  reprefented  by  z,  the  value  of  the  feclion 
be  exprejfed  by  any  feries  of  terms  involving  z  and 
known  quantities,  after  the  fame  manner  as  is  ex- 
prejfed the  ordinate  in  the  lafi  propofttion ;  then  wilt 
the  folidity  be  exprejfed  by  the  fame  quantity  as  the 
area  in  the  lafi  propofttion  :  That  is,  fuppofing  the  re- 
lation between  the  abfciffa  and  feclion  to  be  expreffed 
by  any  equation  of  which  one  fide  is  the  feclion,  after 
the  manner  of  the  relation  between  the  abjcijfa  and 
ordinate  in  the  lafi  propofttion ;  whenever  the  value 
of  the  ordinate  agrees  with  that  of  the  feclion,  then 
will  the  value  of  the  folidity  be  the  fame  with  that 
of  the  area  as  found  by  the  faid  propofttion. 

Demonstration. 

For,  the  fluxion  of  the  folid  being  equal  to  the 
ft&ion  drawn  into  the  fluxion  of  the  abicifla,  and 
the  fluxion  of  the  area  equal  to  the  ordinate  drawn 
into  the  fame  fluxion  of  the  abfcifla,  whenever 
the  ordinate  and  feclion  agree,  the  area  and  folidity 
muft  likewife  agree,  fince  equal  fluxions  have  equal 
fluents,  $±E.D. 

Scho* 
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6  c  H  O  L  I  U  M. 

All  the  examples  that  have  been  given  to  the 
corollaries  to  the  la  ft  propofition  may  be  confi- 
dered  as  examples  to  this,  the  quadrature  in  thofe 
being  confidered  as  the  cubature  here ;  and  it  is 
evident  that  curves  will  be  cubable  not  only -when- 
ever they  are  quadrable,  but  will  often  be  cubable 
when  the  area  cannot  be  exprefled  but  in  an  in- 
finite feries,  becaufe  that  the  fedlion  of  a  folid, 
(uling  the  area  of  a  given  circle  as  a  given  number) 
is  often  a  terminate  expreffion  when  the  ordinate 
is  denoted  by  an  infinite  feries;  and  this  is  the 
cafe  in  the  conic  fections ;  for  thofe  curves  (the 
parabola  excepted)  are  not  duadrable,  yet  all  the 
folids  generated  by  their  revolution  have  finite  ex- 
preflions,  as  we  have  already  found  in  the  fore- 
going part  of  this  work,  and  as  will  more  gene- 
rally appear  in  what  follows;  which  I  have  put 
down  not  merely  to  fhew  that  the  fame  conclufions 
may  be  brought  out  by  different  means,  but  chiefly 
for  the  fake  of  fome  eafy,  curious,  and  general 
rules  with  which  this  method  of  inveftigation  fo 
,eafily  fupplies  us. 

Corollary. 

Thus,  by  applying  here  what  is  done  in  the  h(t 
corollary  of  the  lafl  propofition  to  the  curves  of  the 
Tecond  kind,  we  fhall  obtain  general  and  terminate 
exprefijons  for  their  fblidities.  For,  by  prop.  2 
feci.  2  part  3,  the  flowing  fection  being  always 
as  A  +  Bx  +  Cxx,  if  p  denote  a  given  quantity, 

p  x  A  +  Bx  +  Cxx  will  denote  the  fedion  itfelf ; 

and 
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and  confcqucntly  px  x  A  -t-  \Bx  +  jCx2  or  p  x 

Az  +  tjCz*  win  denote  the  fblidity  cdDC  gene- 
rated by  the  fection  of  a  folid  in  flowing  from 
the  place  cd  to  the  place  CD,  z  being  =  cC.  [Fig: 
to  corollary  c  to  the  laft  prop. 

Since  pA  reprefents  the  middle  fection  ABy  the 
firft  term  pAz  in  the  above  expreflion  will  be  equal 
to  the  cylinder  cFBEC  whofe  bafe  is  equal  to  the 
middle  fection  A By  and  altitude  cC  =  z ;  and  con- 
iequently  -^pCz1  will  always  be  the  difference  be 
tween  the  folid  cdBDC  and  the  cylinder  cFBEC 

Or  if  there  be  taken  CG  :  Cc  ::  <JC :  1,  and  the 
three  areas,  viz.  the  curve  cdBDC,  the  rectangle 
cFBEC,  and  the  right-angled  triangle  cGCt  be* 
fuppofed  to  revolve  together  about  the  common 
axe  cC-,  then  will  the  difference  between  the  folid 
generated  by  cdBDC  and  the  cylinder  generated- 
by  cFBEC  be  conftantly  equal  to  one-fourth  of 
the  cone  generated  by  cGC. 

C  greater  than 

The  fruft.  generated  by  cdBDC 'is  yqual  to  \ 

(or  lefs  than 
the  cylinder  generated  by  cFBEC  according  as  the 

f  affirmative  } 
value  of  Cis  ^nothing     >,  that  is,  according  as" 
(or  negative) 

Can  hyperbola 
the  curve  dBD  is  *%a  parabola 

(or  an  eliipfe 

In  the  parabola  C  is  =  o,  the  equation  to  the'" 
curve  being  yy  =  A  +  Bx  ;  and  therefore  the  para- 
bolic coaoid,  or  any  fruftum  of  it,  is-  equal,  to  » 

5  Y  cylinder  * 
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cylinder  of  the  fame  height  with  it,  and  wJbofe  end 
is  equal  to  the  middle  fedtion  of  the  conoid,  viz. 
the  fe&ion  parallel  to  and  equally  diftant  from,  its 
two  ends. 

In  the  hyperbola  s/C  is  =      putting  at  for  the 

whole  axe  of  which  c  C  is  the  Continuation,  and 
n  for  its  conjugate  axe ;  and  therefore  the  hyper- 
bolic conoid,  or  its  fruftum,  exceeds  the  cylinder 
by  one-fourth  of  a  cone  of  which  the  radius  of  the 
.bafe  is  to  the  common  altitude  (cC  of  all  the  three 
folids)  as  n  is  to  jw. 

But  in  the  ellipfe  the  value  of  C  is  —        m  and 

n  being  the  axes  as  above ;  and  therefore  the  femi- 
fpheroid,  or  its  fruftum,  is  lefs  than  the  cylinder 
by  one-fourth  of  the  faid  cone  of  which  the  radius 
of  the  bafe  is  to  the  common  altitude  as  n  is  to  m. 

When  the  ellipfe  becomes  a  circle,  m  will  be 
equal  to  n ;  and  confequently  the  femi-fphere,  or 
its  fruftum,  will  be  lefs  than  the  cylinder  by  one- 
fourth  of  the  cone  of  which  the  radius  of  the  bale 
is  equal  to  the  common  altitude  of  all  the  folids. 

When  dBD  is  a  right  line,  or  the  fblid  a  cone, 

then  the  value  of  </C  or  ^  will  be  equal  to  ££9 

producing  the  right  lines  Dd>  Cc  to  meet  in  H\ 
confequently  the  triangles  DHCy  GcC  are  fimilar, 
and  the  conic  fruftum  exceeds  the  cylinder  by  one- 
fourth  of  a  fimilar  cone,  the  folids  being  ftill  all 
of  the  fame  altitude.    The  radius  CG  of  the  bafe 

of  the  faid  fimilar  cone  will  evidently  be  =  DC£/jCe 

a  fourth  proportional  to  HC,  CD  and  Cc :  Or,  if  df 

be 
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be  drawn  parallel  to  c C,  the  triangle  dID  will  be 
equal  to  the  triangle  c CG  in  all  refpccts,  or  CG  = 
ID  =  DC  —  cdy  that  is,  the  radius  CG  of  the  bafe 
of  the  fimilar  cone  is  equal  to  the  difference  be- 
tween the  greateft  CD  and  leaft  c  d  radius  of  the 

fruftum.  When  the  fruftum  becomes  a  compleat 

cone,  it  is  evident  that  it  will  exceed  the  cylinder 
by  one-fourth  of  itfelf,  or  the  cone  will  be  to  the 
cylinder  as  4  is  to  3. 

From  the  general  manner  of  confidering  the  ge- 
neration of  the  fruftum,  in  the  beginning  of  this 
corollary,  by  the  parallel  motion  of  a  flowing  fec- 
tion,  it  is  evident  that  the  above  properties  will 
obtain  in  the  fame  folids  whether  the  ends  are  per- 
pendicular  or  oblique  to  the  axe;  and  aHb  that 
the  general  method  will  include  the  fruftum  of  any 
pyramid  whether  right  or  oblique;  and  fuch  a 
fruftum  will  exceed  the  prifin,  of  the  fame  altitude 
and  whofe  ba(e  is  equal  to  the  middle  feclion  of 
the  fruftum,  by  one-fourth  of  a  cone  of  the  fame 

altitude  alfo  and  of  which  the  radius  of  the  bafc 
.  DCy.Cc 

as  ~~CH  * 

It  may  farther  be  obferved  in  general  that  in 
the  fame  or  in  fimilar  folids,  when  the  altitude 
and  the  inclination  of  the  ends  to  the  axe  are  the 
fame,  the  cone,  or  difference  between  the  fruftum 
of  the  folid  and  the  cylinder  or  prifm,  will  be  con- 
ftantly  the  fame  quantity,  whatever  the  magnitude 
of  the  ends  may  be.  TWhen  the  altitude  is  con- 
ftant,  and  the  inclinations  of  the  ends  vary,  the 
faid  difference  is  reciprocally  as  the  cube  of  the 
diameter  of  the  generating  plane  which  is  conju* 

gate 
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gate  to  Cc  the  axe  of  the  fruftum  or  diameter  con- 
necting the  centers  of  its  ends.  When-. both  the 
altitude  and  inclination  vary,  the  difference  is  a« 
the  cube  of  the  altitude  directly  and  cube  of  the 
(aid  conjugate  diameter  reciprocally ;  but  when 
they  vary  fo  as  that  the  altitude  is  always  reci- 
procally as  that  diameter,  then  the  difference  is  a 
conftant  quantity. 

■ 

Proposition  III. 

In  the  fruftum  of  any  folid  generated  by  the  revo- 
lution of  any  conic  fe ft  ion  about  its  axe >  if  to  the  fum 
of  the  tivo  ends  be  added  four  times  the  middle  fedion 
or  fettion  parallel  to  and  equally  difiant  from  the  two- 
ends,  one-fixth  of  the  loft  fum  will  be  a  mean  area,  and 
being  drawn  into- the  altitude  of  the  folid,  the  producl* 
will  be  equal  to  the  content. 

Demonstration. 

By  the  corollary  to  the  laft  prop,  the  content  is? 

px  x  A  +  -iBx  +  7Cxa  =px  x  —  5  6  T  ;  but 

by  prop.  2  fedl.  2  part  3,  the  one  end  pD*  is  = 
^x  A  +  Bx  +Cx»,  then  by  writing  {x  for  x  the 
middle  fe&lon  will  be  pi*  =pxJ  +  \Bx  +  $Cx\ 
and  by  writing  o  for  x  the  other  end  will  be  pd  *  = 
pA\  now  it  is  evident  that  the  fum  of  the  two  ends 
with  four  times  the  middle  fe&ion  is  equal  to  the 
numerator  of  the  quantity  exprefling  the  content ; 

will  be  equal  to  theiblidity  of  the  fruflum.  $>.E.D. 
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Corollary  I. 

'When  the  frufhim  becomes  the  compleat  folid, 
the  lefs  end  vanilhes,  and  the  content  is  barely 

px  x  —6  . 

.  Corollary  II. 

This  proportion,  it  is  evident,  includes  all  fru- 
ftums  (as  well  as  the  compleat  fblids)  whether 
right  or  oblique,  not  only  of  the  fblids  generated 
from  the  revolution  of  the  conic  fections,  but  alfb 
o£  all  pyramids,  cones,  and  in  fhort  of  any  fblid 
whofe  parallel  fections  are  fimilar  figures.  The 
fame  theorem  may  alfo  be  applied  to  the  areas  of 
all  curves  whofe  equation  is  of  this  form  y  =  A 
+.Bx  +  Cx2,  calling  D  and  d  the  extreme  ordinates, 
and  /  the  middle  one. 

And  of  this  form  is  the  equation  to  the  para- 
bola dBD  (figure  to  corollary  5  to  prop.  1)  CD 
being  the  axe  of  the  curve,  and  putting  c A  =  x, 
and  AB  =y\  and  consequently  any  parabolic  por- 
tion cdBA  bounded  by  the  curve  dB,  the  t 
lines  ABy  cd  parallel  to  the  axe  CDy  and  the  line 
Ac  perpendicular  to  the  fame,  is  truly  expj 

by  **±**ktl£  x  Ac,  KL  being  the  middk 
dinate. 
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Part  IV. 


Of  the  approximate  Quadrature  and  Cuba- 
ture  of  Curves  by  means  of  equidistant 

ORDINATES  or  SECTIONS. 

Proposition  I. 

/F  any  right  line  AN  be  divided  into  any  even  num- 
ber of  equal  parts  AC,  CE,  EG,  &c.  and  at  the 
points  of  divifton  be  creeled  perpendicular  ordinates  AB, 
CD,  EF,  terminated  by  any  curve  BDF  &c.  and 
if  A  be  put  for  the  Jum  of  the  extreme  or  frjl  and  lajl 
ordinate!  AB,  NO  ;  B  for  the  fum  of  the  even  ordinate* 
CD,  GH,  LM,  &c.  viz.  the  fecond,  fourth,  fixth^ 
&c.  and  C  for  the  Jum  of  all  the  refi  EF,  IK,  &c. 
viz.  the  third,  fifth,  £fc.  or  the  odd  ordinates  vjanting 
the  firfi  and  lafi :  Then  I  fay  that  the  common  diftance 
AC  or  CE,  ere  of  the  ordinates  being  drawn  into 
the  Jum  arifing  from  the  addition  of  A,  4  times  B, 
and  2  times  C,  one-third  of  the  producl  vuill  be  the 
area  A  BON  very  nearly. 

That  is,     +  *B  +  aC  xD  =  the  area,  putting  D  = 

AC  the  common  diftance  of  the  ordinates. 

Demonstration. 

If  through  the  firft  three 
points  B,  2),  F,  of  the  pro- 
pofed  curve  a  parabola  be 
.conceived  to  be  drawn,  hav- 
ing its  axe  parallel  to  die  or- 
dinates ;  the  parabolic  area, 
by  the  fecond  corollary  of  a  c   K  o  i 
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the  laft  propofition  will  be  A  +4^D+EF  x  jj? 
=  **  +  *cD  +  EF  x  Ad  but  when  the  points  By 

jD,  Fy  are  at  no  great  diftance  from  each  other, 
the  parabolic  curve  will  nearly  coincide  with  the 
curve  propofed,  and  confequently  the  area  of  the 
one  equal  to  that  of  the  other  very  nearly ;  hence 

AB-~  C.D  +  EF  x  AC  will  be  equal  to  the  area 

ABFE  very  nearly.    After  the  fame  manner 

EF+4Cff+IK  x  AC  Qr  be   cqual  tQ 

the  area  EFKI;  and  x  AC  =  the 

area  IKON;  and  fo  on. 

Wherefore,  by  taking  the  (urn  of  thefe  areas,  we 

{hall  have  jt*  +  *CD  +  *EF+*GH+*I*  +  *LAf+*0 

3 

x  AC  =  J  +  4B  +  2C  x  AC  for  the  whole  area  A  BON 


very  nearly.  ^E.D. 

Corollary. 

The  fame  theorem  will  alfo  obtain  for  the  con- 
tents of  all  folids,  by  ufing  the  fe&ions  perpendi- 
cular to  the  axe  inftead  of  the  ordinates,  as  will 
appear  from  the  laft  propofition  of  the  laft  feclion ; 
for  the  fruftum  of  the  folid  there  may  be  fuppofed 
to  coincide  in  the  extremes  and  middle  with  any 
other  fruftum,  after  the  fame  manner  as  the  para- 
bola with  any  other  curve.  The  propofition  is  ac- 
curately true  for  all  parabolic  and  right-lined  areas, 
as  alfo  for  all  folids  generated  from  the  revolution  of 
conic  fe&ions  or  right  lines,  with  all  kinds  of  py- 
ramids ; 
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ramids ;  and  for  all  other  kinds  of  areas  and  fo- 
lidities  it  is  a  very  good  approximation. 

Scholium. 

It  is  very  evident  that  the  greater  the  number  of 
ordinates  or  feclions  are  ufed,  the  more  accurately 
will  the  .area  or  fblidity  be  determined;  but  in  a 
cafe  of  real  practice,  fuch  as  cafk-gauging,  three 
fections  are  fufficient ;  and  becauie  of  the  fimplicity 
and  accuracy  of  this  method,  it  is  by  far  the  moft 
proper  for  practical  gaugers  of  any  thing  that  can 
well  be  devifed ;  for  by  only  taking  the  bung  and 
head  diameters  and  a  diameter  in  the  middle  between 
than,  the  fum  of  the  bung,  head,  and  4  times  the 
middle  circle  drawn  into  half  the  length  of  the 
cafk  will  be  fix  times  the  content  extremely  near. 
And  the  fame  method  may  be  ufed  to  good  pur- 
pofe  in  all  cafes  of  ullaging  either  (landing  or  lying 
calks,  by  taking  the  area  at  the  top,  bottom,  and 
middle  of  the  liquor. 

I  mall  fubjoin  two  or  three  examples  to  Ihew  the 
eafe  and  accuracy  of  the  method,  referring  thofe 
who  would  fee  it  more  fully  illuftrated  by  exam- 
ples &c.  to  Mr  Mofs's  Gauging. 

Example  I. 

Let  it  be  required  to  find  the  area  of  the  qua- 
drant of  a  circle  whofe  radius  is  1. 

Let  the  radius  be  divided  into  10  equal  parts 
by  1 1  ordinates,  the  firft  being  nothing  and  the 
laft  equal  to  the  radius,  and  the  intermediate  9  or- 
dinates the  fines  of  the  arcs  whofe  verfed  fines  are 
refpeclively  -j'^-,  ~~t  T3-,  -~Zi  tV?  to>  -toj  t%)  and  Vo"» 

Now, 
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Now,  by  the  property  of  the  circle,  we  fliall  have 

x  *i  =  v/'i9  =  '4358899  =  the  2d  ordinate,  or 
the  firfl  of  the  aforefaid  nine, 
v/r8  x  *2  =  \/*36  =.'6  =  the  3d  ordinate, 
Vi'7  x  *3  =  v/*5i  =  '7141428  =  the  4th, 
x/r6x*4  =  v/*64  =  *8  =  the  5th, 

^1*5  x -5  =  \/*75  =  *866o2$4  =  the  6th, 
v/r4x-6  =  \/-84  =  '9165151  =  the  7th, 
y/i'3  x*7  =  v/*9i  =  '9539392  =  the  8th, 
x/i'2  x'8  x=  %/#96  =  '9797959  =  the  9th, 
\/i'i  x  *9  =  \/*99  =  '9949874  =  the  10th, 
the  1  ith,  being  =  1  the  radius,  as  was  before  ob- 
served. 

Hence  ^  =  0  +  1  =  1,  B  -  the  2d  +  4th  +  6th  + 
8th  +  10th  =  3*9649847,  and  C  =  the  3d  +  5th  + 
7th  +  9th  =  3*296311,  and2>  =  'i. 

Confequently  4±l£±i£x  D  =  2i^£L«  x  = 

•78175  =  the  area  pretty  near  the  truth. 

This  area  differs  from  the  truth  by  more  than 
in  curves  in  general,  on  account  of  the  obliquity 
of  the  curve  to  the  ordinates  near  the  beginning 
of  the  arc ;  but  if  by  the  fame  rule  we  find  the 
arc  belonging  to  the  9  greateft  ordinates,  which 
will  be  70363,  and  to  it  add  the  area  of  the  ferai- 
fegment  whofe  altitude  is  '2  and  bafe  '6,  confider- 
ing  it  as  a  parabola,  viz.  '6  x  '2  x  f  =  '08,  the  fum 
•7836  will  be  nearer  the  true  area;  and  if '08175 
the  true  area  of  the  fegment  had  been  added,  we 
mould  have  had  78538  the  area  very  exa&. 

6  A  Ex- 
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Example  II, 

Taking  example  I  to  prob,  5  of  the  parabola/ 
in  which  the  abfcifla  of  a  parabola  is  2,  and  the 
bafe  or  double  ordinate  1 2,  to  find  the  area  of  the 
parabola. 

Here  by  talcing  three  ordiriates,  of  which  the 
firft  and  lad  are  each  nothing,  an4  the>  middle  one 
=  2,  their  common  diflance  being  6  \  w^  fljall  have 
A  =  o,  B  =  2,  C  =  0,  and  D  =  6. 

Confequently  d+-<*±^xD  =  \  x  6=  16  =the 

true  area  as  before. 

Example  III. 

Given  the  lengths  of  five  equidiftant  ordinates  of 
an  area,  or  fections  of  a  folid,  10,  11,  14,  16,  16, 
and  the  length  of  the  whole  bafe  20 ;  to  find  the 
area  or  folidity. 

Here  A  =10+  16  =  26,  B  =  1 1  +  16  a=  27,  C^= 

14,  and  D.= 

Wherefore >C \  />=  x  A* 

x  5  =  54  *  5  »  27^  *  folidity  re- 

quired. 

Example  TV. 

Given,  eleven,  ordinates  to  an:  hyperbola  betweep 
the  afymptotes,  to.  find  the  area.  Thus,  taking 
the  equation  at  the  end  of  exanapje  4  to  .corollary  5 
to  prop.  1  fei5h  i>  in  which  any  ordinate  y>  is  » 

=        then  fuppofing  the  firft  value  of  *  to 

be 
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be  nothing,  and  the  laft  value  equal  to  i,  and  con- 
sequently the  common  diftance  of  the  ordinates 

•  1  or  TV ;  we  mall  have  for  the  ordinates       ,  , 

I  a  10      IO       10      IO       IO       IO       IO      10  IO 

— a,  Sec.  or  l2r  l3,  M,  J;,  l6,  -y  ^, 

10      J  10 
—  and  — . 
19  20 

Here  then  A  m  i£  +  |$  =*  1  +  i  «  1*5,  3.=*  4-f 
+  tt  +  tt  +  T7  +  t|=      S'459i:393,  C  »  **  + 
+  4-r  +  U  =  2728174^,  and  V  «  'I. 

Wherefore  + 'g  xZ)=  '60315021  =  the 

area  required. 

Proposition  II. 

Given  any  equidijlant  ordinates  of  a  cttrve,  or  fee- 
lions  of  a  folid,  as  a,  b,  c,  d,  e,  f,  &c,  to  find  nearly 
a  general  exprejjion  of  the  area  or  fotidity  by  the"  terms 
a,  b,  c,  &c,  and  the  Safe  upon  which  they  infijl. 

Investigation. 

The  fiuft  diffawaces  of  the  terms  0,  b*cya\cf  &c.  are 
b-a,  c-b,  d-ct  e-d/f^ero\c. 
The  dif.  of  thefe  are 
c-ib  +  a,  Ar-zx  +  b,  r-2d+ct  f-2e  +  d;  &c. 
The  dif.  of  thefe  are 
d.-  ic  +  ib-a,e-zd  +  $c  -  b,f-  3*  +  3d-  c,  &c. 
The  dif.  of  thefe  are 
e-4d+6d-4b  +  a,  f~4e  +  6d- 4c  +  £,  &c. 
The  dif.  of  thefe  arc 
/ -  5^+10 d  -  10c  +  5}  -  a9  &c. 
Then  by  putting  «,  fl,  y,,     «f  &c.  for  the  firft: 
term  of  thefe  differences  relpe&ively,  and  tranfpo- 
fing,  we  (hall  have 
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d  =  +  a  -  $b  +  3c  +  7 

<r  =  -  a  +  46  -  6c  +  4</+  / 

/  =  +  0  -  $b  +  10c  -  io</  +  5*  +  e 

&c.  &c. 
Hence,  by  fubftituting  the  value  of  b  in  that  of 
c\  and  die  values  of  b  and  c  in  that  of  d\  and 
thofe  of  5,  c,  and    in  that  of  e ;  and  thofe  of  b,  c> 
Ay  and  e  In  that  of  /;  and  fo  on ;  we  fbali  obtain 

a  -  a 

b  =  a  +  a 

c  =  a  +  2«  +  £ 

</  =  a  +  3a  +  3A+  7 

r  =  a  +  4a  +  6A  +  4>  +  X 

/  =  a  +  5«  +  io/j  +  ioy  +  5$  +  e 

Sec.  See. 
Where  it  is  evident  that  the  coefficients  in  the  value 
of  any  term  are  the  fame  with  thofe  of  a  binomial 
raifed  to  the  power  denoted  by  the  place  or  number 
of  the  term,  and  confequently  the  x  term  s  will  be 

x  —  1  x — 1  x  — 2  x—  1  x— 2  x — a  . 

M  +  x*  +  x.—~  fi+x,  — -.  —r-y  +  x.—-.  — - .  —  ' 

+  &c.  Which,  by  actually  multiplying  the  factors 
together,  &c.  becomes  2  =  a 

-  ^r*a-  !±!±l/x'-&c. 

2  2.3  a.3.4 

2.3.4  a.3.4.5 
+  2.345 
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b*2-  ^*3-t't**4  &c. 
+  jy*  +  T^2+T4^J  &c. 

8cc. 

And,  by  cor.  5- prop.  1  feci.  1,  the  area  will  be 
Lx:a+        +  ^**+t?7*,+t-£o/x4+7t*«*,&c.- 

-  ir*a— rV*J-  *V*4  &c. 
+  yy*+|i/xa+?Vtx3  &c. 

-  i^-VVt*1  &c. 

8cc. 

Where  L  reprefents  the  length  of  the  bafe. 

Which  area  will  be  had  accurately  tine  when 
the  differences  are  continued  till  one  order  of  them 
becomes  equal  to  nothing,  for  then  the  feries  will 
break  off  and  terminate ;  that  is,  an  area  is  quadra- 
ble  whenever'  one  of  the  orders  of  the  differences  of 
its  equidiftant  ordinates  confifts  of  a  feries  of  no-  • 
things  or  any  other  equals,  or  of  a  feries  of  arith- 
metical; but  if  an  order  of  the  differences  never 
become  equal  to  nothing,  the  area  will  be  exprefled 
by  an  infinite  feries. 

When  the  terms  or  ordinates  are  taken  near  to 
one  another,  the  differences  will  the  fooner  become 
equal  to  nothing,  or  nearly  fo ;  and  if  any  order 
of  differences,  and  confequently  its  fucceeding  ones, 
be  rejected  as  inconfiderable,  we  fhall  have  an. ap- 
proximate value  of  the  area,  and  that  the  nearer 
the  truth  the  more  of  the  differences  <%  0,  7,  4  t,  &c. 
are  ufed. 

6B  Thus, 
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Thus,  if  there  be  only  one  ordinate,  or  if  «,  £, 
7,  &c.  be  reje&ed,  the  area  will  be  aL. 

If  there  be  two  ordinates,  or  fi,  7,  /,v&c.  be  re- 
jected,  x  will  be  =  i,  and  the  area  wiH"be  a  +  J2-*x 

2 

If  there  be  three  -ordinates,  or  y,  <t9 1,  &c.  be 
rejected,  x  will  be  =  2,   and  the  area  will  be 

a  +  «  +  ^-^xZ  =  H»  +  ^xI  =  H46Ht  xZ. 

If  there  be  four  ordinates,  or  /,  f,  &c.  be  re- 
jected, x  will  be  =  3,  and  the  area  will  be 

0  +  -}«+"4/s  +  £/)  

-  }V  -  hrr  x  L  =  a  +  4-«  +  |a  +  |>  x  L  = 

+  yy> 

And  thus  by  putting  x  equal  to  every  number 
iucceflively,  we  lhall  have  the  following  table  of 
areas  anfwcring  to  the  refpcctive  number  of  ordi- 
nates fet  oppofite  to  them,  of  which  every  ex- 
preffion  is  more  accurate  than  the  preceding  ones# 
and  in  which  A  reprefents  the  fum  of  the  firft  and 
laft  terms,  B  the  fum  of  the  fecond  and  laft  but 
-one,  C  the  fum  of  the  third  and  laft  but  two,  &c. 
and  the  laft  of  the  letters  denotes  the  double  of  the 
middle  term  when  the  number  of  terms  is  odd, 
.alfo  L  denotes  the  length  of  the  whole  bafe  or  die 
•diftance  between  the  firft  and  laft  terms. 
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N°  of 
or  dm. 
1 


2 

3 

4. 

5 
6 

7 

8 

9 
&c. 


Areas. 


AL 

*  r 
A+  2B 


6  **< 


8 


xL 


TJ+32B  +  6C  x  L 
90 

288  * 

75 i^-f  3577*  4-  +  2939D  , 

9*9^+  5888*  — 928  C  +  10496D  -  2270^  - 


2*350 

&C. 

Example. 

Taking  the  fecond  example  to  the  laft  proportion, 
where  are  given  the  five  perpendiculars  10,  11,  14, 
16,  16,  and  the  diftance  between  the  firft  and  laft 
=  20 ;  we  mall  have  A= 10  +  16  =  26,  J3=  11  +  16  =  27, 
C  =  14x2  =  28,  and  L  —  20. 

Hence  by  the  rule  for  five  ordinates  ?  J*+pB+6(' 

x  L  =  ,8a  +  89V  tlMxM^>2  =  a69f  =  the 
area,  as  before  nearly. 

Scholium. 

When  tliere  are  many  ordinates  given,  the  cafe 
may  be  reduced  to  fewer  by  adding  together  the 

firft 
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firft  and  laft  ordinates,  the  fecond  and  lad  but  one, 
the  third  and  laft  but  two,  and  fo  on,  and  confi- 
dering  the  fums  as  a  new  fet  of  terms  upon  a  bafe 
equal  to  half  that  of  the  former.  Or  there  may  be 
added  together  the  two  firft  and  two  laft  terms  into 
one  fum,  then  the  four  terms  next  to  thefe,  &c.  or 
we  may  add  three  at  the  beginning  to  three  at  the 
end,  then  the  next  fix,  &c.  always  diminiftiing  the 
bafe  in  proportion  to  the  number  of  terms  that  are 
added  into  each  fum.  And  the  content  will  be 
nearly  the  fame  in  each  cafe. 

Example. 

Taking  the  fourth  example  to  the  laft  propofition, 
in  which  are  given  the  eleven  ordinates  77,  tt,  t|, 
« 0  j_i  jl°    °  li  ±°  •  °  i-.  and  the  diftance  of 

the  firft  and  laft  =  1 4  we  mail  have  44  +  t£  =  I'St 
r  °r  +  4}  -  1  "4354069,  t!  +  4{  =1  -3888889,  tt  +  ry 

«  1-3574^6,  H  +  4* m  i*3392857» and  rf  x  2  =  if 

Hence  A  =  1*5  +  1^-  =>  2£,  B  s  1-43^4069  + 
1-3392857  =  27746926,  C=  1*3888889  +  1*357466 
as  2*74635-49,  and  Z,  =  T. 

Then,  by  the  rule  for  fix  ordinates,  we  fhali 
have  l2j±2Sl±J^  x  L  =  -6931476,  which  is 

much  nearer  to  the  truth  than  the  number  found  by 
die  former  rule,  the  true  number  being  -69314718, 
and.  is  the  hyperbolic  logarithm  of  2. 
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SECTION  III. 

Of  the  Relation  between  the  Areas  and  Solidities 
of  Figures  and  the  Centers  of  Gravity  of  their  gene- 
rating  Planes  and  Lines. 

P  r  oposition  I. 

JF  any  line,  right  or  curve,  or  any  plane  figure  vshc- 
•*  ther  it  be  bounded  by  right  lines  or  curves,  revolve 
about  an  axe  in  the  plane  of  the  figure ;  the  furface  or 
folidg  enerated,  will  be  rc/pcflivcly  equal  to  the  furface 
or  folid  whofe  bafe  is  the  given  line  or  figure,  and 
height  equal  to  the  arc  defcribed  by  the  center  of 
gravity  of  the  faid  generating  line  or  figure;  and 
confequently  the  content  will  be  found  by  drawing  the 
generating  line  or  figure  into  the  arc  defcribed  by  its 
center  of  gravity. 

Demonstration. 

Let  AFHD  be  the  figure  "    ~ 

generated  by  the  given  line 
or  plane  ABD;  through  C 
the  center  of  gravity  of 
which  draw  DCAE  per- 
pendicular to  the  axe  of  re- 
volution,  and  meeting  with 
HGFE  in  E;  and  let  every 
point  of  the  bafe  be  reduced 
to  A  D  by  means  of  perpen- 
diculars to  it. 

The  figure  AFHD  gene- 
rated is  equal  to  all  the  AF, 
CG,  DH,  &c.    But,  by  fimilar  figures,  all  the 

6C  AF, 
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AF,  CG,  DH,  &c.  are  as  all  the  EAt  EC,  ED,  &c. 
and,  by  mechanics,  the  fum  of  all  the  EA,  EC, 
ED,  &c.  is  equal  to  fo  many  times  EC;  therefore 
the  fum  of  all  the  AF,  CQ>  DH,  is  equal  to  fo 
many  times  CG,  or  equal  to  AD  x  CG ;  that  is,  the 
figure  AFHD  is  equal  to  ABD  x  CG  the  bafe 
drawn  into  the  line  defcribed  by  its  center  of  gra- 
vity. Q.E.D. 

Goroddart  I.. 

* 

From  E  draw  EIKL  cutting  the  upright  pri£ 
matic  figure  erected  upon  the  given  bale  ABD,  fo 
as  that  any  perpendicular  AI  may  be  equal  to  its 
correfponding  arc  AF.  Then  will  the  figure  AILD 
be  equal  to  the  figure  AFHD. 

For,  by  fimilar  figures,  all  the  AF,  CG,  DH,  &c. 
are  as  all  the  AI,  CK,  DL,  &c.  each  to  each  ;  and 
as  one  of  each  are  equal,  therefore  they  are  all 
equal,  each  to  each  ;  viz.  all  the  A  I,  CK,  DL,  &c. . 
equal  to  all  the  AF,  CGy  DH,  &c.  that  is,  the  fi- 
gure AILD  equal  to  the  &gorc,AF'HD. 

GoROl  L  A  R-  Y  IL 

Through  K  draw  MKNO  \  and  the  figure  ANMD  ' 
will  be  equal  to  the  figure  AIKLD  or  equal  to  the 
figure  AFHD. 

For,  by  the  laft  corollary,  ANMD  is  equal  to- 
the  figure  defcribed  by  the  bafe  AD  revolving 
about  0  till  the  arc  defcribed  by  C  be  equal  to 
CK-,  which,  by  the  propofition,  is  equal  to  AD  x  CK 
ocADxCG* 

Go- 
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Corollary  III. 

Hence  all  the  upright  figures  A%KRD,  AIKLD, 
ANKMD,  AKPD,  &c.  of  the  fame  bafe,  and 
bounded  at  the  top  by  lines  or  planes  cutting  the 
upright  fides  and  paffing  through  the  extremity  K 
of  the  line  CK  erected  upon  the  center  of  gravity 
of  the  bafe,  are  equal  to  one  another;  and  the 
value  of  each  will  be  equal  to  the  bafe  drawn  into 
the  line  CK. 

Hence  alfo  all  figures,  defcribed  by  die  revolution 
of  the  fame  line  or  plane  about  different  centers  or 
axes,  will  be  equal  to  one  another  when  the  arcs 
defcribed  by  the  center  of  gravity  are  equal.  But  if 
thofe  arcs-  be  not  equal,  the  figures  generated  will 
be  as  the  arcs.-  And  in  general,  the  figures  gene- 
rated will  be  to  one  another  as  the  revolving  lines 
or  planes  drawn  into  the  arcs  defcribed  by  their 
refpeclive  centers  of  gravity. 

Corollary  IV. 

MoFeover,  the  oppofite  parts  NIK,  MUCy  of  any 
two  of  thefe  figures  are  equal  to  each  other. 

Corolla  rty  V. 

The  figure  ASPD  is  to  the  figure  AP  D,  as  AS 
to  CK;  or,  by  fimilar  triangles,  they  wiil  be  as  AD 
to  AC 

For  ASPD  is  equal' to  AD*  AS,  znA  APD  is 
equal  to  AD  x  CK. 

C  O  R  O  L  L  A  R  Y  VI. 

If  ihe  line  or  plane  be  fuppofed  to  be  at  an  infi- 
nite diftance  from  the  center  about  which  it  re- 
volves-' 
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volves,  the  figure  generated  will  be  an  upright  fur- 
face  or  prifm,  the  altitude  being  the  line  defcribed 
by  the  center  of  gravity ;  fo  that  the  bafe  drawn 
into  the  faid  line  will  be  equal  to  the  bafe  drawn 
into  the  altitude,  as  it  ought  for  all  upright  figures 
whofe  fections  parallel  to  the  bafe  are  all  equal  to 
each  other. 

Example  L 

If  a  right  line  or  a  parallelogram  revolve  about  a 
line  perpendicular  to  the  length,  there  will  be 
defcribed  a  ring  either  fuperficial  or  folid ;  and  as 
the  center  of  gravity  of  the  defcribing  line  or  pa- 
rallelogram is  in  the  middle  of  them,  the  general 
rule  will  become  the  fame  with  rule  3  fe&.  1  part  3, 
and  the  rule  at  prob.  2  fedt.  7  part  3. 

When  the  center  of  revolution  is  in  the  end  of 
the  line,  the  line  will  defcribe  a  circle  whofe  radius 
is  the  faid  defcribing  line,  and  whofe  circumference 
is  double  the  circumference  defcribed  by  the  center 
of  gravity ;  confcquently  the  radius  drawn  into 
half  the  circumference  will  be  the  area  of  the  circle. 

Example  II. 

If  the  right-angled  triangle  ABC 
revolve  about  the  perpendicular  BC 
and  defcribe  the  cone  ABD. 

Draw  BE  to  bifeft  AC,  and 
take  EF  equal  to  one- third  of  BE; 
..and  F  wilLbe  the  center  of  gravity  of  the  triangle 
ABC,  as  is  well  known.    Draw  FG  parallel  to 

AC 
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AC  Then  the  line  defcribed  by  F  will  be  the 

circumference  of  a  circle  whofe  radius  is  FG-,  and, 
by  the  general  rule,  the  cone  will  be  equal  to 
A  ABC  xGFxtin  (putting  n  =  785398  &c.)  =  AC 
x±CBx  \CE  x8n  =  ACx  \CB  x  \CA  x  8»  =  AC\ 
x  ±CB  x  4*1  =  AD 1  x  \CB  x  n  =  the  bafe  drawn 
into  one-third  of  the  altitude,  as  it  ought. 

Again,  from  H  the  middle  of  AB  draw  HI  pa- 
rallel to  AC;  then  is  H  the  center  of  gravity  of 
AB,  and  consequently  the  furface  defcribed  by  AB 
will  be  AB  x  circumference  whofe  radius  is  HI  = 
AB  x  half  the  circumference  whofe  radius  is  ACzz 
the  fide  drawn  into  half  the  circumference  of  the 
bale  =  the  furface  of  the  cone,  as  it  ought. 

Example  III. 

If  the  femi-circle  DC  A  (fig,  page  14)  revolve 
about  the  diameter  ADy  and  defcribe  the  furface  of. 
a  fphere. 

If  there  be  taken  DC.CF::CF:FH=Cj£=^, 

putting  r  for  the  radius  and  c  for  the  whole  cir- 
cumference ;  H  will  be  center  of  gravity  of  the  arc 

DC  Ay  and  coafequently  r  :  c  ::  {FH)  *~  i^r  =  the 

line  or  circumference  defcribed  by  H  the  center  of 
gravity ;  and,  by  the  general  rule,  DCA  x  $r  = 
ic  x  4r  =  ire  =  the  furface  of  the  fphere  =  the 
circumference  into  the  diameter,  as  it  ought. 

And  for  the  folidity  of  the  fphere,  we  fhall  have 

firft  ?e  :  2r  ::  }r :  —  =  the  diftance  FH  of  the 

center  of  gravity  of  the  femi-circle  DC  AD  from 

6D  the 
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the  diameter  AD,  which  is  two-thirds  of  the  dis- 
tance of  the  center  of  gravity  of  the  arc  DC  A  from 
the  fame  diameter  DA,  in  the  former  cafe;  con- 
fequently  the  line  defcribed  by  the  center  of  gra- 
vity in  this  cafe  will  be  two-thirds  of  that  in  the 
former  ;  but  the  defcribing  line  in  the  former  cafe 
is  to  the  defcribing  fpace  in  this  as  I  is  to 
wherefore  i  :  f  x  £r  ; :  furface  of  the  fphere  :  foli- 
dity  =      k  furface. 

Corollary. 

The  circumference  of  the  circle  whofe  radius  is 
the  diftance  of  the  center  of  gravity  of  the  femi- 
circumference  of  any  circle  from  its  center,  is  equal 
to  four  times  the  radius  of  that  circle. 

Example  IV. 

For  the  folidity  of  the  parabolic  fpindle,  putting 
I  =  the  bafe  and  a  =  the  altitude  or  axe  of  the  ge- 
nerating parabola,  and  «  =  785398,  &c.  as  before. 

It  is  known  that  \a  is  the  diftance  of  the  center 
of  gravity  from  the  bafe,  and  confequently  '/  = 
the  line  defcribed  by  the  center  of  gravity ;  but 
\ab  is  =  the  revolving  area;  wherefore  '-a  x  \ab 
L  -\±aab  will  be  the  content,  which  is  T8T  of  the 
circumfcribed  cylinder. 

Example  V. 

For  the  paraboloid.  Making  the  notation  as 
in  the  laft  example,  \b  will  be  the  diftance  of  the 
center  of  gravity  of  the  femi-parabola  from  the 
axe,  confequendy  \b  x  8k  x  \ab  =  labb'n  =  the  fo- 
4idity  =  half  the  circumfcribed  cylinder. 

PART 
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SECTION  L 
Of  Land  Surveying. 

r*  is  fuppofed  that  land-meafuring  firft  gave  rife 
to  geometry,  which  hath  fince  been  gradually 
riling  to  the  height  at  which  we  at  prefent  view 
it.  Since  the  divifion  of  common  grounds  hath 
become  fo  falhionable  in  Britain,  furveying  hath 
been  univerfally  taught  and  practiced  throughout 
the  nation.  The  mathematical  inftrument  makers 
have  alfo  come  in  for  a  {hare  of  the  profits,  by 
introducing  a  variety  of  inftruments,  often  to  little 
and  fometimes  even  to  bad  purpofe.  I  mall  here 
therefore  give  a  mart  account  of  two  or  three  of 
the  moft  ufeful  inftruments. 

Chapter  1. 

The  defcription  and  ufe  of  the  mojl  nfeful  inftruments 

for  furveying. 

I.  Of  the  Chain. 

Land  is  meafured  with  a  chain,  called  Gunters 
chain,  of  4  poles  or  22  yards  in  length,  which  is 
divided  into  100  equal  parts  called  links,  each  of 
which  is  in  length  TVo  yards  =  -~4o  feet  =  7*92 
inches ;  but  in  turning  links  into  inches  or  feet,  or 
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the  contrary,  we  may,  in  many  cafes,  without 
fenfible  error  fuppofe  each  link  to  be  8  inches  or 
|  of  a  foot  in  length.  A  ftatute  acre  of  land  is 
4840  fquare  yards  =  160  fquare  poles  or  10  fquare 
chains  ;  or  fince  40  fquare  poles  or  ±  of  an  acre  is 
called  a  rood,  the  table  of  the  divifions  for  land 
meafure  will  (land  thus, 

625  fquare  links  =  1  pole  or  perch 
40  poles  =  1  rood 
4  roods  =  1  acre 
or  100000  fquare  links  =  r  acre. 
Hence,  when  any  area  is  found  in  fquare  links,, 
point  off  five  places  towards  the  right  for  decimals 
of  an  acre,  and  the  figures  on  the  left  will  be  fo- 
many  compleat  acres  ;  then  value  the  faid  five  de- 
cimal places  of  an  acre,  by  multiplying  them  by 
4  for  roods,  and  again  by  40  for  perches. 

IL  Of  the  plain  Table. 

The  plain  table  is  fo  called  either  from  its  being 
a  plain  furface,  or  from  its  reducing  the  land,  in 
meafuring,  to  a  plain,  whether  horizontal  or  in- 
clined to  the  horizon. 

This  inftrument  confifls  of  a  plain  rectangular 
board  of  any  convenient  fize,  the  center  of  which 
when  ufed  is  fixed  by  means  of  fcrews  to  a  three- 
legged  fland  having  a  ball  and  focket  at  the  topr 
by  means  of  which  when  the  legs  are  fixed  on  the 
ground  the  table  is  inclined  in  any  direction. 

To  the  table  belongs, 

I-  A  frame  of  wood  made  to  fit  round  its  edgesr 
and  to  take  off  for  the  convenience  of  putting  a 
fheet  of  paper  upon  the  table.  The  one  fide  of  this> 
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frame  is  divided  into  360  degrees  from  a  center 
which  is  in  the  middle  of  the  table,  and  the  other 
fide  is  divided  into  180  degrees  to  a  larger  radius 
from  a  center  towards  one  fide  of  the  table ;  by 
the  means  of  which  divifions  the  table  is  to  be 
ufed  as  a  theodolite,  &c. 

II.  A  needle  and  compafs  fcrewed  into  the  fide 
of  the  table,  to  point  out  the  directions  and  be  a 
check  upon  the  fights. 

III.  An  index,  which  is  a  brafs  two-foot  fcale 
with  fights  erected  perpendicularly  upon  the  ends. 
The  hairs  in  thefe  fights  and  one  edge  of  the  index 
are  in  the  fame  plane,  and  that  edge  is  called  the 
fiducial  edge  of  the  index. 

Before  you  ufe  this  inftrument,  take  a  fheet  of 
paper  which  will  cover  it,  and  wet  it  to  make  it 
expand ;  then  fpread  it  flat  upon  the  table,  preffing 
down  the  frame  upon  the  edges  to  ftretch  it  and 
keep  it  fixed  there ;  and  when  the  paper  is  become 
dry,  it  will  by  contracting  again  ftretch  itfelf 
fmooth  or  flat  from  any  cramps  or  unevennefs. 
Upon  this  paper  is  to  be  plotted  the  plan  or  form 
of  the  thing  meafured. 

In  ufing  this  inftrument,  begin  at  any  part  of 
the  ground  you  think  the  mod  convenient,  and 
make  a  point  upon  a  convenient  part  of  the  paper 
or  table  to  reprefent  that  point  of  the  ground ; 
then  fix  in  that  point  one  leg  of  the  compafles, 
and  apply  thereto  the  fiducial  edge  of  the  index, 
moving  it  round  till  through  the  rights  you  per- 
ceive fome  remarkable  object,  as  the  corner  of  a 
field,  &c.  and  from  the  Ration  point  draw  a  line 
with  the  point  of  the  compafles  along  the  fiducial 
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edge  of  the  index  ;  then  fet  another  object  and -draw- 
its  line  ;  do  the  fame  by  another,  and  fb  on  till  as 
many  objects  be  let  as  may  be  thought  neceflary. 
Then  meafure  from  your  ftation  towards  fb  many  of 
the  objects  as  may  be  neceflary  and  no  more,  taking 
the  requifite  offsets  to  corners  or  crooks  in  the 
hedges,  &c.  and  lay  the  meafures  down  upon  their 
refpective  lines  upon  the  table.  Then  at  any  con- 
venient place,  meafured  to,  fix  the  table  in  the  fame 
pofition,  and  fet  the  objects  which  appear  from 
thence,  &c.  as  before  ;  and  thus  continue  till  your 
work  be  finilhed,  meafuring  fuch  lines  as  are  ne- 
ceflary, and  determining  fo  many  as  you  can  by 
interfering  lines  of  direction  drawn  from  different 
ftations. 

And  in  thefe  operations  obferve  the  following 
particular  cautions  and  directions. 

1 .  Let  the  lines  upon  which  you  make  ftations 
be  directed  towards  objects  as  far  diftant  as  pofft- 
blc,  and  when  you  have  fet  any  fuch  object,  go 
round  the  table  and  look  through  the  fights  from 
the  other  end  of  the  index,  to  fee  if  any  other 
remarkable  object  lie  directly  oppofite  ;  if  there  be 
not  fuch  an  one,  endeavour  to  find  another  forward 
object  fuch  as  ihall  have  a  remarkable  backward 
oppofite  one,  and  make  ufe  of  it  rather  than  the 
other ;  becaufe  the  back  object  will  be  of  ufe  in 
fixing  the  table  in  the  original  pufition  cither  when 
you  have  meafured  too  near  to  the  forward  object, 
or  when  it  may  be  hid  from  your  fight  at  any  ne- 
ceflary ftation  by  intervening  hedges,  &c. 

2.  Let  the  faid  lines,  upon  which  the  ftations 
are  taken,  be  purfued  as  far  as  you  conveniently 
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■can ;  for  that  will  be  the  means  of  preferving  more 
accuracy  in  the  work.         ,  . 

3.  At  each  ftation  it  will  be  neceflary  to  proye 
the  truth  of  it ;  that  is,  whether  it  be  ftreight  in 
the  line  towards  the  object,  and  alio  whether  the 
diftance  be  rightly  nieaiured  and  laid  down  on  the 
paper  .-»-To  know  if  the  table  be  fet  down  ftreight 
in  the  line,  lay  the  index  upon  the  table  in  any 
manner,  and  move  the  table  about  till  through 
the  fights  you  perceive  either  the  fore  or  back  ob- 
ject ;  then,  without  moving  the  table,  go  round  it 
and  look  through  the  fights  by  the  other  end  of 
the  index,  to  fee  if  the  other  object  can  be  per- 
ceived ;  if  it  be,  the  table  is  in  the  line  ;  if  not,  it 
muft  be  ftiifted  to  one  fide,  according  to  your 
judgment,  till  through  the  fights  both  objects 
•can  be  feen. — The  aforefaid  operation  only  informs 
you  if  the  ftation  be  ftreight  in  the  line ;  but  to 
know  if  it  be  in  the  right  part  of  the  line,  that  is, 
if  the  diftance  have  been  rightly  laid  down ;  fix 
the  table  in  the  original  pofition,  by  laying  the  in- 
dex along  the  ftation  line  and  turning  the  table 
about  till  the  fore  and  back  objects  appear  through 
the  fights,  and  then  alfo  will  the  needle  point  at 
the  fame  degree  as  at  firft ;  then  lay  the  index  over 
by  the  ftation  point  and  any  other  point  on  the 
paper  repreienting  an  object  which  can  be  feen  from 
the  ftation ;  and  if  the  faid  object  appear  ftreight 
through  the  fights,  the  ftation  may  be  depended  on 
as  right ;  if  not,  the  diftance  fhould  be  examined 
and  corrected  till  the  object  can  be  fo  feen.  And 
for  this  very  u(eful  purpofe,  it  is  advifeable  to  have 
fome  high  object  or  two,  which  can  be  feen  from 

the 
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the  greateft  part  of  the  ground,  accurately  kid 
down  on  the  paper  from  the  beginning  of  the  fur* 
rev,  to  ferve  continually  as  proof  objects. 

When  from  any  ftation  the  fore  and  back  objects 
cannot  both  be  feen,  the  agreement  of  the  needle 
with  one  of  them  may  be  depended  on  for  placing 
the  table  ftreight  on  the  line,  and  for  fixing  it  in 
the  original  pofition. 

Of  the  Jbtfting  of  the  paper. 

When  one  paper  is  full,  and  you  have  occafioa 
for  more ;  draw  a  line  in  any  manner  through 
the  fartheft  point*  of  the  laft  ftation  line,  to  which 
the  work  can  be  conveniently  laid  down ;  then 
take  the  meet  off  the  table,  and  fix  another  on, 
drawing  a  line  upon  it,  in  the  part  the  mod  con- 
venient for  the  reft  of  the  work ;  then  fold  or  cut 
the  old  fheet  by  the  line  drawn  on  it,  apply  the 
edge  to  the  line  on  the  new  fheet,  and,  as  they  he 
in  that  poution,  continue  the  laft  ftation  line  upon 
the  new  paper,  placing  thereon  the  reft  of  the  mea- 
fure,  beginning  at  where  the  old  fheet  left  it.  And 
fb  on  from  fheet  to*  fheet. 

After  the  work  is  done,  wlien  you  would  fatten 
all  the  iheets  together  into  one  piece  or  rough  plan, 
thefe  lines  are  to  be  accurately  joined  together  as 
when  the  lines  were  transfered  from  the  old  meets 
to  the  new  ones. 

But  it  is  to  be  noted  that  if  the  faid  joining 
lines,  upon  the  old  and  new  fheet,  have  not  the 
lame  inclination  to  the  fide  of  the  table,  the  needle 
will  not  point  to  the  original  degree  when  the  table 
is  rectified  j  and  if  the  needle  be  required  to  re- 
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fpect  ftill  the  fame  degree  of  the  compafs,  the  eafieft 
way  of  drawing  the  lines  in  the  fame  pofition,  is 
to  draw  them  both  parallel  to  the  fame  fides  of  the 
table  by  means  of  the  equal  divifions  marked  on 
the  other  two  fides. 

Of  the  Theodolite, 

The  theodolite  is  a  brazen  circular  ring  divided 
into  360  degrees,  having  an  index  with  fights 
placed  upon  the  center,  about  which  the  index  is 
moveable,  and  a  compafs  fixed  to  the  center,  to 
point  out  courfes  and  check  the  fights  ;  the  whole 
being  fixed  by  the  center  upon  a  ftand  of  a  conve- 
nient height  for  ufe. 

In  ufing  this  inftrument,  an  exact  account,  or 
field-book,  of  all  meafures  and  things  necelfary 
to  be  remarked  in  the  plan,  mufl  be  kept,  from 
which  to  make  out  the  plan  upon  your  return 
home  from  the  ground. 

Begin  at  fuch  part  of  the  ground  and  meafure 
in  fuch  directions  as  you  judge  moft  convenient, 
taking  angles  or  directions  to  objects,  and  mea- 
furing  fuch  diflances  as  appear  neccflary,  under 
the  fame  reftrictions  as  in  the  ufe  of  the  plain  table. 
And  it  is  fafeft  to  fix  the  theodolite  in  the  original 
pofition  at  every  ftation  by  means  of  fore  and  back 
objects,  and  the  compafs,  exactly  as  in  ufing  the 
plain  table ;  regiflering  the  number  of  degrees  cut 
off  by  the  index  when  directed  to  each  object ; 
and  at  any  ftation  placing  the  index  at  the  fame 
degree  as  when  the  direction  towards  that  ftation 
was  taken  from  the  laft  preceding  one,  to  fix  the 
theodolite  there  in  the  original  pofition,  after  the 
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fame  manner  as  the  plain  table  is  fixed  in  the  ori- 
ginal pofition  by  laying  the  index  along  the  line 
of  the  laft  direction. 

The  beft  method  of  laying  down  the  aforefaid 
lines  of  direction,  is  to  defcribe  a  pretty  large  cir- 
cle, quarter  it,  and  lay  upon  it  the  feveral  numbers 
of  degrees  cut  off  by  the  index  in  each  direction  j 
then,  by  means  of  a  parallel  ruler,  draw  from  fta- 
tion  to  Ration  lines  parallel  to  lines  drawn  from  the 
center  to  the  refpe&ive  points  in  the  circumference. 

Of  the  Crofs. 

The  croft  confifts  of  two  pair  of  fights  fet  at 
right  angles  to  each  other,  upon  a  flan  having  a 
fliarp  point  to  flick  in  the  ground. 

The  crofs  is  very  ufeful  to  meafure  fmall  and 
crooked  pieces.  The  method  is  to  meafure  a  bafe 
or  chief  line,  generally  in  the  longeft  direction  of 
the  piece  from  corner  to  corner,  taking  the  places 
of  perpendiculars  upon  this  line  from  the  feveral 
corners  and  bends  in  the  boundary  of  the  piece, 
with  the  crofs,  by  fixing  it  by  trials  upon  fuch 
parts  of  the  line  as  that  through  one  pair  of  the 
fights  both  ends  of  the  line  may  appear,  and  through 
the  other  pair  you  can  perceive  die  correfponding 
bends  or  corners ;  and  then  meafuring  the  lengths 
of  the  faid  perpendiculars. 

Scholium. 

Befides  the  fore-mentioned  inftruments,  which 
are  mod  ufed,  there  are  fome  others,  as  the  cir- 
cumferentor  much  like  to  the  theodolite  in  fhape 
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and  life,  and  the  femi-circle  for  the  taking  of  an- 
gles, &c.  But  of  all  the  indruments  for  meafuring, 
the  plain  table  is  certainly  the  mod  excellent ;  not 
only  becaufe  it  may  be  ufed  as  a  theodolite  or  femi- 
circle,  according  as  you  put  uppermoft  the  fide  of 
the  frame  having  the  360  degrees  or  that  which 
hath  the  femi-circle  or  180;  but  becaufe  that  it  is 
in  its  own  proper  ufe  by  much  the  eafied,  fafeft, 
and  moll  accurate  for  the  purpofe ;  for  by  planning 
every  part  immediately  upon  the  fpot  as  fbon  as 
meafured,  there  is  not  only  faved  a  great  deal  of 
writing  in  the  field  book,  but  becaufe  that  every 
thing  can  be  planned  more  eafily  and  accurately 
while  it  is  in  view  than  afterwards  from  a  field 
book,  in  which  many  little  things  mud  be  either 
neglected  or  midaken ;  and  befides,  the  opportu- 
nities which  the  plain  table  afford  of  correcting  our 
work  or  proving  if  it  be  right  at  every  ft  at  ion,  are 
fuch  advantages  as  can  never  be  balanced  by  any 
other  method.  But  although  the  plain  table  be  the 
mod  generally  ufeful  inftrument,  it  is  not  always 
fb ;  there  being  many  cafes  in  which  fometimes 
one  inftrument  is  the  propereft  and  fometimes  ano- 
ther ;  nor  is  that '  furveyor  mafter  of  his  bufinefs 
who  cannot  in  any  cafe  didinguifti  which  is  the 
fitted  inftrument  or  method,  and  ufe  it  accordingly : 
nay  fometimes  no  indrument  at  all,  but  barely  the 
chain  itfelf,  is  the  bed  method,  particularly  in  re- 
gular open  fields  lying  together;  and  even  when 
you  are  ufing  the  plain  table  it  is  often  of  advan- 
tage to  meafure  fuch  with  the  chain  only  and  from 
thofe  meafures  lay  them  down  upon  the  table ;  and 
fome  eminent  furveyors  have  been  fo  druck  with 
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the  eafe  andfimplicity  of  this  method,  that  they  have 
neglected  and  exploded  the  ufe  of  every  inflrument 
whatever :  and  indeed  fuch  practice  is  not  fo  abfurd 
as  fbme  other ;  for  although  it  be  often  attended 
with  much  trouble  in  meafuring,  and  even  fbme- 
times  be  impracticable,  as  in  furveying  a  town,  or 
among  bufhcs,  &c.  and  attended  with  trouble  alio  in 
the  planning  on  account  of  lb  me  of  the  lines  mea- 
furing to  more  than  they  ought;  yet  when  fuch 
lines  are  corrected  and  the  parts  of  the  plan  made 
to  fit,  the  true  furface  will  then  be  represented  by 
the  plan :  but  of  all  the  abfurd  or  falle  methods 
that  by  the  ufe  of  what  is  called  the  new-improved 
theodolite  is  of  the  mod  dangerous  confequence ; 
for  it  is  profefTedly  adapted  to  the  diminifhing  of 
all  land  by  reducing  it  to  an  horizontal  plain,  even 
fuch  as  is  wholly  upon  a  regular  declivity;  by 
that  means  deftroying  fometimes  a  third  or  fourth 
of  the  true  furface ;  it  is  the  furface  that  furveyors 
have  to  deal  with,  without  any  regard  to  its  incli- 
nation, except  indeed  where  a  pointed  hill,  &c. 
arifes  out  of  a  plain,  for  fuch  all  the  methods 
would  level  down  to  the  general  fiirface ;  nor  is 
it  to  any  purpofe  to  fay  that  the  horizontal  plain 
will  bear  as  many  perpendiculars  or  piles  of  grafs, 
&c.  as  the  Hope  will  do,  for  that  the  furveyor  has 
no  bufinefs  with,  let  him  give  the  true  furface,  and 
leave  the  owner  to  rate  and  let  his  land  according 
to  its  quality.  In  (hort,  let  every  gentleman,  who 
would  not  have  his  real  land  reduced  below  its  juft 
quantity,  beware  of  thofe  furveyor6  who  ufe  this 
new-improved  instrument, 
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Chapter  II. 

Of fome  particular  methods  of  meafuring,  UluJlraUd  by 

examples. 

Befides  the  general  methods  of  meafuring,  men- 
tioned in  the  preceding  defcription  of  inftrumcnts, 
may  be  obferved  the  following  particular  cafes  of 
meafuring  and  of  computing  the  contents. 

Many  pieces  of  land  may  be  very  well  meafured 
by  meafuring  any  bafe  line,  either  within  or  with- 
out them,  together  with  the  perpendiculars  let  fall 
upon  it  from  every  corner  of  them.  For  they  are 
by  thofe  means  divided  into  feveral  triangles  and 
trapezoids  all  whofe  parallel  fides  arc  perpendicular 
to  the  bafe  line ;  and  the  fum  of  thefe  triangles 
and  trapeziums  will  be  equal  to  the  figure  propofed 
if  the  bafe  line  fall  within  it ;  if  not,  the  fum  of 
the  parts  which  are  without  being  taken  from  the 
fum  of  the  whole  which  are  both  within  and  with- 
out, will  leave  the  figure  propofed. 

In  pieces  that  are  not  very  large,  it  will  be  fuf- 
ficiently  exact  to  find  the  points,  in  the  bafe  line, 
where  the  feveral  perpendiculars  will  fall,  by  means 
of  the  Crofs,  and  from  thence  meafuring  to  the 

corners  for  the  lengths  of  the  perpendiculars.  

And  it  will  be  moll  convenient  to  draw  the  line  fo 
as  that  all  the  perpendiculars  may  fall  within  the 
figure. 

Example  I. 

Having,  in  the  field  ACDFGEBA,  meafured 
the  bafe  line  AG  and  perpendiculars  as  are  expreflcd 
in  the  following  table  or  field-book,  in  links  :  Re- 
quired the  content,  and  plot  of  the  field. 
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Field-Book. 


Bafe  line 


Ab 
Ac 

Ad  =  585 
=?  610 


Perpendiculars 


15 

=  440 


bB  =  3  jo  South 
cC  =  70  North 
</Z>  =  320  N. 
=  j-oS. 
4£  =  990 \/F  a  470  N. 

=  ]020|  o 


The  calculation. 
AbxbB  —  =?icx  jcn-,, 

A„  „    n  6  5  =  H02CO  s  2A&J} 

Ac  xi£_=l  =  44°  x  70  =  3o8*0  =  If* 
cdxcC+Dd  =  r4J  x  390  =  s6sso  =  2fCI)-rf. 
*7  *£+^.=  29S  x  400  =  ,  ,8000  = 
Ffl  FC  +/F=  4°S  *  790  =  3'99J0  =  arfZ)«: 

S°  x  410=  20500  =  2C£fi 
whole  fi^,,r,      t-  ^       "  £°Ii2  =  do«ble  the 
requked   aCreS~3A- ,R-  l6'12  Perch«  =  the  area 

7^/>&/  ffe&«r,  above,  0r  any  cber  meafurcd  m  the 

fame  manner. 

,„??W  S?  indete™«  line  AG  for  the  bafe  line 
and  transfer  upon  it,  from  a  fcale  of  equal  para 

Vc  ld'L  '  &C;  "*?  the  ^Hxadiculare  w£ 
3io,  &c.  on  the  upper  or  under  fiderfthe  bafe  Hne 

accord- 
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according  as  they  are  north  or  fouth.  Laftly,  draw 
the  lines  AC,  CD,  DF,  &c.  and  it  will  be  done. 

Example  II. 

Required  the  area  and  plot  of  the  figure  from 
the  following  field-book. 

Note,  That  a  cypher  in  the  place  of  a  perpendi- 
cular, denotes  that  there  the  bafe  line  touches  an 
angular  point.  So  here  the  firft  and  laft  perpen- 
diculars, being  cyphers,  fhew  that  the  bafe  line 
begins  and  ends  at  an  angle. 


Field-Book. 


Bafe  line 

Perpendiculars 

0 

0 

I9 

42  S. 

80 

62  S. 

184 

2$S  S. 

307 

184  N. 

470 

220  N. 

270  N. 

.  697 

0 

AbxbB  —  = 


Calculation. 
~   lox  42=    0798  =  iABb. 
be  xcC  +  Bb  -  61x104=     6344  =s  2.5 C<r£. 
cd  x dD  +  Ci  =  104 x  297  =  30888  »  iCDdc. 
DdxdH  —  =  235x513  =  i2osss  =  2DdK 
Ae  x  eE  —  =  307  x  184  =   56488  =  lEeA* 
ef  x/F+Ec  =  163  x 404  =  65852  =  iFEef. 
fg*gG  +  Ff=  86x490=  42140  =  2^//^. 
GgxgH  —  =  270X  141 =  38070  =  iRGg. 

the  fum=  361135,  the  half  of 
which  =  180567*5  fquare  links  =  1*805675  acres  = 
1  A.  3R.  8-908  P.  But 
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But  in  large  pieces  or  traces  of  land  it  is  better 
to  reduce  the  meafures  to  a  bafe  line  drawn  in  a 
direction  exactly  eaft-and-weft,  and  touching  the 

fouthmoft  angle  of  the  figure.  And  this  is  Mr. 

Thomas  Burgh's  "  method  to  determine  the  areas 
of  right-lined  figures  univerfally,"  and  is  performed 
thus. 

Begin  at  any  corner,  and,  .going  round  the  fi- 
gure, meafure  the  length  of  each  fide  and  the  angle 
formed  by  each  and  the  meridian  or  north-ano'- 
ibuth  line;  then  the  figure  being  plotted,  draw  the 
bafe  line,  in  an  eafl-and-wefl  direction,  through 
the  fouthmoft  corner,  and  let  fall  perpendicu- 
lars, or  fouth  lines,  from  every  ftation  or  angular 
point  upon  the  bafe  line.  Then  multiply  the  fum 
of  the  perpendiculars  from  every  two  adjacent  fta- 
tions  into  the  diftance,  in  the  bafe  line,  intercepted 
between  rhem :  Collect  into  one  fum  all  the  pro- 
duels  belonging  to  every  two  ftations  of  which  the 
latter  fhall  be  to  the  eaft  of  the  former,  and  collect 
into  another  fum  all  the  other  products ;  and  half 
•the  difference  of  the  fums  will  be  the  area  of  the 
figure.*  Note. 

*  For,  beginning  at  the  weft  at  A  (fee  the  figure  to  the  follow- 
ing example)  and  proceeding  round  by  B,  C,  6cc.  it  is  plain  that 

A  a  +  bU  X  ab-ss. double  the  trapezoid  AabB,  Bb  +  cC  X  be  a 

double  BbcC,  Cc+dD  X*d  =  double  CcdD,  x  r/ss 

.double  EefF  \  and  that  the  fum  of  thefe  producls  will  be  the  dou" 
blcof  the  figure  aABCDEFfa  together  with  the  double  of  EedD' 
becaufe  that  EedD  is  included  in  both  CcdD  and  EefF. 

Again  Dd  +  e£  X  de  =  twice  D de E,  Fj  +  g(J  X  fg  =  twice 
FfgG,  GgXgH  2  twice  GgU,  NiXifxs  twice  Hi  I,  7$+aA 
x  ia  =  twice  liaA\  and  the  fum  of  thefe  produces  make  up  the 
doubles  of  the  two  figures  AaHIJ,  HfFGH,  together  with  the 
double  of  EedD  alfo. 

Confequcntly  the  latter  fum  taken  from  the  former  will  leave  tic 
urca  of  the  figure  ABCDEFG  H I A  required. 
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Note.  The  perpendiculars  upon  the  bafe  line  from 
the  fevcral  ftations  Mr.  Burgh  calls  their  abfolute 
nothings ;  and  the  diftances  between  the  perpendi- 
culars, the  particular  eaftings  and  weftings  of  the 
ftations,  viz.  eafting  when  the  ftation  is  to  the  eaft 
of  the  preceding  ftation,  and  wefting  when  it  is  to 
weft  of  it.  Then  his  rule  is  to  multiply  every  par- 
ticular eafting  between  two  ftations  into  the  half 
fum  of  the  abfolute  northings,  collecting  the  pro- 
ducts into  one  fum ;  and  every  particular  wefting 
between  two  adjacent  ftations  into  the  half  fum  of 
their  abfolute  nothings,  collecting  thefe  products 
alfo  :  then  the  difference  of  the  fums  is  the  area. 

Example  III. 

Suppofe  that  there  is  to  be  meafured  the  follow- 
ing figure  by  this  method. 

Beginning  at  the  weftmoft  ftation  A,  and  going 
round  towards  the  north,  fuppofe  the  lengths  of 
the  lines  and  the  angles  formed  by  them  and  the 
meridians  to  be  taken  thus  :  AB  =  1 550  links,  and 
its  direction  N.  i$\ -°  E.  that  is,  35!°  from  the  north 
towards  the  eaft ;  I  enter  thefe,  then,  in  the  2d  and 
3d  columns,  of  the  following  table,  oppofite  to  the 
1  ft  ftation  A.  Then  proceeding  to  the  2d  ftation 
/?,  I  find  the  direction  of  BC  to  beN.E.  72$°,  and 
its  length  =  1870  links,  which,  therefore,  I  enter  in 
the  table  upon  a  line  with  the  fecond  ftation  B.  In 
the  fame  manner  I  find  all  the  other  fides  and  their 
directions  as  expreffed  in  order  in  the  2d  and  3d 
columns  of  the  table ;  the  1  ft  column  containing 
•  only  the  number  and  mark  of  each  ftation. 

6  H  Then 
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Then  by  conftructing  the  figure,  which  is  very 
eafy  to  do,  and  meafuring,  by  the  fcale,  the  lengths 
and  diftances  of  the  feveral  perpendiculars,  and 
multiplying,  &c.  according  to  rule,  we  fhall  have 
the  area  pretty  near. 

But  to  have  the  area  exact,  the  feveral  perpen- 
diculars and  their  diftances  mud  be  calculated  by 
trigonometry,  or,  for  more  expedition,  by  a  tra- 

verfe  table.  Thus,  in  the  triangle  AB  z,  the  di£ 

tance  AB  being  1550,  and  the  courfe  or  angle  at 
35t%  1  find,  in  the  traverfe  table,  the  eafting 
Az  =  900,  and  northing  zB  =  1262  ;  thefe  I  enter, 
in  my  table,  in  the  columns  of  northing  and  eaft- 
ing, marked  N  and  E,  upon  a  line  with  the  firft 
ftation  A.  Then,  in  the  triangle  BCy,  to  the  dif- 
tance  1870  and  courfe  72^°,  I  find  the  eafting  By 
=  1786,  and  the  northing  yC=  555,  which  I  place, 
in  the  columns  E  and  Ny  oppofite  the  2d  ftation. 
In  like  manner,  in  the  triangle  CxDy  I  find  the 
fouthing  Cx  =  6i6,  and  eafting  xD=  1765,  which 
I  place  accordingly  in  the  columns  of  fouthing  and 
eafting.  And  in  the  triangle  DEtv,  the  fouthing 
Div  =  749,  and  wefting  ivE  =  994,  which  I  put 
in  the  columns  S  and  W.  And  fo  on  till,  by  going 
through  all  the  triangles,  I  return  to  the  point  A 
where  I  began,  placing  the  particular  northings  or 

fouthings,  caftings  or  weftings  in  the  table.  

And  it  is  evident  that,  being  returned  to  the  firft 
ftation  A,  the  fum  of  all  the  northings  muft  be 
equal  to  the  fum  of  the  fouthings,  and  the  fum  of 
the  eaftings  equal  to  that  of  the  weftings ;  and,  ac- 
cordingly, by  fumming  them  up  in  the  table,  I  find 
that  they  axe  fo,  the  fum  of  each  of  the  former 

being 
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being  3982,  and  that  of  each  of  the  latter  6844, 
which  is  a  very  good  proof  of  this  part  of  the  work„ 

Then,  for  the  abfolute  northings,  it  is  evident 
that  the  fum  of  all  the  northings  3982  muft  be 
equal  to  c C  the  abfolute  northing  of  the  northmoft 
ftation  C;  and  this  I  place  on  the  8th  column  of 
the  table,  marked  Abfol.  N.  being  the  column  of 
abfolute  northings,  oppofite  the  ftation  C.  Then 
C*,  the  particular  fouthing  of  C,  taken  from  its 
abfolute  northing,  gives  the  abfolute  northing 
dD  of  the  next  ftation  D  :  again,  the  particular 
fouthing  of  D  taken  from  its  abfolute  northing, 
gives  the  abfolute  northing  of  the  next  ftation  E : 
and  fo  on,  ta  or  from  the  abfolute  northing  of 
every  ftation,  adding  its  particular  northing  or 
fubtracling  its  particular  fouthing,  for  the  abfo- 
lute northing  of  the  next  fucceeding  ftation.  And 
thefe  are  all  entered,  in  the  column  of  abfolute 
northings,  oppofite  their  ftations. 

In  the  9th  column,  tituled  Sums,  are  placed  the ' 
fums  of  every  two  abfolute  northings  oppofite  the' 

upper  of  each  of  fuch  abfolute  northings.  -Each. 

of  thefe  fums  being  multiplied  into-  the  particular 
eafting  or  wefting.  upon  the  fame  line  with  it,» 
produces  the  double  areas  of  the  feveral  trapezoids, 
and  are  placed  in  the  two  laft  columns  of  the  ta- 
ble; viz.  the  producls  arifing  from  the  multipli- 
cation of  the  callings  being  written  in  the  formex. 
of  them,  and  the  others  in  the  latter.  Then  thefe 
produces  being  fummed,  half  their  difference  is 
X45A.  iR.  3* P.  the  area  fought. 
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Some  other  examples,  promifcuoujly  Jet  down. 

Example  IV. 

In  a  pentangular  field,  beginning  with  the  louth 
fide,  and  meafuring  round  towards  the  eaft  firft, 
the  id  or  fouth  fide  was  =  2735  links,  the  2d  = 
31 15,  the  3d  =  2370,  the  4th  =  2925,  and  the  5th 
=  2220;  alfb  the  diagonal  from  the  ift  angle,  to 
the  3d  was  3800,  and  that  from  the  3d  to  the  5th 
was  4010;  Required  the  figure  and  area. 


Having  conftru&ed  the  figure,  I  firft  take  the 
diftance  of  the  angle  B  from  the  diagonal  AC  be- 
tween the  compafles,  and,  by  applying  them  to  the 
fcale,  find  it  to  be  2210,  which  is  the  length  of 
the  perpendicular  from  B  upon  AC.  Wherefore 
3800x2210  =  8398000  double  the  triangle  ABC. 

Then  in  the  fame  manner  I  find  the  diftanccs  of 
A  and  D  from  the  diagonal  CE  to  be  2065  and 

1710.  Wherefore  401  o  x 2065I- 1 7 10  - 4010 x  3775 
=  '5*37 750  =  double  the  trapezium  A CDE. 

Whence  thefumof  the  two  produces  is  23535750, 
the  half  of  which  is  11767875  fquare  links,  equal 
1 17  A.  2  R.  28  6  P.  the  area  fought. 

6 1  Note. 


Digitized  by  Google 


494 


Surveying 


Part  V. 


Note.  As  this  figure  confifts  of  three  triangles 
all  whofe  fides  are  given,  by  calculating  their  areas 
by  rule  2  of  problem  2,  their  fum  will  be  that  of 
the  whole  figure  accurately,  and  you  will  then  find 
how  much  the  area  above  afligned  differs  from  the 
truth,  which,  I  believe,  will  be  but  about  the  30th 
part  of  an  acre. 

Example  V. 
In  going  round  a  five-fided  field  ABODE,  the 
fides  and  angles  were  thus:  The  fide  AB  =  1940 
links,  and  the  angle  B  no°  30'  j  the  fide  BC  = 
i55S>  ^  the  angle  C  uy°  45' j  the  fide  CD  = 
2 1 25,  and  the  angle  D  9 1 0  20' ;  and  the  fide  DE  = 
2741  :  Required  the  figure  and  the  content. 


Having  conflrucled  the  figure  and  drawn  the 
two  diagonals  EB,  EC,  which  meafure  3 180  and 
3500,  I  meafure  the  diflance  between  A  and  the 
diagonal  EB,  and  find  it  =  780,  and  the  diftances 
of  B  and  D  from  the  diagonal  EC  are  1430  and 
1670. 

Then  3 1 80  x  780  =  2480400  =  double  the  a  ABC, 
And  3  500  x  1 43 o  + 1 670  -3500  x  3 1 00  =  1 0850000 

=:double  the  trapezium  KB  CD. 

Wherefore  '*'o«?*^o4oo  =  6665200  fquare 

links  =  66  A.  2R.  24-32  P.  *he  area  fought. 
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Example  VI. 

In  a  field  I  took  two  ftations  T  and  ^  at  the 
diftance  of  10  chains  from  each  other: 

4     f$PA  =  21°  20'  (P%D=  io°  40' 

51  J>2[«49   10  Z)^C=  18  3o 

g>l2?PC  =  57   12  Ig-gJ^  =  42 

*1CPJD  =  2Q   AO  LS^^y^  £ 


HH  50 


1|  DPE=64  25    -g .?  ^  =  I37 
£     UPF=79   16  j«§     [p^fi  =  62 
Required  the  figure  and  area. 


00 

°5 
00 

5* 


Having  conftru&ed  the  figure,  by  the  line  AD, 
I  divide  it  into  two  trapeziums  A  BCD,  ADEF: 
In  the  former  of  which  the  diagonal  BD  meafures 
i860,  and  the  perpendiculars  1420  and  440;  and 
in  the  latter,  the  diagonal  AE  =  2940,  and  the 
perpendiculars  1050  and  1350. 

Whence  1860x1 420+440  =  1860x1 860=  345-0600 
and  2940X  i QjQf  1350=2940x2400  =  7056000 

2)10515600 


.  .      A«  R«JP»,  .  r  ,  ^  . 


Acres  52*578 


r      .        ••  1 


Roods  2*312 


Perches  12*4 


X2*il8 


If- 
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If  from  a  ftation  within  a  Held,  the  diftances  to 
the  feveral  angles  be  meafured,  as  alfo  the  angles 
formed  by  thefe  diftances. 

Then  multiply  the  product  of  every  two  adjacent 
diftances  by  the  natural  fine  of  the  angle  between 
them,  and  half  the  fum  of  thefe  products  will  be 
the  cxaft  area. 

Example  VII. 

From  a  ftation  within  a  field  of  five  fides  I  mea- 
fured the  diftances  to  the  feveral  corners,  beginning 
with  that  on  the  weft,  and  meafuring  round  to- 
wards the  north,  viz.  ift  diftance  7345  links, 
the  2d  =  5980,  the  3d  =  6495,  the  4th  -  6015,  and 
the  5th  =  7050 ;  alfo  the  angles  formed  by  thefe 
diftances  in  the  fame  order  were  71 7,  55 \,  49^, 
and  8 1  y  degrees.    What  is  the  area. 

rSineof7i|*Vo483237X734cx598o=4i6533i6;2r 

(  SSi  r«265897X598ox649C  =  32io4826\J7 

I  49^  )75756j:ox649cx6oi5  =  29j'96i  13-97 

f  8i|  r989oi59x6oi5x7O5o  =  4i93096roi 

(  78  )  978 1 476  *  7°i°* 7 345  ~  50650683*55 

a)i9594490i'35 
Acres  97972450675 

 4 

Roods  2*89802700 

40 

Perches  35*92108 

Mote.  The  laft  angle  (78°)  is  found  by  fubtraa- 
ing  the  fum  of  all  the  other  angles  from  36b*  \  for 
all  the  angles  formed  by  lines  about  a  point  make 
up  four  right  angles  or  360*. 

Ex- 


■ 
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Example  VIIL 

.  From  a  place  0,  near  the  middle  of  a  field 
ABCDEF,  from  which  I  could  fee  all  the  angles, 
I  meafured  the  diftances  to  the  feveral  angles,  and 
obferved  the  quantities  of  the  angles  formed  at  0 
by  thofe  diftances  as  below. 


Diftances 

0A  =  4315  Hnks 
OB  =  2982 
OC  =  3561 
OB=  5010 
0E-  4618 
OF  =  3606 

What  is 


Angles 
JOB  =  6o°  30' 
BOC  =  47  40 
COD  =  49  50 
DOE  =  57  10 
£0F  =  64  15 
FOA  =  80  35 

the  area. 


(Sineof6o°3o/)*87035^7X43 15x2982=1 1 19915-4-jy 

,  47  4°)7392394^982X356i=  784991077 

 49  5°)*704I714x356i>5oio=i3633284-ij 

 SI  10  V84025 1 3x5010x46 1 8= 1 9440205-2  6 

 64  J5  )*9oo6982H6l8x3<:>o6=i4998884-o3 

(  80  35  ) '9865246x3606x43 15^1 53502 14-66 

2)82471653-04 

Acres  412*3582652 

 4' 

Rood  1-4330608 
 4o 

Perches  17*322432 


Ex- 


49* 


rft 

2d 

3d 
4th 
5th 
6th 


Diftances 

3540 
4785 

39*5 
4125 

2030 
2945 


Surveying.  EartV. 

Example  IX. 
Having  made  choice  of  a  ftation  within  a  piece  of 
land,  I  meafured  from  thence  the  feveral  bearings 
and  diftances  of  the  corners  as  below :  Required  the 
the  area. 

Bearings 
N.E. 
N-iE. 
N.W.b.W. 
S.W.b.S. 
S.S.E.7°E. 
E.b.S.3iE. 

The  I  between  the  ift  &  2d  dift.  is  3  \  points  or  3  9 0  2  2 ' 

2d  &3d   —  S\  —  or6i  52  \ 
3d  &4th  —  8    —  or90  00 
4th&5th  —  jrpts.  70  or63  15 
5th&6th  —  4pts.  7ior52  45 
oth&ift  —  4pts.  7|orj2  45 
Sum  32  pts.  or  360  00 
•6343932x3540x4785m  0745923-32 
•8*8 1 92 1 2x4785x39 1 5=1652 1 272*60 
1-0000000x3915x41 25=16 149375*00 
•8929789x4125x2030=  7477582-14 
•7960020x2030x29457  8.26 
•7960020x2945x3540)     * ,5* 

2)63951491-31 

Acres  3I97574566 

 4 

Roods  3*0298264 
40 


Then  0  , 
Tineof3922^ 

"  61  52I] 

 90  00 

(  6315 

(  5245 

{  5245 


Perches  1*193056 
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Chapter  III. 

Of the  general  method  of cafling  up  the  contents  offurveys. 

After  the  furvey  is  finiflied  and  the  whole  put 
together  into  one  rough  plan,  the  general  method 
of  calling  up  the  contents,  is  to  divide  the  whole 
into  trapeziums  and  triangles,  by  drawing  lines 
from  angle  to  angle,  and  meafuring  the  neceflary 
parts  of  thefe  figures,  by  taking  their  lengths  be- 
tween the  compafles  and  applying  them  to  the  fcale 
from  which  the  whole  figure  was  laid  down ;  and 
then  computing  their  contents  by  their  proper  rules 
laid  down  in  former  parts.  By  thefe  means  the 
work  is  very  expeditioufly  done,  and  fufficiently 
correct ;  for  fuch  dimenfions  are  taken  as  afford  the 
moft  eafy  method  of  calculation  ;  and,  among  a 
number  of  parts  thus  taken  and  applied  to  a  fcale, 
it  is  likely  that  fbme  will  be  taken  too  little  and 
fome  too  great,  lb  that  they  will,  upon  the  whole, 
in  all  probability,  nearly  balance  one  another. 

Example  I. 
Suppofe  that,  after  having  planned  the  figure  in 
the  3d  example,  I  would  calculate  it  in  this  manner. 

C 


F 


Firft, 
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Firft,  then,  from  the  angle  E  I  draw  lines  to  the 
angles  B,  A,  dividing  the  figure  into  three  tra- 
peziums EDCBy  EAIHy  EHGF,  and  a  triangle 
EBJ.  Then  I  draw  the  diagonals  DB,  AH,  HF, 
and  let  fall  the  perpendiculars  Ea>  Cb,  Bcy  Id,  Ee, 

Then  in  the  trapezium  EDCB,  the  diagonal 
meafures  3550  links  and  the  perpendiculars  570 
and  770.  Wherefore  3550  x  570  +  770  =  3550  x 
1340  =  47570  =  double  the  trapezium  EDCB, 

And,  in  the  triangle  EBA,  AE  meafures  3490 
and  the  perpendicular  1 140,  their  product  is  39786 
equal  double  the  triangle. 

Alfo,  in  the  trapezium  EAIH>  the  diagonal  mea- 
fures 3740,  and  the  perpendiculars  920  and  2350^ 

Wherefore  3740  x  920-1-2350  =  3740  x  3270  = 
122298  equal  double  this  trapezium. 

Laftly,  in  the  trapezium  EHGF,  the  diagonal 
meafures  3620,  and  the  perpendiculars  1730  and 
510.  Wherefore  3620x1730  +  510  =  3620x2240- 
*  81088  equal  double  that  trapezium. 

4757° 
39786 

122298 

8ro88 

2)290742  double  the  whole  are* in  links- 
Acres  145*371 

 4 

Roods  1*484 

 40 

Perches  19*36 

Hence- 
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Hence  the  area  by  this  method  is  145 A.  iR. 
* 9  P.  and  is  lefs  than  the  former  by  1 3  perches  only, 
which  is  lefs  than  t't  part  of  an  acre ;  a  very  incon- 
fiderable  quantity  in  ib  large  a  figure. 

But  the  chief  fecret  of  calling  up  coniifts  in  find- 
ing the  contents  of  pieces  bounded  by  curved  or 
very  irregular  lines,  or  in  reducing  thofe  lines  to 
(freight  ones,  and  is  eafieft  and  very  accurately 
performed  -thus  :  Stretch  a  horfe  hair  over  the 
crooked  fides  fo  as  that  the  fmall  parts  cut  off  the 
figure  by  it  may  be  equal  to  thofe  which  are  taken 
in,  which  equality  of  the  parts  you  will  prefently 
be  able  to  judge  of  by  a  little  practice;  then  mark 
the  ends  of  the  hair  with  two  points,  and  with  a 
pencil  draw  a  line  through  thofe  two  points :  Do 
the  fame  by  the  next  adjoining  fide,  &c.  till  the 
whole  be  reduced  to  a  ftreight-fided  figure;  then 
nnd  its  content  as  above. 

Thus  if  it  were  required  to  find  the  content  of 
the  following  figure  bounded  by  the  irregular  black 
line,  from  a  fcale  of  4  chains  to  the  inch.    6  L 
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I  draw  the  four  lines  AB,  BC,  CD,  DA  cutting 
off  equal  quantities  on  each  fide  of  them,  by  which 
means  the  irregular  figure  is  reduced  to  the  right- 
lined  trapezium  A  BCD  as  nearly  equal  co  it  as 
can  be  judged.  Then,  having  drawn  the  diagonal 
DB,  by  meafuring  I  find  the  diftance  of  A  from 
DB  to  be  790,  and  the  diftance  of  G  from  DB  = 
760;  whole  fum  1550  drawn  into  DB  -  19 16  pro- 
duces 2969800,  the  half  of  which  or  1484900  fquarc 
links  =  1 4 A.  3R.  1 5*84 P.  =  the  content  required. 

Note  that  the  eafieft  method  of  ufing  the  hair 
is  to  firing  a  fmall  bow  of  wire,  cane,  or  whale-bone 
with  it;  for,  this  keeping  it  always  ftretched,  it 
can  be  ufed  with  one  hand,  while  the  other  is  at 
liberty  to  make  the  marks.  . 

Chapter  IV. 

Of  Wanning,         If  "  V,^' 

The  ornamenting  of  plans,  a$  well  as  the  chief 
part  of  the  fubject  of  furveying,  muft  he  got  by 
much  practice  together  with  proper  inftruclions 
and  examples  from  a  living  preceptor ;  and  all  that 
is  proper  to  be  done  here,  is  to  give  a  few  general 
remarks,  together  with  the  general  method  of  ta- 
king off  the  fair  plan  from  the  rough  one. 

The  ncateft  and  eafieft  method  of  taking  the  clean 
plan  off  from  the  rough  one,  is  thus :  Rub  the  back 
of  the  rough  plan  over  with  black  lead  powder ;  and 
lay  the  faid  black  part  upon  the  clean  paper  upon 
which  the  plan  is  to  be  copied,  and  in  the  proper 
pofition ;  then  with  the  blunt  point  of  fome  hard 
fubftance,  as  brafs,  &c.  trace  over  the  lines,  &c. 
of  the  whole  plan,  prelfing  the  tracer  fo  much  as 

that 
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that  the  black  lead  under  the  lines  may  be  trans- 
ferred to  the  clean  paper ;  after  which  take  off  the 
rough  plan,  and  trace  over  the  leaden  marks  with 

common  or  with  india  ink,  &c.  Or,  inftead  of 

blacking  the  rough  plan,  you  may  keep  conftantly 
a  blacked  paper  to  lay  between  the  plans. 

Another  method  of  copying  plans  is  by  means 
of  fquares;  which  is  performed  by  dividing  both 
ends  and  fides  of  the  plan  to  be  copied  into  any 
convenient  number  of  equal  parts,  and  connecting 
the  correfponding  points  of  divifion  with  lines, 
which  will  divide  the  plan  into  a  number  of  little 
fquares ;  divide  the  paper  upon  which  the  plan  is 
to  be  copied  into  the  fame  number  of  fquares,  each 
equal  to  the  former  when  the  plan  is  to  be  copied 
of  the  fame  fize,  but  greater  or  lefs  than  the  others 
in  the  proportion  in  which  the  plan  is  to  be  in- 
creafed  or  diminiflied,  when  of  a  different  fize ; 
then  copy  into  the  clean  fquares  the  parts  con- 
tained in  the  correfponding  fquares  of  the  old  plan, 
and  you  will  hive  the  plan  copied  either  of  the 
lame  fize^  or  greater  or  lefs  in  any  proportion. 

A  third  method  is  by  the  inftrument  called  a 
pentagraph,  which  alfo  copies  the  plan  in  any  fize 
required. 

When  the  lines,  &c.  are  copied  upon  the  clean- 
paper  or  vellum,  the  next  bufinefs  is  to  write  fuch- 
names,  remarks,  or  explanations  as  may  be  judged 
necefTary ;  laying  down  the  fcale  for  taking  the  * 
lengths  of  any  parts,  a  flower-de-luce  to  point  out 
the  direction,  and  the  proper  title  ornamented  with 
a  compartment ;  and  illuftrating  or  colouring  every 
part  in  fuch  manner  as  lhall  feem  mod  natural,, 

fuch : 


Surveying. 


fuch  as  ftiading  rivers  or  brooks  with  crooked  lines, 
drawing  the  reprefentations  of  trees,  bufhes,  hills, 
woods,  hedges,  houfes,  gates,  roads,  &c.  in  their 
proper  places  ;  running  a  tingle  dotted  line  for  a 
foot  path,,  and  a  double  one  for  a  carriage  road ; 
and  either  reprefenting  the  bafes  or  the  elevations 
of  buildings,  &c. — But  to  do  all  thefe  things  neat- 
ly, you  ought  to  be  properly  inftructed  in  the  art 
of  drawing. 

Chapter  V. 

Of  the  Divifion  of  Lands, 

In  die  divifion  of  commons,  after  the  whole  is 
iurveyed  and  caft  up,  and  the  proper  quantities  to 
be  allowed  for  roads, -&c.  deducted,  divide  the  neat 
quantity  remaining  among  the  feveral  proprietors, 
by  the  following  problem,  in  proportion  co  the  real 
value  of  their  eltates,  and  you  will  thereby  obtain 
their  proportional  quantities  of  the  land.  But  as  this 
divifion  fuppofes  the  land,  which  is  to  be  divided, 
to  be  all  of  an  equal  goodnefs,  you  mud  obferve 
that  if  the  part  in  which  any  one's  lhare  is  to  be 
marked  off,  be  better  or  worfe  than  the  general 
mean  quality  of  the  land,  then  you  muft  diminifh 
or  augment  the  quantity  of  his  fhare  in  the  fame 
proportion  as  near  as  you  can  judge. 

Problem  L 
//  is  required  to  divide  any  given  quantity  of  ground 
into  any  given  number  of  parts,  and  in  proportion  as 
any  given  numbers. 

Rule. 

Divide  the  given  piece  after  the  rule  of  fellow- 
ship, by  dividing  the  whole  content  by  the  fum 

of 
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of  the  numbers  exprefling  the  proportions  of  the 
feveral  {hares,  and  multiplying  the  quotient  feve- 
raily  by  the  faid  proportional  numbers  for  the  re- 
fpeftive  fhares.  required: 

E  x  A  M  f  l  E. 

Tt  is  required  to  divide  300  acres  of  land  among 
A,  By  C,  D,  E,  F,  Gy  and  whofe  claims  upon  it 
are  refpectively  in  proportion  as  the  numbers  1,2, 

3,  5>  8>  IO»  lS>20- 

The  fum  of  thefe  proportional  numbers  is  64,  by 
which  dividing  300,  the  quotient  is  4*6875,  which 
being  multiplied  by  each  of  the  numbers  1,  2,  3,  5, 
&c.  we  obtain  for  the  feveral  mares  as  below  : 
A'  =     4*6875=     4A.  2R.  30P* 

B  =  9'3750=  9  .  1  20 
C  =   14*0625  =   14*     o  10 

D  =  23*4375=  23  1  30 

E  =  37*5000  =  37*  2  00 

F  =  46*8750=  40  3  20 

G  =  70*3125  =70  r  10 


P  R  O  B  L  E  Bf  II. 

To  cut  off  from  a  plan  a  given  number  of  acres, 
by  a  line  drawn  from  any  point  in  the  fide  of  it. 

*  Let  A^  the  given  point  in  the  annexed  plan, 
from  which  a  line  is  to  be  drawn  cutting  off  5A. 

SR'I4JV  6M  Draw 


So6  Surveying.  PartV. 

Draw  A  B  cutting  off  the 
part  ABC  as  near  as  can  be 
judged  equal  to  the  quan- 
tity propofed,  and  let  the 
true  quantity  of  ABC,  when 
calculated,  be  only  4  A.  3R. 
20  P.  which  is  leis  than  5  A.  D 
2R,  1 4  P.  the  true  quantity,  JJ 
by  oA.  2R.  34 P.  or  .71250 
iquare  links;  then  meafure 
AB,  which  fuppofe=  1234 
links,  and  by  61  *j  the  half  of  which  divide  71250, 
the  quantity  to  be  added,  and  the  quotient  11$ 
links  will  -be  the  altitude  of  the  triangle  to  be 
added  and  whole  baie  is  AB ;  wherefore  if  upon  the 
center  B  with  the  radius  115  an  arc  be  defcribed, 
and  AD  be  drawn  to  touch  that  arc,  AD  will  be 
the  line  cutting  off  the  required  quantity  ADC  A. 

Note  that  if  the  firft  piece  had  been  too  big, 
.then  D  mull  have  been  fet  below  B. 

In  this  manner  the  feveral  Ih ares  of  commons  to 
be  divided  may  be  laid  down  upon  the  plan,  and 
transferred  from  thence  to  the  ground  itfelf. 

Alfo  for  the  greater  eafe  and  perfection  in  this 
bufinefs,  I  ihall  fubjoin  the  following  problems. 

Probl  e  m  JII. 
From  an  angle  in  a  given  triangle  to  draiv  lines  to 
the  oppofite  ftdey  dividing  the  triangle  into  any  number 
of  part j,  which  Jhall  be  in  any  qjfigned  proportion  to 
each  other.  R  u  l  E. 

Divide  the  bafe  into  the  fame  number  of  parts 
and  in  the  fame  proportion,  by  problem  1 ;  then 

from 
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from  the  feveral  points  of  divifion  draw  lines  to 
the  propofed  angle,  and  they  will  divide  the  tri- 
angle as  required.* 

Example. 

Let  the  triangle  ABC  of  20  acres  be  divided  into 
five  parts  which  fhall  be  in  proportion  to  the  num- 
bers 1,  2,  3>  5*  9*  tne  ^neS  °^  divifion  being  to  be 
drawn  from  A  to  BD  whofe  length  is  1600  links. 

Here  1  +  2  +  3  +  5  +  9  =  20, 
and  1600+20  =  80,  which  be- 
ing multiplied  by  each  of  the 
proportional  numbers,  we  have 
80,  160,  240,  400,  and  720; 
wherefore  I  make  Ca  =  80,  ab  = 
160,  he  =  240,  <:</=4oo,  and  dB  =  720;  then  by 
drawing  the  lines  A  a,  A  b,  Ac>  Ad,  the  triangle  is 
divided  as  required. 

Problem  IV. 
From  any  point  in  one  fide  of  a  given  triangle,  to 
draw  lines  to  the  other  tivo  fides,  dividing  the  tri- 
angle into  any  number  of  parts  which  fhall  be  in  any 
ajigned  ratio. 

Rul 
From  the  given  point 
D  draw  DB  to  the  angle 
oppofite  to  the  fide  AC  in 
which  the  point  is  taken  > 
then  divide  the  fame  fide 

AC 


Oct 5 


E. 


*  Demonstration. 
For  the  feveral  parts  are  triangles  of  the  fame  altitude,  and  which 
therefore  are  as  their  bafes,  -which  bafes  are  taken  in  the  affigscJ 

proportion. 
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AC  into  fo  many  parts  AE,  EF,  FGy  GCt  and  in 
the  fame  proportion  with  the  required  parts  of  the 
triangle,  like  as  was  done  in  the  laft  problem ;  and. 
from  the  points  of  divifion  draw  lines  EK,  Fl,  GHy 
parallel  to  the  line  BD,  and  meeting  with  the  other 
fides  of  the  triangle  in>  A*,  /,  H\  laftly,  draw  KD, 
ID,  HD,  fo  (hall  ADK,  KDI9  IDHBy  HDC  be  the 
parts  required.* 

The  example  to  this  will  be  done  exatfly  as  the 
laft. 

1  omit  here  the  divifion  of  other  figures  into  either 
two  or  more  parts,  becaufe  the  method  of  doing  it 
is  fb.  much  limited  as  to  render  it  of  no  ufe  in 
practice ;  I  omit  alfo  their  reduction  to  triangles, 
as  that  is  done  only  for  the  fake  of  their  divifion 
and  {hall  add  here  only  one  problem  more,  mew- 
ing how  readily  to  increafe  or  diminim  a  figure  hy 
changing  it  from  one  fcale  to  another ;  but  when 
large  or  complex  fiirveys  are  to  be  changed.,  to  a- 
different  fcale,  a  penta graph  ought  to  be  ufed  for 
the  purpofe,  or  elfe  the  method  of  fquares  as  de- 
icribed  in  chapter  4. 

Pro- 


•  Demonstration. 

The  triangles  ADK,  KDI,  IDB,  being  of  the  fame  height, 
are  as  their  bafcs  AK,  Kl,  IB,  which,  by  means  of  the  parallels 
EK,  FI,  DB,  are  as  AE,  EF,  FD;  in  like  manner,  the  triangles 
GDH,  HDB  are  to  each  other  as  CC,  CD  :  but  the  two  triangles 
ID  B,  BDH,  having  the  fame  bafe  B  D,  are  to  each  other  as  the 
diltances  of  /  and  //from  BD,  or  as  FD  to  DC ;  consequently 
the  parts  DAK,.DKIr  DIB  If,  DUC  are  to  each  other  a&  AE^ 
EF,FC,CC. 

- 
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Problem  V. 
To  change  a  figure  from  one  fcalc  to  another. 

Rule. 

From  one  angle  A 
draw  lines  AC,  AD, 
AE,  &c.  to  all  the 
other  angles  of  the 
figure  given  ;  then 
augment  or  diminifh 
one  fide  AB  till  Ab- 
be to  AB  in  the  gi- 
ven proportion  of  the  fcales ;  and,  by  means  of  a 
parallel  ruler,  draw  be  parallel  to  BC  and  meet- 
ing AC  in  c,  and  in  the  fame  manner  c d  parallel 
to  CD,  de  parallel  to  DE,  ef  parallel  to  EFy  fa 
fliall  AbcdefA  be  the  figure  required. 


SECTION  II. 
Of  Cajk  Gauging, 

THE  meaning  of  the  word  Gauging  is  reftricled 
to  the  meafuring  of  cafks  and  other  things 
falling  under  the  cognizance  of  the  officers  of  tho 
excife;  and  hath  received  its  name  from  aguagc  oe 
rod  ufed  by  the  practioners  of  the  art. 

Thebufinefs  being  performed,  or  the  calculations 
made,  generally,  by  means  of  the  inftruments,  called 
the  gauging  or  diagonal  rod,  and  the  Aiding  rule  or 
gauging  rule,  it  will  be  neceflary  to  treat  of  thefc 
inftruments,  which  I  fhali  do  as  below, 

6N  Chap- 
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Chapter  I. 

The  Defcription  and  Ufe  of  the  Sliding  Rule, 

This  is  a  fquare  rule  having  confequently  four 
fides  or  faces,  three  of  which  are  furniflied  with 
Aiding  pieces  running  in  grooves.  The  lines  upon 
them  are  moftly  logarithmic  ones,  or  diftances  which 
are  proportional  to  the  logarithms  of  the  numbers 
placed  at  the  ends  of  them;  which  kind  of  lines 
were  placed  upon  rules,  by  Mr  Edmund  Guntery  for 
expeditioufly  performing  arithmetical  operations ;  in 
which  bufinefs  he  u(ed  a  pair  of  compaftes  for  taking 
the  feveral  logarithmic  diftances :  but  inftead  of  the 
compafles,  Aiding  pieces  were  added,  by  Mr  Thomas 
Everard,  as  being  more  convenient  and  certain  in 
practice. 

Upon  the  fjrft  face  are  three  lines,  marked  A,  B,  and 
MB,  B  being  upon  the  Aider,  and  is  a  kind  of  double 
line,  being  marked  at  both  the  edges  of  the  Aider, 
for  the  convenience  of  application  to  both  the  lines 
A,  and  MD.  Thefc  three  are  fuch  logarithmic  lines 
as  are  defcribed  above,  and  are  all  of  the  fame  ra- 
dius erdiftance  from  I  to  10,  containing  each  twice 
the  length  of  the  radius  j  A  and  B  are  placed  and 
numbered  exactly  alike,  the  numbering  beginning 
at  i,  by  which  means  the  middle  divifion  will  be 
I  o  times  and  the  laft  I  oo  times  the  value  aAigned 
to  the  firft  divifion,  which,  both  here  and  in  all  lo- 
garithmic lines,  may  have  any  value  put  upon  it  at 
pleafure,  either  i,  10,  100,  1000,  &c.  or  *o,  *oi, 
•001,  *oooi,  &c.  But  the  number  i  upon  the  line 
MD  is  fet  oppofite  to  the  divifion  215  or  more  ex- 
actly 


Digitized  by 


Sect  II.  Gauging.  511 

aclly  2 15*042.  on  the  other  lines,  and  then  numbered 
in  the  order  retrograde  to  that  of  the  lines  A  and  B ; 
by  which  means  it  happens  that  not  only  both  the 
divifions,  on  MD,  marked  1  are  oppofite  to  215042 
on  the  lines  A  and  B,  but  alfo  that  all  the  three  divi- 
fions, on  A  and  B,  marked  1  are  oppofite  to  the  fame 
divifion  215042  on  MD.  The  reafon  of  this  difpofi- 
tion  of  the  line  MD  is  that  2 150*42  cubic  inches  are 
contained  in  a  malt  bufhel ;  this  line  in  conjunction 
with  B  ferving  to  gauge  malt,  while  the  lines  A,  B, 
ferve  for  operations  in  multiplication  and  divifion. 
Moreover  upon  the  lines  Ay  B,  are  feveral  other 
marks  and  letters :  viz.  Upon  the  line  A  are  the  let- 
ters MB,  for  malt  bufhel,  at  the  aforefaid  num- 
ber 2150*42 ;  and  at  282,  the  inches  in  an  ale  gal- 
lon, are  a  mark  and  the  letter  A,  denoting  ale :  and 
upon  the  line  B  are  //,  for  fquare  inferibed,  and  a 
mark  at  "707  &c.  the  fide  of  a  fquare  inferibed  in  a 
circle  whofe  diameter  is  1 ;  and  se,  for  fquare  equal, 
and  a  mark  at  '886  &c.  the  fide  of  a  fquare  equal 
to  the  fame  circle ;  alfo  C,  for  circumference,  and 
a  mark  at  3*  1 41 59  &c.  the  circumference  of  the  fame 
circle;  and  moreover  Wt  for  wine,  and  a  mark  at 
231,  die  inches  in  a  wine  gallon. 

The  fecondface,  being  that  oppofite  to  the  firft,  is 
marked  Z>,  C,  D,  E,  at  one  end,  and  Root,  Square, 
Root,  Cube,  at  the  other,  the  lines  C  and  E  con- 
taining refpeclively  the  fquares  and  the  cubes  of  the 
divifions  fet  oppofite  to  them  on  the  lines  D ;  the 
two  middle  linen  C,  7),  being  on  a  Aider.  Thefe, 
alfo,  are  logarithmic  lines,  but  the  radius  of  D 
«s  double  to  that  of  A,  B,  and  C,  and  triple  to 
**.at  of  E.    And  vrl\?v:ver  the  firft  I  on  D  denotes, 

the 
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the  firfl  on  C  is  the  fquare  of  it,  and  the  firft  on  E 
the  cube  of  it;  fo  if  D  begin  with  i,  C  will  begin 
with  I  and  E  with  i ;  but  if  D  begin  with  10,  C  will 
begin  with  I  oo  and  E  with  I  ooo.  Upon  the  line  D 
are  fcveral  points  marked,  viz.  at  17*15,  the  wine 
gauge  point  for  circles,  is  placed  WG  for  wine  gauge; 
at  18*95  is  marked  AG  for  ale  gauge;  at  46*37,  the 
malt  gauge  point  for  fquare  meafure,  is  fet  MS  for 
malt  fquare ;  and  at  52*32  is  put  Af  jR,  in  like  man- 
ner, for  malt  round  or  circular  meafure;  alfo  at 
6*23,  the. neat  tallow  gauge  point,  are  placed  the 
letters  TP  for  tallow  pounds.  Moreover  upon  the 
line  C  is  marked  at  '07957,  and  od  at  '7854, 
the  former  being  the  area  of  a  circle  whofe  circum- 
ference is  1 ,  and  the  latter  that  of  a  circle  whole 
diameter  is  1 . 

Upon  the  third  face  are  three  lines;  one,  upon  a 
Aider,  marked  N,  which  is  a  logarithmic  line  of  the 
fame  radius  or  fize  with  A,  By  Cf  and  M D ;  and 
two  others,  marked  S.  S.  and  S.  L.  denoting  fegment 
(landing  and  fegment  lying,  this  face  being  for 
ullaging  (landing  and  lying  cafks. 

And  upon  the  fourth  or  oppofite  face  are  a  fcale 
of  inches  with  three  other  fcales,  marked  fpheroid  or 
1  ft  variety,  2d  variety,  3d  variety;  the  line  for  the 
fourth  or  conic  variety  being  upon  the  iniide  of  the 
Aider  in  the  third  face.  The  ufe  of  thefe  lines  is  to 
find  the  mean  diameters  of  caflts. 

Befides  the  above  lines,  are  two  others  upon  the 
infides  of  the  two  firft  Aiders,  being  continued  from 
the  one  Aider  upon  the  other ;  the  one  is  a  fcale  of 
inches  from  i2|  to  36,  and  the  other  a  fcale  of  ale 
gallons  from  the  correfponding  numbers  '435  to  3*61 

ale, 


Digitized  by  Google 


Sect.  Ef.  Gauging.  513 

ale  gallons ;  which  form  a  table  to  mew,  in  ale 
.gallons,  the  contents  of  all  cylinders  whofe  dia- 
meters are  from  12^  to  36  inches,  the  common 
height  of  them  being  1  inch. 

As  the  Hiding  rule  is  for  performing,  very  expe- 
ditioufly,  any  operations  of  multiplication,  divifion, 
and  extraction  of  roots,  required  by  any  rule  pro- 
pofed  in  words  &c.  fo  the  manner  of  making  thefe 
operations  will  appear  in  the  following  problems. 

Problem  I. 
To  find  the  produft  of  two  given  numbers,  by  the 
Jliding  rule. 

Rule.  To  either  of  the  given  numbers  on  A 
fet  1  on  By  then  agamft  the  other  number  on  B 
is  the  product  on  A, 

Example  I.  Required  the  product  of  12  and  2j. 

By  placing  1  on  B  under  \2  on  A,  above  1$  on 
B  (lands  300  on  A,  which  is  the  product  required. 

Note.  When  the  1  on  B  hath  been  fet  to  the  one 
factor  on  A,  if  it  happen  that  the  other  factor  on  B 
fall  beyond  the  divifion  on  either  A  or  B,  divide  it 
by  10,  or  100,  &c.  till  the  quotient  found  on  B  fall 
under  fome  divifion  on  the  line  A,  and  multiply  this 
faid  divifion  by  the  fame  1 0,  or  1 00,  &c.  for  the  pro- 
duct required. 

Example  II.  So  when  250  is  to  be  multiplied 
by  56:  Having  fet  1  on  B  to  250  on  A,  although 
56  be  found  on  B,  it  is  beyond  the  end  of  A;  there- 
fore dividing  it  by  10,  I  find  that  oppofite  to  the 
quotient  5*6  on  B  is  the  divifion  1400  on  A,  which 
being  multiplied  by  10,  we  obtain  14000  for  the 
product  required. 

6O  EX. 
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Example  III.  But  if  250  were  to  be  multiplied 
by  1 1 20:  Having  fet  1  to  250  as  before,  11 20  is 
beyond  the  end  of  B,  but  being  divided  by  1  00, 
oppofite  to  the  quotient  H' 2  on  B  I  find  2800.  on 
A,  which  being  multiplied  by  100  we  have  28000Q 
for  the  product  required. 

Problem  IL 

To  find  the  quotient  of  two  number*. 

Rule.  Set  1  on  B  to  the  divifor  on  A,  then 
againft  the  dividend  on  A  is  the  quotient  on  B. 

Example  I.  To  divide  300  by  25.  Having  fet 
1  on  B  to  25  on  A,  oppofite  to  300  on  A  I  find  12 
on  Bt  the  quotient  required. 

Note.  When  the  dividend  falls  beyond  the  end 
of  the  line  Af  let  it  be  divided  by  10,  ioo,  or  fome 
other  power  of  1  o  till  it  fall  within  the  line,  and  ufe, 
the  quotient  inftead  of  it,  multiplying  the  refult  by 
the  fame  power  of  1  o  as  before. 

Example  11.  So  if  14000  muft  be  divided  by  56. 
Having  fet  1  to  56,  the  dividend  cannot  be  found 
on  A  till  it  be  divided  by  ioo,  the  quotient  being 
140,  oppofite  to  which  I  find  2*5  on  B,  which  be- 
ing multiplied  by  100  we  obtain  250  for  the  quo- 
tient required. 

Problem  IH. 

■ 

To  work  the  rule-of-threc  on  the  fluting  rule;  or 
having  three  numbers  given,  to  find  a  fourth  which 
fhall  be  to  the  third  as  the  fecond  is  to  the  firfi. 

Rule.  Set  die  firft  term  on  B  to  either  the  fe- 
cond or  third  on  A>  then  againft  the  remaining 
term  on  B  ftands  the  fourth  term  required  on  A. 

Ex- 
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Example.  If  8  yards  of  cloth  coft  24  {Killings, 
what  will  96  yards  coft  at  the  fame  rate. 

Having  fet  8  on  B  to  24  on  A,  oppofite  to  96  on 
By  I  find,  on  A,  288  {hillings  or  14I.  8  s.  which  i& 
the  anfwer. 

Problem  IV. 
To  extraft  the  fquare  root  by  the  Jliding  rule. 

Rule.  The  firft  1  on  C  ftanding  againft  the  firft 
1  on  D  (on  the  ftock),oppofite  to  the  given  number 
on  C  is  its  root  on  D. 

Example.  To  find  the  fide  of  a  fquare,  which 
(hall  be  equal  to  a  triangle,  or  circle,  &c.  whofe  area 
is  225;  or,  to  extract  the  root  of  225, — Here  oppofite 
to  225  on  C  (lands  15  on  Z),  which  is  the  anfwer 
required. 

Problem  V. 

To  extract  the  cube  root  by  the  Jliding  rule. 

Ru  l  E.  The  line  D  upon  the  Aide  being  fet  rtreight 
with  j£  ;  find  the  given  number  on  £,  and  oppofite 
to  it  will  be  its  cube  root  on  Z>. 

Example.  To  find  the  fide  of  a  cube  equal  to 
any  other  iblid  whole  content  is  3375  ;  or  to  find 
the  cube  root  of  3375. — Here  oppofite  to  3375  on. 
E  (lands  15  on  D,  which  is  the  anfwer  required. 

Note.  It  is  evident  that  the  (kmc  lines,  as  are 
uied  in  theft  two  laft  problems,  will  (erve  to  find 
the  fquare  or  the  cube  of  any  given  number,  by 
taking  the  given  number  on  the  cbntrary  lines. 
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Problem  VI. 

To  find  a  mean  proportional  between  two  given 
numbers. 

*  ■ 

Rule.  Set  one  of  the  given  numbers  on  C  to  the 
like  or  fame  number  on  Dt  then  again  ft  the  other 
given  number  on  C  is  the  number  required  on  D. 

Example.  To  find  the  fide  of  a  fquare  whofe 
area  mail  be  equal  to  that  of  a  parallelogram  whofe 
length  is  9  and  its  breadth  4  feet  j  or,  to  find  a  mean 
proportional  between  4  and  9. 

Having  fet  4  on  C  to  4  on  Dy  againft  9  on  C 
(lands  6  on  Z),  which  is  the  number  fought. 

Problem  VII. 

To  find  a  number  which  Jhall  be  to  a  given  number 
in  a  given  duplicate  proportion;  or,  having  given  three 
numbers,  to  find  a  fourth ,  which  Jhall  be  to  the  third 
as  the  fquare  of  the  fecond  is  to  the  fquare  of  the  firjl. 

Rule.  Set  the  third  number  on  C  to  the  firft  on 
D,  then  againft  the  fecond  on  D  will  be  found,  on 
C,  the  fourth  required. 

Example.  If  the  area  of  a  parallelogram  or  any 
other  figure  be  120;  it  is  required  to  find  the  area 
of  a  fimllar  figure,  their  like  dimenfions  or  fides  be- 
ing as  2  to  3. 

Similar  figures  being  as  the  fquares  of  their  like 
dimenfions,  by  letting  1 20  on  C  to  2  on  Z),  againft 
3  on  D  ftands  270  on  Ct  for  the  number  fought, 

* 
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Problem  VIII. 

To  find  a  number  which  fljall  be  to  a  given  number 
in  a  given  fubduplicati  proportion ;  or,  having  given 
three  numbers ,  to  find  a \  fourth »,  ivhich  Jhall  be  to  the 
third  as  the  root  of  the  fecond  is  to  the  root  of  the  firfi. 

Rule.  Set  the  firft  number  on  C  to  the  third  on 
Dy  then  againft  the  fecond  on  C  will  be  found  the 
fourth  onZX 

Example.  The  fide  of  a  regular  figure  is  2,  and 
its  area  1 20;  it  is  required  to  find  the  fide  of  a  fimilar 
figure  whofe  area  is  270. 

The  roots  of  the  areas  of  fimilar  figures  being  as 
their  fides,  we  muft  find  a  number  which  fhall  be 
to  2  as  the  root  of  270  is  to  the  root  of  1 20.  Where- 
fore, having  fet  120  on  C  to  2  on  1),  againft  270 
on  C  will  be  found  3  on  D,  which  is  the  number 
fought. 

Problem  IX. 

To  find  a  number  in  a  given  triplicate  proportion  to 
a  number  given ;  or,  having  three  numbers  given,  to 
find  a  fourth,  ivhich  Jhall  be  to  the  third  as  the  cube 
of  the  fecond  is  to  the  cube  of  the  firfi. 

Rule.  Set  the  firft  number  on  the  Aide  D  to  the 
third  number  on  E,  then  againft  the  fecond  on  D 
is  the  fourth  required  on  E. 

Example.  If  a  cafk,  whofe  length  is  40  inches, 
contain  100  gallons,  what  will  be  the  content  of  a 
fimilar  caik  whofe  length  is  36  inches. 

6  P  Similar 
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Similar  folids  being  as  the  cubes  of  their  like 
fides,  the  content  required  muft  be  to  100  gallons 
as  40 J  is  to  36*.  Wherefore fetting  40  on  D  to  100 
on  E,  againfl  36  on  D  will  be  found  72*9  gallons 
on  E,  which  is  the  content  required. 

Problem  X. 

To  find  a  number  in  a  given  fubtriplicate  proportion 
to  a  given  number ;  or,  having  three  numbers  given, 
to  find  a  fourth,  which  fhall  be  to  the  third  as  the  cube 
root  of  the  fecond  is  to  the  cube  root  of  the  firfl. 

Rule.  Set  the  third  number  on  D  to  the  firfl  on 
E,  then  againfl  the  fecond  on  E  will  Hand  the  fourth 
on  D. 

Example.  What  is  the  length  of  a  cafk  whofe 
content  is  72*9  gallons,  iuppofing  the  length  of  a 
fimilar  cafk  to'  be  40  inches  and  its  content  100 
gallons. 

Since  the  dimenfions  of  fimilar  folids  are  as  the 
cube  roots  of  their  contents,  we  muft  find  a  number 
which  {hall  be  to  40  as  the  cube  root  of  72*9  is  to 
the  cube  root  of  1 00.  Wherefore,  having  fet  40  on 
D  to  100  on  E,  againfl  72*9  on  E  will  be  found  3  6 
on  D,  which  is  the  length  required. 

Problem  XI. 

The  length  and  breadth  of  a  parallelogram  being  gi- 
ven, to  find  its  area  in  malt  bufiels  by  the  line  MD. 

Rule.  Set  either  of  the  given  dimenfions  on  B 
to  the  other  on  MD,  then  againfl  1  on  A  is  the  re- 
quired area  on  B. 

Ex- 
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Example.  How  many  malt  bufhels  can  be  con- 
tained on  every  inch  of  the  depth  of  a  ciftern  whofe 
length  is  180  and  breadth  72  inches. 

By  fetting  72  on  B  to  180  on  MD,  againft  1  on 
A  will  appear  nearly  6  bufhels  on  B,  which  is  the 
quantity  required. 

Problem  XII. 

To  find,  by  the  line  MD,  the  malt  bufhels  which 
may  be  contained  in  a  couch,  floor,  or  ciftern,  whofe 
length,  breadth,  and  depth  are  given. 

Rule.  Set  one  of  the  dimenfions  on  B  to  ano- 
ther on  MD,  then  againft  the  third  on  A  will  ap- 
pear the  content  on  B. 

Example.  Required  the  number  of  bufhels  in 
the  ciftern  whofe  length  is  230,  breadth  58*2,  and 
depth  5*4  inches. 

Having  fet  230  on  B  to  5*4  on  MD,  againft  58*2 
on  A  I  find  33*6  bufhels  on  B,  which  is  the  con- 
tent nearly. 

The  ufe  of  the  other  parts  or  marks  on  the  rule 
will  appear  in  the  examples  farther  on. 

Chapter  II. 
Of  the  Gauging  or  Diagonal  Rod. 

The  diagonal  rod  is  a  fquare  rule  having  four 
fides  or  faces,  being  generally  four  feet  long,  and 
folding  together  by  means  of  joints. 

It  takes  its  name  from  its  ufe  in  meafuring  the 
diagonals  of  cafks,  and  computing  the  contents 

from 
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from  the  faid  diagonal  only ;  where  it  may  be 
noted,  that  by  the  diagonal  of  a  calk  is  meant  the 
line  from  the  bung  to  the  interferon  of  the  head 
with  the  ftave  oppofite  to  it,  and  is  generally  the 
longeit  line  that  can  be  drawn  from  the  bung  to 
any  part  within  the  calk. 

And,  accordingly,  upon  one  face  of  the  rule  is 
a  fcale  of  inches  for  taking  the  meafure  of  the  dia- 
gonal ;  to  which  is  adapted  the  areas,  in  ale  gallons, 
of  circles  to  the  correfponding  diameters,  like  to 
the  lines  on  the  under  fides  of  the  three  Aides  in 
the  Aiding  rule. 

Upoa  the  oppofite  face  are  two  ftales  of  ale  and 
wine  gallons,  expreffing  the  contents  of  calks  hav- 
ing the  correfponding  diagonals ;  and  thefe  are  the 
lines  which  chiefly  conftitute  the  difference  between 
this  inftrument  and  the  Aiding  rule;  for  all  the  other 
lines  upon  it  are  the  fame  with  thofe  on  that  in- 
ftrument, and  are  to  be  ufed  in  the  fame  manner. 

Example. 

Let  it  be  required  to  find  the  content  of  a  cafk 
whbfe  diagonal  meafures  34*4  inches,  which  agrees 
with  the  calk  in  the  following  chapter,  whole  head 
and  bung  diameters  are  32  and  24,  and  length  40 
inches ;  for  if  to  the  fquare  of  20,  half  the  length,  be 
added  the  fquare  of  28,  half  the  fiim  of  the  diame- 
ters, the  fquare  root  of  the  fum  will  be  34*4  nearly. 

Now  to  this  diagonal  34*4,  correfponds,  upon 
the  rule,  the  content  90}  ale  or  in  wine  gallons; 
which  differs  from  all  the  contents,  in  the  next 
chapter,  obtained  by  confidering  the  cafk  as  be- 
longing 


Digitized  by 


Sea.  II*  Gauging.  521 

longing  to  each  of  the  four  propofed  varieties.  So 
that  it  is  evident  there  are  many  cafes  in  which 
the  diagonal  line  cannot  exhibit  the  true  contents ; 
however  in  mod  cafes  I  do  not  doubt  but  that  it 
.  may  be  fully  as  accurate  as  gueffing  at  the  form  or 
variety  of  the  calk,  and  then  computing  the  con- 
tent by  the  rule  propeF  to  that  variety. 

Chapter  III. 
Of  Cajks  conftdered  as divided  into  fevered  Varieties. 

According  to  the  cuftom  of  mod  writers  on  this" 
fubje&,  I  fhall  diftinguiih.  calks  into  four  forms  or 
varieties,  viz.  ' 

1 .  The  middle  fruftum  of  a  fpheroicf, 

2.  The  middle  fruftum  of  a  parabolic  fpmdfc, 

3.  The  two  equal  fruftums  of  a  paraboloid, 
-  4.  The  two  equal  fruftums  of  a  cone. 

The  middle  fruftums  of  circular,  elliptic,  and 
hyperbolic  fpindles,  ITomit  here  on  account  of  the' 
difficulty  of  their  rules,  which  renders  them  unfit 
for  the  purpofe  of  practical  gauging.  And  indeed, 
fome  of  the  above  four  forms  are  of  very  little  real 
ufe ;  for  very  few,  if  any,  calks  are  to  be  met  with 
which  will  hold  fo  much  as  the  firft  form,  or  fo 
little  as  the  third  or  fourth;  fo  that  the  fecond  is 
the  moft  generally,  if  not  the  only  ufeful  one,  of 
the  four  varieties. 

Note.  282  cubic  inches  make  one  ale  gallon, 

231     —      — .  wine  , 

2 1 50*42     —      —     a  malt  bufhel. 

It  is  alfo  to  be  noted  that  the  dimenfions  ane 
{uppofed  to  be  inches,  in  the  following  rules. 

6Q^  Pko. 
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Problem  I. 

To  find  the  content  ofacajk  oftbefirft  or  Jpheroidal 
variety. 

Rule.* 

To  the  fquare  of  the  head  diameter  add  twice  the 
iquare  of  the  bung  diameter,  and  multiply  the  Aim 
by  the  length  of  the  caflcj  then  if  the  produd  be 
muk.  $-00092837} or div. 0077-157}  C  ale  7 
by  1-001133335  by  \  882*3^5  tor  ^winei' 
the  produd  or  quotient  will  be  the  meafure  in 
gallons. 

By  the  Sliding  Rule. 
Set  the  length  of  the  caik  {32*82?  -    r  au  -> 

on  Dt  and  on  V  nnd  the  bung  and  head  diameters 
noting  the  numbers  oppofite  to  them  on  C;  then  if 
the  latter  of  thefe  two  numbers  be  added  to  the  dou- 
ble of  the  former,  the  fum  will  be  the  meafure  in 
gallons. 

Example. 
Required  the  content  of  a  fpheroidal  cafk  whofe 
bung  and  head  diameters  are  32  and  24,  and  length 
40  inches.  e 

  * 

■  - — — ^ — 

•  For,  by  prob.  13  fta.  3  part  3,  the  content  in  inches  is 

3 

XLn,  which  being  divided  by  28a  and  331,  becomes  X__ 

  io77"i57 

Ta*»  +  i¥'  X  -000928371  in  the  one  cafe,  and  xLm 

lB*  +  ti*  X  -00113333  m  the  other;  B  being  the  bun|  and  //  the 
head  diameter,  an<fZ  the  Jengthof  the  cafc.-i-And  in^orkine  br 
the  flidmg  rule,  «  need  only  be  remarked  that  32-82  and  30-7  are 
ic  roots  of  1077-157  and  882*3;;*  , 
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By  the  Pen.        Here  2  x  32*  +  24*  x  40  x 

5*00092837  ?  x  J  97'44x7  ?  gallons = the  con- 
jyoo  1 1 3 $3 3  3    C 1 1 8*9543  winej   tent  required. 

By  the  Sliding  Rule,  Having  fet  40  on  C  to  32*82 
on  D,  againft  32  and  24  on  D  (land  38  and  21*3, 
as  near  as  can  be  judged,  on  C;  then  2  x  38  +  21*3 
a  76  +  2 1 '3  =  97*3  ale  gallons. 

And  having  fet  40  on  C  to  29*7  on  D,  againft 
32  and  24  on  D  ftand  46*5  and  26*1  on  C;  then 
2  x  46*5  +  26' 1  =  93  +  26*1  =  1 19*1  wine  gallons. 

Problem  II. 

To  find  the  content  of  a  cajk  of  the fecond  or  parabolic 
Jpindleform. 

Rule.* 

To  the  fquare  of  the  head  diameter  add  twice 
that  of  the  bung  diameter,  and  from  the  fum  take 
two-fifths  of  the  fquare  of  the  difference  of  the  laid 
diameters  ;  then  multiply  the  remainder  by  the 
length,  and  the  product  multiplied  or  divided  by 
the  lame  numbers  as  in  the  rule  to  the  laft  problem 
will  give  the  content. 

By  the  Sliding  Rulk. 
As  in  the  laft  problem,  fet  the  length  on  C  to 
32*82  or  29*7  on  A  and  on  D  find  both  the  bung 
and  head  diameters,  and  alfo  their  difference,  taking 

out 


*■  For,  by  prob-.  18  ftA.  4  part  3,  the  content  in  inches  i» 
=  —  X  i*»+tf»-f  X  "J  *  will  give  the  fame 


■ 
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out  the  three  numbers  oppofite  to  them  on  C>  then 
if  to  twice  the  firft  be  added  the  fecond,  and  two- 
fifths  of  the  third  be  taken  from  t|ie  fum,  the  re- 
mainder will  be  the  content. 

Example.  [  , 

Required  the  content  of  a  caflc  of  the  iecond 
variety,  whofe  bung  and  head  diameters,  are  32  and 
24,  and  length  40  inches.  : 

•  •  .  .  ■  \  '  .  . 

By  the  Pen.  Here  2x32  s +  24* -fx  IT*  X40X 
f/00092837}  _  C  96*491  ale  ^  gallons  =  the  con- 
rooi  133333     C  i  17793  wincfj    tent  required. 

By  the  Sliding  Rule.  Having  fet  40  on  C  to 
32-82  on  D,  againft  32,. 24,  and  8  on  jD  (land 
38,  2 1*3,.  and  2*4 ;  then  2  x  38  +  21*3  -  f  x  2*4  = 
76  +  2 1 '3  -  0*9  =  96*4  ale  gallons. 

And,  having  fet  40  on  C  to  297  on  Z>,  againft 
32,  24,  and  8  on  D  (land  46*5',  267,  and  2*95 
then  2  x'467  +  26'i-  \  +  2*9  =  93  +  26*1  -1*2  = 
11 7*9  Wine  gallons. 

ProblemE 

variety.  \ 

-  xv'  U  2*  - 

To  the  fquare  of  the  bung  diameter  add  that  of 
the  head  diameter,  and  multiply  the  fum  by  the 
leHgth  5  then  ifthe  iunr  be 
mult. "  j'o'oi 39W?  otdiv."  5718*105!  .    r  ale  } 
by    2*0017       5    by    ii:88*2335  IOr  iwine5» 
the  product  or  quotient  will  be  the  content  required. 

.  .  By 

1  *  ; 
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By  the  Sliding  Rule. 

Set  the  length  on  Cto  {^J  on  D  £  JfneJ  i 

then  find  the  bung  and  head  diameters  on  Z),  no- 
ting the  two  oppofite  numbers  on  C,  whofe  fum 
will  be  the  content  required.* 

E  X  A  M  P  L  E. 

Required  the  content  of  a  caflc  of  die  third  va- 
riety, whofe  bung  and  head  diameters  are  32  and 
24,  and  length  40  inches. 

By  the  Pen.  Here  32*^x40  x  £°°J*9255[ 

-  {  io8'8wmeleI  gaIIonS  =  the  COntent  recmirc(L 
By  the  Sliding  Rule.  Having  fet  40  on  C  to  26*8 

on  Dj  againft  32  and  24  on  D  Hand  57*3  and  32 ; 

whofe  fum  is  89*3  ale  gallons. 

And  having  fet  40  on  C  to  24*25  on  Z),  againft 

32  and  24  on  D  (land  69*8  and  39*1,  whofe  fum 

is  108*9  wine  gallons. 

Problem  IV. 
To  find  the  content  of  a  cask  of  the  fourth  or  conical 

variety. 

Rule. 

To  three  times  the  fquare  of  the  fum  of  the  di- 
ameters add  the  fquare  of  the  difference  of  the  di- 

6  R  amctcrs; 

•  For,  by  prob.  12  fc3.  4  part  3,  the  content  in  inches  is 

— —  X  I*  ;  and  —  =  —=  =  -00139255,  and  —  — 

2  2x282      718105  97  2x231 

588*233 

Alfo  the  numbers  26-8  and  24*25  arc  the  roots  of  the  umbers 
718*105  and  588*233. 
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ameters  j  then  if  the  fum  be 
mult.  5*00023209}  ordiv.  04308*628^  ^    Cale  7 
by  1*000283333    by    C3529*42  *  °r  cwinei 
the  product  or  quotient  will  be  the  content  required. 

By  the  Sliding  Rule. 

Set  the  length  on  C  to  $        ?  for  J aI?  ?  on  A 

C594*  j  (.wine) 

and  on  Z)  find  the  fum  and  the  difference  of  the 

diameters,  noting  their  oppofite  numbers  on  C ;  then 

if  the  fecond  be  added  to  three  times  the  firft,  the 

fum  will  be  the  content.* 

Example. 
Required  the  content  of  a  calk  of  the  fourth  va- 
riety, whofe  bung  and  head  diameters  are  32  and 
24,  and  length  40  inches. 

_  By  the  Ten.  Here  3x56  =78'  M°* 

=  wine?  gaU°nS  =  *e  C~  ^M 

By  the  Sliding  Rule.  Having  fet  40  on  C  to  65*64 

on  Z>,  againft  56  and  8  on  D  (land  29*1  and  o*6 ; 

then  3  x  29*  1  +o*6  =  87*3  !-  o*6  =  87*9  ale  gallons. 
And,  having  fet  40  on  C  to  59*41  on  D>  againft  56 

and  8  on  D  (land  35*6  and  0*7 ;  then  3  x  35*6  +  0*7 

=  107'5  wine  gallons. 

Chap- 


•  For,  by  prob.  8  feci.   1  part  3,  the  content  in  inches  is 

BlA-BH-*-H*      r         Ln   —  .  ^x^- 

 xI«  =  -X3X//T^l'  +  i/-iy|';  where 

3  12 

12x282  ~  4308-628  ~~  *00023209.  and  12X23,  -  \^r^  — 
•  00028333.  *A!fo  65*64  and  59*41  arc  the  roots  of  the  numbers 
4308*628  and  3529-42. 
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Chapter  IV. 
Of gauging  Casks  by  their  mean  diameters. 

Problem  I. 

To  find  the  mean  diameter  of  a  cask  of  any  of  the 
four  varieties,  having  given  the  bung  and  head  di- 
ameters. 

Rule.* 

Divide  the  head  by  the  bung  diameter,  and  find 
the  quotient  in  the  firft  column  of  the  following 
table,  marked  Qu.  then  if  the  bung  diameter  be 
multiplied  by  the  number  upon  the  fame  line  with 
it,  and  in  the  column  anfwering  to  the  proper  va- 
riety, the  product  will  be  the  true  mean  diameter 
required,  or  the  diameter  of  a  cylinder  of  the  fame 
content  with  the  calk  propofed. 

Qu. 


•  The  IuvefiigJtfon  of  the  numbers  of  this  table. 

By  the  3d  part  it  appears  that  if  the  bung  diameter  be  reprefented 
by  i»  and  the  he.id  diameter  by  h,  then  the  content  for  the  tft,  2d, 
3d,  and  4th  varieties  will  be  rcfpeftivcly  la  drawn  into 


2+hh 

— — —  y 

3 

8+4*  +  ^ 

> 

i+hh 


1  +h  +  hh 


but  the  content  mud  alfo  be 
equal  to  In  drawn  into  the 
fquare  of  the  mean  diame- 
ter ;  and  confequcntly  the 
^  faid  mean  diameter,  or  mul- 
tiplier in  the  table,  will  be 
refpettively 


1  + 


Then  by  writing,  in  thefc  forms,  the  fevcral  values  of  h,  viz.  -jo 
•j  1,  '$2,  &c.  there  will  refult  the  correfponding  numbers  of  the 

table.  A  farther  diflcrution  upon  thefe  mean  diameters  way  be 

lecnr  ia  Mofs't  gauging. 
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Qu.[  iVar. 


i^u.|  ivai*.  |  2  Var.  |  3  Var.  |  4  V  ar. 


*  S  1 
•52 

•53 
54 
5S 

•$6 

•J7 

•58, 
*59 
•6o; 
•61 1 
•62  > 

■iv 

•66 
'67 
•68 
•69 
•70 

•7i 
•72 

'73 

'74 ; 

•7* 


•8660 
•8680 
•8700 
•8720 

•8740 

•8760 
•8781 
•8802 
•8S24 
•8846 
•8869 
•8892 

•891$ 

•8938 
•896  a 

•8986 

•9010 

•9034 

•9060 
•9084 
•9110 
•9136 
•9162 

•9188 
•9215 
•9342 


•8465 

•8493 

"8520 

•8548 
•8576 

•8605 
•8633 
•¥662 
•8690 
•8720 

•8748 
•8777 

•8S06 

•8835 

•8865 

•8894 
■8924 


•901; 
•9044: 

•9074  i 
•9 104 1 


790/ 

'Wti 

•76 

•9270 

*0227 

•838i 

•8827 

•7937 

•76^1 

•77 

•9296 

'02  <  8 

•8874 

'797°  *772"> 

•78 

•9324 

"0  200 

•8067 

*8022 

•8002  -7769 

•79 

"93J2 

•O  220 

•901  I 

*So?o 

•8036 

7s  1 3 

■80  '9380 

•0 1  c  2 

•00c  f 

*90l8 

8070 

•78JO 

•81 

•9409 

*o  18  J 

'9100 

•OO66 
y  ^  y 

•8 104 

•7902 

•82 

1  -9438 

1     y  1 

•9114 

•814O 

"7947 

•83!  -9467 

•Ol8o 
y  1  uy 

•0162 

y  .? 

•8174 

•7992 

•84 

•9496 

•0  jV8 

74/° 

•02  2  A 

1  y^a4 

•02  I  I 

•82IO 

•8037 

•85 

•9526 

'OC  10 
/)  1 

•9280 

*  9  s  6  0 

•8246 

•8o32 

•86 

'950 

•O  Ca2 

y  j  4^ 

•0226 
1  y?-'u 

y3uo 

•8282 

•8128 

•87 

•9586 

/  )  /  T 

'0272 

*C2<7 

•8320 

•8173 

•88 

•9616 

9419 

•8357 

'8  "*  "'O 

•89 

•9647 

•0628 

y45) 

•8395 

'8265 

■90 

•9678 

•9671 

*9P3 

•9504. 

•8433 

-831 1 

•91 

•9710 

•9703 

•9560 

'9553 

•8472 

•83?7 

"92 

•9740 

•9736 

•9608 

•9602 

•85M 

•8404 

•93 

•9772 

•9768 

•9656 

•9652 

■8551 

•8?9° 

•84JO 

*94 

•9804 

•9801 

•9704 

•9701 

•8497 

•9? 

•9836 

•9834 

'9753 

•97  j  1 

'•8631 

•8j44 

•96 

•9868 

•9867 

•9802 

•9800 

1-8672 

•8590 

"97 

•9901 

•9900 

•98  J 1 

•9850 

1  87«3 

•8637 
•8685 

•98 

•9933 

"9933 

•9900 

•9900 

1-8754 

•99 

•9966 

•9966 

•99JO 

!  -9950 

•8796 

•8732 

roo 

roooo 

roooo 

roooo 

roooo 

•8838 

•8780 

Example. 

Suppofing  the  diameters  to  be  32  and  24,  it  is 
required  to  find  the  mean  diameter  for  each  variety. 

Dividing  24  by  32  we  obtain  '75,  which  being 
found  in  the  column  of  quotients,  oppofite  thereto 
{land  the  numbers 
•9242   which  being  each  f  29*57441  the  correfpon- 
•9 1 96  I  multiplied  by  32^  29*4272  I  ding  mean  di- 
•8838  [  produce   rcfpec-1  28*28 1 6 1  ameters requi- 


•8780J  tivcly  [28*0960]  red. 


Br 
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By  the  Sliding  Rule. 

■     •  ■ 
Find  the  difference  between  the  bung  and  head 

diameters  upon  the  fourth  face  of  the  rule,  or  in- 

fide  of  the  third  Aider,  and  oppofite  thereto  is,  for 

each  variety,  a  number  to  be  added  to  the  head 

diameter  for  the  mean  diameter  required.  £ 

So  in  the  above  example,  againft  8,  the  difference 
of  the  diameters,  are  found  the  numbers 


5'6o 
3"  Jo 
4*56 


which  be- 
ing added 
to  24,  there 


4*I2J  refult 


'29*60 
29*10 
28-56 
28*12 


for  the  refpc#ive  mean 
diameters,  all  of  which 
•are  too  great  except  the 
2d,  which  is  too  little. 


So  that  this  method  does  not  give  the  true 
mean  diameter. 

Problem  II.  '  . 


V  • 


To  find  the  content  of  a  Qafk  by  the  mean  diameter  on . 
the  Jliding  rule, 

***  '  ... 

R  U  L  E. 

Set  the  length  on  C  to  the  *  gage  point,  18*95 
for  ale,  or  17*15  for  wine,  onD;  then  againft  the 
mean  diameter  on  U,  is  the  content  on-C  . 

Exam  K.e.'.  - 

'     .  ■ 

:  If  the  bung  diameter  be  32,  the  head.  24,  and 
the  length  40  inches.    '  ^ 

^  S  Having 

♦  -•  .    •   ■         - •>■' 

/    282  < 

*  The  above  gage  points  are  found  thus,  viz.  s/  ^jjjrfir 


18-95,  ind*/; 


785398  &c,  -  17  15 


I 
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Having  found  the  mean  diameters  as  in  the  laft 
problem,  and  fet  40  on  C  to  18*95  or  17*15  on  D, 


a 

rt  < 


29'57l  2  f97'4v  f11^]  on ^  as  near  ^ can 
29-43  q   96*5  I  u  J  1 1 8    I  be  judged ;  which 

28*28    c  1  8o*i  l  0  ]  108*8  [agree  nearly  with 
v28*ioJ  0  [88*oJ     [107* 3 J  the  contents  deter- 
mined in  the  preceding  chapter. 

Chapter  V. 

Of  the  gauging  of  all  cajks  in  general  by  means  of four 
dimettfions,  <viz.  the  length,  the  bung  and  head  dia- 
meters, and  the  diameter  taken  in  the  middle  between 
the  bung  and  head, 

General  Problem. 

To  fnd  the  content  of  any  cajk  in  ale  or  ivine  gallons, 
by  four  dimenfions. 

Rule.* 

Add  into  one  fum  the  fquare  of  the  bung  dia- 
meter, the  fquare  of  the  head  diameter,  and  4  times 

the 

*  This  rule  is  taken  from  prop.  3  feet.  1  part  4  ;  the  number 
■coos}  briag  .  <«rOTel7  near,  and  12£M*£:  = 

'OOO464I844. 

And  with  regard  to  the  operation  by  the  Aiding  rule,  it  may  be 

obferved  that  42  is  =  J  a**3'    ,  and  a6'a  =  K/—^-^L^ 
4         V  -785398  &c.'  ™a  40  4  -  v  -785398  &c.* 

The  above  rule,  by  the  faid  prop.  3  fc&,  1  part  4,  was  proved  to 
l>e  accurately  true,  not  only  for  all  the  four  different  varieties  of 
caflcs,  but  alfo  for  all  caflts  and  folids  generated  from  any  conic  fec- 
tion  whatever  j  and  although  the  caflc  be  not  precifely  in  the  form 
of  any  fuch  curve,  the  rule  will  give  the  content  extremeJy  near  the 

truth; 
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the  fquare  of  the  middle  diameter  between  the  bung 
and  head,  and  multiply  that  fum  by  the  length  of 
the  cafk ;  then  the  product 
mult.  1  -00046418c for  ale    >    .„   .  . 
by  5-ooo5|      I  for  wine  5  wU1  SIVC  the  contenC- 

Note. 


truth ;  fo  that  whatever  be  the  form  of  the  cafk,  we  may  in  all  cafes 
be  pretty  fure  of  the  content  to  within  T'v  of  a  gallon,  or  perhaps 
lefs,  fuppofing  the  di  mentions  to  be  truly  taken.  So  that  more  per- 
fe&  than  this,  both  with  refpect  to  truth  and  expedition,  nothing  can 
be  expelled  or  indeed  wifhed  for  in  gauging  :  which  makes  me  hope 
that  one  day  this  method  will  come  into  general  ufc  with  the  prac- 
titioners in  the  excife  ;  and  till  then,  I  am  fully  perfuaded  that  much 
of  their  practice  muft  be  mere  guefled  work.  The  pretended  diffi- 
culty of  taking  the  middle  diameter  may  perhaps  deter  many  from 
ufing  this  method,  but  there  cannot  be  any  real  difficulty  in  taking 
this  diameter,  except  when  a  wooden  hoop  may  happen  to  be  on  at 
the  part  where  the  diameter  ought  to  be  taken  ;  but  that  will  veny 
rarely  happen. 

To  find  the  fourth  dimenfion, 
or  diameter  in  the  middle  between 
the  bung  and  head ;  upon  one  fide 
of  a  fquare  rule  let  be  drawn  a 
(cale  of  quarter  inches,  numbered 
both  ways  from  nothing;  and  let 
the  middle  or  o  divifion  be  applied 
to  the  bung  or  middle  of  the  cafk, 
as  in  the  margin,  parallel  or  near- 
ly parallel  to  the  axe,  and  in  the 
di  reft  ion  of  the  ftaiF ;  then  what- 
ever number  of  inches  are  in  the 
whole  length  of  the  cafk,  it  is  evi- 
dent that,  from  the  nature  of  the 
fcale,  the  fame  divifion  or  number 
of  quarter  inches  will  be  oppofite 
to  the  part  where  the  middle  dia- 
meter muft  be  taken,  which  here  fuppofe  to  be  10;  and  at  jo,  on 
each  part  of  the  rule,  meafure  the  dillance  rt ;  then  if  the  fum  of 
rt  and  n  be  taken  from  the  bung  diameter,  there  will  remain  the 
required  middle  diameter,  excepting  the  allowance  for  the  thicknefs 
of  the  ftaff,  which  muft  be  fubdufted. 

Cajkt 


Gauging. 


Part  V. 


Note.  To  abbreviate  the  operation,  may  be 
ufed  inftead  of  4*6418,  to  which  it  is  nearly  equal. 

Alfo 


a,!.:  i 


1 
2 

3 
4 
i 

7 
8 

9 
10 

1  1 

12 

13 
"4 

is 

17 
18 

19 
20 

2! 
22 

23 
24 
?5 
26 

27 
28 

29 

30 

3* 
32 

33 
3-1 
3  5 


gauged  by  four  ditficnjlons. 

DilT. 
Ids 
,allon«|  than 
fphr. 


Head 

Bongl 

M.d.| 

c 

CJ 

iiara. 

diam.1 

diiiin. 

►J 

 1 

-°  3 

23-2 

^  m  •  m 

*  /  / 

26-; 

29*8 

22*2 

26*0 

24*6 

30*8 

23-2 

27  5 

26*  J 

3-  * 

24-  s 

30'I 

28-4 

aero 

24'7 

2(/2 

27'6 

32  5 

23-8 

28-2 

268 

2  A'  2 

26"3 

33-5 

31-1 

2  A"  C 

34  > 

26-4 

33-0 

30-7 

26*3 

?2*2 

3U  - 

37  0 

26*  1 

31-8  29-9 

44  > 

34*4 

40-8I38-8 

47  0 

263 

33'8 

31-4 

34  2 

27*2  33-8 

31-4 

4/  0 

25*3  32"0 

29-7 

4>  5 

3°*7 

38-0 

35*5 

A  A*  f\ 

44  0 

24-7 

32*2 

29*6 

400 

24*2 

32*1 

29*4 

46*0 

25*7 

34'7 

|3«;7 

48-8 

24*2 

32*  1 

29  4 

51*2 

23*3 

3''o 

28*2 

49*3 

23-8  32-6 

29-5 

48*0 

28*2 

33*8 

3"'4 

45*2 

26-6  33*2 

30-4 

516 

36-6  4**6 

396 

44-2 

28*  1 

36-4 

33*3 

57-0 

32*7 

42-0 

39-1 

51*0 

33-1 

38-1 

35*7 

SI'S 

33*3 

40*0 

37*2 

54-0 

34-8 

44-8 

41*5 

50*c 

34'3 

40-5 

37"7 

49  c 

29-5 

36*0 

33*° 

$i*c 

3  3  S 

39*2 

36-4 

y  i*o 

3  V  4 

39-8 

37-0 

srs 

30*6 

40*6 

37-0 

45< 

28-0 

2,4-6 

32-4 

cc*o 

35'8 

48-0 

43'2 

J3-6 
50*2 

57*7 
70*6 

62-  6 

63-  6 
90-4 

89-  0 
102*2 

90-  3 
183-8 
126*3 

92*3 

113*1!  4'3 

157*0;  4*7 
106*6 
114-4 

I25'3 
114*8 


i*o 
r  1 
ri 

'"3 
i*8 

1-9 

2*9 

3-0 

3*0 

3*1 

3*2 

3*5 
3-8 


1 1 1*3 
it7*o 
137*3 


4*7 
4*9 
SS 
S'S 
5*8 

6*1 
6*i 


The  annexed  collection  of 
cafes  happened  in  real  prac- 
tice ;  and  their  dimenfions 
were  carefully  taken  ;  but 
their  contents  were  computed 
by  a  Aiding  rule,  and  fo  may 
not  all  be  precifely  true. 

From  hence  it  appears 
that  a  fphcroidal  ca/k  is  a 
mere  imaginary  thing,  the 
contents  of  real  cartes  being 
left  than  is  affigned  to  them 
by  that  form;  as  indeed  they 
ought,  from  the  nature  of  the 
curves ;  for  a  fpheroidal  calk 
would  be  leait  curved  in  the 
middle  and  the  moll  at  the 
ends,  whereas  a  real  calk  is 
the  leaft  curved  at  the  ends, 
if  it  be  any  thing  curved  there 
at  all ;  and  indeed  I  have 
reafon  to  think  it  is  not,  as 
will  appear  in  chap.  7. 


uc-6  6*c 

67 
6*8 
6*8 


223*3 
134*6 
236*6 


i8i*o'  8*o 
197*0  8*7 

2>3'5 


197*6 
148*1 


8*8 

9*4 
9*4 


189*6  9*7 


194*0 
207*2 
134-8 
282*2 


9*8 

IO*2 
12*0 

17*8 
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Alfo  inftead  of  4  times  the  fquare  of  the  middle 
diameter,  may  be  ufed  the  fquare  of  twice  that  dia- 
meter. 

By  the  Sliding  Rule. 
Setthelengd1onCto^;4fora.yonZ); 

and  find  both  the  bung,  head,  and  middle  diame- 
ters on  D,  noting  the  three  numbers  againft  them 
on  Cj  then  the  fum  of  the  firft  and  fecond  with 
4  times  the  third  will  be  the  content  required. 

Example. 

Let  the  length  of  a  cafk  be  40  inches,  the  bung 
diameter  32,  the  head  24^  and  middle  diameter 
30*2  inches  nearly  =  \/<)i2.y  which  is  taken  upon 
the  fuppofition  that  the  caik  is  fpheroidal. 

Then  32s  +  24*  +4  x  912  x  40  x  '0004641 844 
=  97*44159  &c.  ale  gaUons ;  or  multiplied  by 
•0005},  gives  nS^j^j  wine  gallons  for  the  con- 
tent, the  fame  as  at  prob.  1  chap.  3.. 

By  the  Sliding  rule*  Having  fet  40  on  Cto  46*4 
on  Z),  againft  32,  24,  and  30*2  on  D9  ftand  ro, 
10*5,  and  1 7  on  C;  then  19  +  10*5  +  4x17  =  97*5 
ale  gallons. 

And,  having  fet  40  on  C  to  42  on  D>  againft 
32,  24,  and  30*2  on  D,  ftand  23*2,  13,  and  20*7 
on  C;  then  23*2  +  13 +4x20*7=  1 19  wine  gallons, 
for  the  content  as  before  nearly. 

6T  A 
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C  H  A  P  T  E  R  VI. 

A  new,  cafy,  and  expeditious  method  of  computing  the 
content  of  a  cafk  from  three  dimenfums  onlyy  of  what- 
ever variety  it  may  be. 

Rule.* 

In  the  column  of  diameters,  or  middle  column, 
in  the  following  table,  find  the  bung  and  head 
diameters,  taking  out  the  number  on  the  left  of  the 

head 


*  The  methoU  of  gauging  here  propofed,  is  no  other  than  the 
rule  for  one  form  of  folids  corrected  fo  as  to  make  it  agree,  in  con- 
tent, with  the  moft  common  or  general  form  of  cafks  :  and,  for  the 
more  expedition,  the  fquarcs  of  all  diameters,  within  certain  limits, 
are  divided  by  the  proper  conftant  divifor,  and  the  quotients  ranged 
in  the  table  oppofitc  to  their  corresponding  diameters;  that  in  prac- 
tice nothing  more  may  be  required  than  to  multiply  thefe  quotients 
by  any  alfigned  length  of  a  caflt,  for  the  content  in  gallons. 

Now  it  hath  been  found  that  wine  hogflieads  generally  contain 
about  a  gallon  and  a  quarter  lei's  than  the  content  afligncd  to  them 
by  the  rule  for  fpheroidal  cafks ;  to  correct  the  rule  for  that  form  of 
cafks,  then,  we  mud  increafc  the  divifor  882*355  in  the  proportion 
of  6 \\  to  63  ;  by  which  proportion  we  obtain  900,  very  nearly,  to  be 

u\  4.2/?*  • 

ufedinltcad  of  882-355.  and  then  the  rule  will  become — —  xl 

for  the  content  in  gallons. 

Then  as  the  leaft  diameter  of  a  wine  hogfhead  is  about  19  inches, 
and  the  grcateft  bung  of  a  pipe  about  35,  to  all  diameters,  in  inches 
and  tenths,  from  18  to  36-3,  I  have  computed  the  values  of  the. 

quantities         and  - — and  difpofed  them  in  the  columns  tituled 

n  900  900 

bead  and  bung  areas ;  and  which  it  is  evident  need  only  be  taken 
out  of  the  table,  for  any  example  of  bung  and  head  diameters,  and 
multiplying  their  fum  by  the  length  mud  give  the  content.  So  that 
■we  have  here  a  general  and  eafy  rule  by  which  any  perfon,  in  half  a 
minute,  may  compute  the  content  of  any  cafk  whofc  bung  and  head 
diameters,  and  length  are  given,  and  that  generally  nearer  to  the 
truth  than  by  any  rule"  now  commonly  ufed. 

I  fhall  here  infert  the  method  in  which  I  made  this  table  ;  for 
although  I  have  as  above  explained  the  property  upon  which  the 

table 
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head  diameter,  and  the  number  on  the  right  of  the 
bung  diameter  ;  then  the  fum  of  thofe  two  num- 
bers multiplied  by  the  length  of  the  cafk  will  give 
the  content  in  wine  gallons.  And  the  wine  gal- 
lons being  multiplied  by  77  and  the  product  divided 
by  94,  the  quotient  will  be  the  ale  gallons ;  or  mul- 
tiply by  9  and  divide  by  1 1  for  ale  gallons,  becaufc 
l  l't  =  J -J-  =  -j9,  extremely  near.  A 


18 


tabic  is  founded,  viz.  that  the  numbers  in  it  confift  of  every  diameter 
fquared  and  then  divided  by  900,  1  did  not  find  the  numbers  in 
that  manner,  but  by  die  following  me'thod  in  perhaps  a  tenth  part 
of  the  time  required  by  the  former. 

Since  the  ift,  2d,  3d,  4th,  Sec.  numbers  are 


=  -36  =  A 


900 


900  900 


'OI 


f  — :  = 


i8>  3j6i 
900  900 


900 

2x3*6     "°4  _ .  >8*  3*6i 


V61 


900 


A  +  '00401  ss  B, 


900 


900  900 
i8* 


3-63 


900  900 


3-63 


900 


:  B  +  '0040*3 


900 


18*    5x^3-6    ^09  _ 
900     900     900"  900 


.  co6  .  2*6;  .  3'6c    „  .  2«6c  „ 

19. S     900     900         900  ^  ' 

&c. 


it  is  evident  that  the  differences  of  the  terras  form  an  arithmetical 


feries  whofe  common  difference  is 


■02 


900 


•00002,  and  therefore  by 
DuTT 


writing  down  a  column  of  differences,  and  to  the 
firft  term  adding  the  firft  difference,  to  obtain  the 
fecond  term  ;  then  to  the  fecond  term  adding  the 
fecond  difference,  for  tho  third  term ;  and  fo  on 
as  appears  in  the  margin ;  the  terms  will  evidently 
be  found  in  a  very  expeditious  manner  :  alfo  by' 
doubling  thefe  head  areas  we  obtain  the  corres- 
ponding bung  areas.  In  the  above  computations 

the  lalf  figures,  having  a  point  above  them,  are 
infinite  repetends. 

Farther,  it  is  evident  that  in  this  method,  the  gauge  point  will  be 
30  (s  v/900),  which  is  to  be  ufed,  in  the  rule  for  fpheroidal 


caflts,  inftead  of  29*7,  aod  the  correct  content  will  be  obtained. 
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GAUGING. 

A  Table  of  Areas, 


Part  V% 


Head 

Ltiam- 

Kung 

Hcaa 

Juun 

1  a««>S 

Head 

atea 

tier 

area, 

area 

etcr 

area 

area 

■3600 

-720c 

•j67< 

*26 

1-1350 

•8220 

•364O 

i8'l 

•7280 

*S7'; 

22'7 

1-1451 

82S I 

•3680 

13-2 

•7361 

•5776 

22-8 

I- 1552 

•8342 

•3721 

*744- 

•5827 

22*9 

1*1654 

•8403 
•3464 

•3762 

18-4 

■752^ 

23-0 

IM756 

•3803 

18-5 

•7606 

•5929 

23-1 

1*1858 

•8525 

•3844  18*6 

•7688 

•598  c 

23*2 

I"  196 1 

•8587 

•3S85 

187 

777* 

•6032 

23-3 

1*2064 

•8649 

•3927 

18-8 

•78J4 

■6084 

23'4 

1-2168 

•87 1 1 

•3969 

18-9 

•7938 

•6136 

,23'5 

1-2272 

•8773 

•401 1 

19*0 

■8022 

•6188 

23-6 

1-2377 

ft  A  r 

•8836 

•4053 

19*1 

-8107 
•8 192 

■6241 

2*7 

1*2482 

■  Oft 

•4096  19*2 

•6294 

23-8 

1-2588 

ft  y 

•8962 

*4»39 

,»9*3 

•8278 

•6347 

239 

1-2694 

•9025 

•4182  19*4 

•8364 
•8450 

•6400 

24-0 

i-23oo 

•9088 

•4225 

•95 

•6453 

24*1 

1-2907 

•9152 

•4268, 19-6 

•8J37 

•6507 

24-2 

13014 

•9216 

•4312 

'19-7 

•862.; 

•6561 

24-3 

1-3122 

•9280 

•4356,19-8 

•8712 

•6615 

24-4 

1-3230 

'9344 

•4400 

19-9 

•8800 

•6669  24-5 

•'3339 

•9409 

'4444 

20*0 

8S89 

•6724  24-6 

1-3448 
1-3558 

'9474 

•4489 

20-1 

•8978 

6779 

247 

•9539 

•4  534 

20  2 

•yo£8 

•6834 

24-8 

1-3668 

•9604 

•4579 

20"3 

•9158 

•6889 

24-9 

1-3778 

•9669 

•4624 

20-4 

•9248 

•6944 

25-0 

1-3888 

'9735 

•4669 

20J 

'9339 

•7000 

251 

1-4000 

•9801 

•4715 

20'6 

9-J30 

•70J6 

1*41 12 

•9867 

•4761 

20-7 

•9522 

■7112 

25-3 

1*4224 

'9933 

•4807 

20'3 

•9614 

•7168 

2>"4 

«'4337 

1*0000 

'48;  2.!  30*9 

9707 
•980c 

7225 

*S'S 

1*4450 

1*0067 

•4900,  2PO 

•72S2 

2,-6 

1*4564 

1-0134 

4947 

21*1 

•9S9.; 

•7339 

2  57 

1-4678 

I-0201 

4994 

ara 

■9988 

•7396 

2S8 

1-4772 

M  ft 

1*0268 

•JO4I 

21*3  1 

•oo32 

•7453 

2,-9 

1-4907 

1-0336 

•5088, 

21*4  1 

•0177 

•75 11 

26-0 

1*5022 

1-0404 

J  136  2  1*51 

•0272 

•7  j6< 

26*1 

1-5138 

1*0472 

•51B4 

2t*6l 

•036S 

•7627 

26*2 

1-5254 

1*0540 

•5232 

21-71 

•0464 

■oj6i 

•7685 

26*3 

15371 

1-0609 

•5280  21-81 

'7744 

26-4 

1-5488 

1-0678 

•J329 

21-91 

•065^ 

•780; 

:5-5 

1-5606 

1-0747 

•5378 

22*01 

•0756 

•786; 

266 

1-5724 

ro8i6 

•5427 

22'  I  1 

•0854 

•7921 

26*7 

1*5842 

1-0885 

•J476 

.2  -i 

•095: 

•798c 

26-8 

1*5961 

1-0955 

5J2$ 

22-31 

•105 1 

•8040 

26-9 

i*6o3o 

1*1025 

22-41 

•ii_jo 

•8  ioc 

27-0 

1-6200 

1*1095 

•5^3? 

*22*  >  I 

•I2CO 

•8160 

!7'i 

1*6320 

ri  165 

tier 


272 

27*3 

2/'4 
27-5 
27-6 
27-7 

27-  8 
27*9 

28-  0 
28-1 
28-2 
28*3 
284 
28*51 

28-  6 
28*7 
28*8 
28*9 
29*0 
29*  1 
29*2 
29*3 

29-  4 
29*5 
29*6 
29*7 
29*8 
29*9 
30*0 
30*1 
30*2 

30-  3 
30*4 
30*5 
30*6 
30*7 
30*8 
30-9 
31*0 
31*1 
3  pa 
31*3 

3»*4 
3*'5 
3X6 


area 


31*7 


1*6441 
1*6562 
1*6684 
16806 
1*6928 
17051 

1'7174 
1*7298 

1*7422 

'7547 
1*7672 

17798 

17924 

1  '8050 

i*Si77 

1-8304 

1-8432 

1-8560 

1-  8689 
1  8818 
18948 
1*9078 
1  9208 
19339 

1  9470 
1*9602 
19734 
1*9867 

2  0000 
20134 

2-  0268 
2-0402 
20537 
2  0772 
2-0808 
20944 
2-1081 

2-1218 
21356 
21494 
2*1632 

1771 

2-1910 
22050 
2*2190 

2*2331 


Head  .Diarn- 
arca  ctcr 


1*1236 

1*1307 

1*1378 

1*1449 

1*I520 

II592 

1*1664 

1*1736 

II808 

I'lfifll 

1*1954 

1*2027 

1*2100 

1*2173 

1-2247 

1*2321 

1*2395 

1*2469 

1-2544 

1-2619 

1-2694 

1*2769 

1*2844 

1*2920 

1*2996 

1-3072 

1*3148 

1*3225 

1*3302 

'*3379 
13456 

»'3$33 
1-3611 
13689 

1*3767 
1-3845 
1-3924 
1-4003 
1-4082 
1-4.161 


31-  8 
31*9 

32-  0 
32-1 
32*2 

32-  3 

32*4 

325 
32*6 

32*7 
32*8 
32*9 
33*o 

33*i 
33*2 

33*3 
33*4 
33*5 

33-  6 


Hun- 
arei 


1*4240 
1*4320 
1*4400 
1*4480 
1*4560 
1*4641 


2*2472 
22614 
22756 
2*2898 
2*3041 
2*3184 
2*3328 

2*3472 

2*3617 

2*3762 
2*3908 
2-4054 

2*4200 
3'4347 
2'4494 
2-4642 
2*4790 

2*4939 
2*5088 
2*5238 
2*5388 

2*5538 
2*5689 

5840 

5992 
26144 
2-6297 
2-6450 
2*6604 
26758 
2*6912 
2*7067 
35*0  2-7222 

7378 
35'2"2-7534 
35  3  27691 
35-4'2*7848 
35*5  2*8006 
3S'6j2*8i64 
35*72*8322 
35*8|  2-8481 
35*9;2*8640 
36*0  2*€8oo 
2*8960 
2*9121 
2*9282 


337 
33*8 

33*9 
34*0  2- 

34*  i.J*' 

34*2]2* 

34*3 
34' 4 
34'J 
34*6 

34*7 
34*8 

34'9 


36*  1 
36-2 
36-3 


;oogi- 
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Example. 

Required  the  content  of  a  cafk  whofb  length  is 
40  inches,  and  bung  and  head  diameters  32  and 
24  inches. 

To  the  right  of  32,  the")     ,  /.it 
bung  diameter,  is    J    ^75*  the  bung  area, 

and  to  the  left  of  24,  the?  . ,       .    ,  . 
head  diameter,  is       J      6400  thc  hcad  arca' 

the  Aim  2*9156 
multiplied  by      '  40  the  length 

produces  1 16*624  wine  gallons 
for  thc  content  required. 

To  work  by  the  Aiding  rule,  wc  may  proceed  as 
in  prob.  1  chap.  3,  ufing  30  as  the  gauge  point  in- 
ftead  of  29*7  ;  thus,  having  fet  40  on  C  to  30  on 

6U  D, 


A  ftill  farther  improvement  is  to  be  made  of  thii  method,  by 
4|bmsferrmg  the  table  to  fcales  upon  a  rod  or  the  infide  of  a  Branan's 
-  rule  inftcad  of  the  two  ufclcfs  diagonal  fcales,  a  fcale  of  inches  and 
tenths  corf  efponding  to  thc  fcale  of  areas.    A  port  of  fuch  a  fcale  it 
reprefented  below. 

 r"H=£ 


•ci  7  '8 

And  for  the  making  of  fuch  a  fcale  I  (hall  here  fubjoin  a  table  of 
diameters  computed  from  afliiraed  equi-different  areas,  which  is 
much  fitter  for  this  purpofe  than  the  foregoing  table  of  areas  which, 
was  computed  from  aflTumed  equi-diffcrent  diameters.  This  table  of 
diameters  was  computed  by  Mr.  Ab.  Ckocker,  Mafler  of  a  bearding 
fehodl  in  Ilminfter,  Somerfetjhire,  and  who  alfo  communicated  the 
fubftance  of  this  chapter,  together  with  the  collection  of  cafks  at  the 
xnd  Of  the  laft. 

A 
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Z>,  againft  32  and  24  on  D  {land  45*6  and  25*5  on 
C;  then  2  x  45*6  +  25*5  =  91*2  +  25*5  =  1  i&y  wine 
gallons  the  content  nearly  as  before* 
•   And  for  the  content  in  ale  gallons,  we  have 
1 1 6*6  x  t9-,  =  95*4' 

Ch  ap- 


A  table  of  diameters  for  the  making  of  fcalei. 


HoadjDiam-|Bung 


a  rc  :i 


•30 

•31 
•32 

*33 
•34 
'35 
•36 

'37 
•38 

•39 
•40 

•42 
'43 
*44 
'45 
'46 
'47 
•48 

"49 
50 
•51 

•J2 
*53 

*54 

•56 
*J7 


ctcr 


16*43 
16-70 

16-  97 

17-  24 
17-50 

17-  76 
18*00 
1826 

18-  50 
18-73 

18-  97 
19*21 

19*44 

19-  67 

19-  90 

20*12 

20-  35 

20-57 

20-  79 

2  TOO 

21-  21 
21'42 

21-  63 
2|-84 
22'OJ 

22-  2J 
22-45! 

22-65! 


•60 
•62 

•64 

•66 
•68 
•70 
•7a 

'74 
•76 
•78 
•80 
•82 
•84 
•86 
•88 
•90 
•92 

'94 
•96 

•98 

I'OO 
1*02 
I  "04 

ro6 
ro8 
no 

1*12 

LI!: 


Head  Dianj-  i  Bung 
area  i  eter  1  area 


■S3 

'59 
*6o 

•61 

•62 

•63 
64 


22*85  rl6 
23*04  i*  18 
23*24  1-20 

23*43!  1*22 
23*62 


23-81 
24*O0 


•65  24-18 


•66  24-37 
•67  24-56 
■68  24*74 
•69  24*92 
•70  25*10 
•71  25-28 
•72  25-45 
'73  25-63 
•74  25*81 
•75  25*98 
■76  26- 15 
•77(26-331 
•78  j26'50|  1*56 
-79  26-67' 1*58 
•80  26-8411-60 
•81  27-00!  1*62 
•82  27*17  1*64 
•83  27-33'  »'W 
•84  27*50  i-68 
•85  27-66  1*70 


1-24 
1-26 
1*28 
1*30 
1-32 
1-34 
1-36 
1*38 
1-40 
1*42 
1-44 
1-46 
r48 
1-50 
1*52 

i'54 


Head  Dum-  Bung 
eter  |  ua 


area 


•86  "27-82 
•87 I27-98 
•88  28-14 
•89!28-30 
•90  28-45 
•91  {28-61 
•92  28-78 
•93  28-93 


'94 
'95 
•96 


29*09 
29*24 
29*40 


1-72 

»*74 
1-76 
1-78 
i-8o 
1-82 
x-8 
1-86 
i-88 
1-90 
19 
1-94 
1*96 


•97  29-55 
•98  29-70 
•99  29*85!  1*98 

1*00 '30*00  2*O0 

i*oi  30*15 

I-02  30*30 

i-oj  30*45 

1*04  30*60 

1-05  30-74 
3088 
31-03 


ro6 
ro7 
1*08  31*18 

x'09'31'32 
i*  10  31-47 
i-ii  31-61 
i*i2;3i-75 
vil  3»'9© 


2*02 
2*04 

2-06 
2-08 

2*10 
2-1 
2T4 

2-16 
2-18 

2*ZO 
2-22 
2*24 
2*26 


Head 
area 

FT} 

1-15 

116 


Diam-'  Bang 
eter  I  area 

32*03,2^28 
2*30 
2*32 


32-17 
32-31 

32-4f|2'34 
i-i8  32-59  2*36 

1-19 ,32*73  2*38 

1-20  32-86'  2-40 
1*21  33-00' 2*42 

1-22  33-i4'2-44 
33'27,2*46 

I-24  33*41  2'48 

1-25  33-54  2-50 
1-26  33-67  2-52 
1-27  33-81  2*54 
1-28  33'94l2*c6 
1-29  34-o7;2  ?l 
1-30  34*20  2-60 
1-31  34-33  2-62 
1-32 

»*33 
1*34 


34*47  J2-64 
34*6o*2*66 
34*73  J  2*68 
l*35]34*86'2*70 
1*36  34-98  2-72 


1*37 
1*38 

i*39 
i-4o 

i*4i 


35'i,2*74 
35-252*76 

3f-37  2*78 
35"$o"  2*80 
35*6i  2*83 


Now  as  to  the  method  of  forming  the  preceding  table ;  fince  anv 
area  is  equal  to  the  fquare  of  its  diameter  divided  by  900  the  dia- 
meter muft  be  equal  to  the  root  of  the  product  of '900  drawn  inr/> 


the 
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Chapter  VII. 

A  new  and  very  exatt  method  of  computing  the  content 
i   of  a  cajk  of  any  form  from  three  dimenfions  only. 

R  U  L  E* 

Add  into  one  fum  488  times  the  fquare  of  the 
bung  diameter,  3.1 3  times  the  fquare  of  the  head 

diameter, 

- — ■  •  - 

Ae  area;  fo  that  to  the  firft  area  -30  will  belong  the  diameter 

^•30X900  or  ^30X9  =  */At  to  the  ad  area  -31  the  diameter 

-/31  X  9  ±3  a/A  +  <)  =  t/B,  to  the  3d  area  '32  the  diameter 

*fj2~X~9  c  v^  +  9  =  v^C,  &c.'  Hence  it  is  evident  that  th= 
fucceffive  produces,  out  of  which  the  fquare  root  is  to  be  extracted, 
wiU  be  obtained  by'the  continual  addition  of  9;  and  then  extraclin" 
the  roots,  by  means  of  the  table  of  logarithms,  will  give  die  feveral 
diameters  required. 

But  if  you  have  a  table  of  fquare  roots  by  yon,  fnce  the  root  of  9 
is  3,  the  moll  expeditious  method  of  making  the  ta'^lc,  is  to  tike  the 
fquare  roots  of  30,  31,  32/&C  out  of  the  tabic,  and  then  multiply 
them  by  3  for  the  feveral  correfponding  diameters. 

*  This  rule  is  taken  from  a  method,  of  invalidating  the  contents 
of  calks,  hinted  by  Mr.  James  Davidsow,  Tcjchr  or  the  Matkr* 
inatia  at  Dundte  in  North  Briltu,  the  invention  of  which  take  a« 
below. 

It  appearing  reafonable  that,  in  determining  a  proper  rule  for  com 
puting  the  contents  of  calks,  we  ought  to  have  regard  to  the  general 
methods  which  are  ufed  by  coopers  in  conftruftmg  th:m;  application 
was  therefore  made  to  feveral  ingenious  workmen  in  that  way,  from 
whofe  account  it  appeared  that,  ordinarily,  the  fides  or  edges  ot 
each  ftaff  of  a  caflc,  for  about  one-third  of  its  Jength  next  each  end„ 
are  made  tapering  in  a  ftreight  line,  and  that  for  the  middle  third 
part  they  were  curved  or  made  convex  to  form  the  bulge  or  middle 
of  the  calk. 

From  this  plain  account  then  we  are- naturally  led  to  confider 
Wnt-third  of  a  caflc  at  each  end  as  the  fruftum  of  a  cone;  and  the- 
middle  part  is  nwH  properly  confidered  as  in  the  form  of  a  parabolic 
curve,  for  thefe  rcafons ;  viz.  itt,  that,  on  account  of  the  (hirtnefs 
of  this  curvsd  part,  it  m\y  be  confi  Jered  but  as  a  fmall  part  near  the 
vertex  of  the  curve;  2d,  that  all  curves  near  the  vertex  differ  infen- 
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diameter,  and  324  times  the  product  of  the  diame- 
ters ;  multiply  the  fum  by  the  length,  and  the  pro- 
duct by  '0000272 ;  then  the  lad  product  divided 
by  9  will  give  the  wine  gallons,  and  divided  by  11 
will  give  the  ale  gallons. . 

Ex- 

  1 — — 

fihiy  from  the  parabola  ;  and  3d,  that  its  rules  are  moft  eaCly  a* 
dapted  to  practical  ufes.  Wc  lhall  therefore  fuppofe  the  middle 
third  part  of  a  ca(k  to  be  the  middle  frullum  of  a  parabolic  fpindlc, 
and  the  end*  as  two  frurtums  of  a  eonc,  and  iuvclligate  its  content* 
thus. 


Let  AB  and  CD  be  the 
two  right-lined  parts,  and 
HC  the  parabolic  part ;  then 
produce  AB  and  DC  to 
meet  in  E,  and  draw  the 
lines  as  arc  evident  by  the 
figure.  Put  the  length  AD 
of  the  caflc  ==  L,  the  bung 
diameter  FG  =r  If,  and  the 
head  diameter  AH  =  H  : 
then  fince  AB  hath  the 
fame  direction  as  F li  at  Bt 
ABE  will  he  a  tangent  to 

the  parabola  B  F%  and  therefore  /Y-r  f/£  ;  but  Bl  =  IAK\  and 
hence  by  ftmUar  triangleWff  =  \  EK  \  confequently  FIzx\lE 

;  fo  that  the  common  diameter  B 


=e  ±EK=  'TKF  — 
OF-2FJ=  B- 


10 

/?-// 


4B  +  H 


,  which  call  C. 


S  $ 

Now,  by  the  common  rules  for  parabolic  fpindles  and  conic  fru- 
ftums,  we  obtain  *B>+ABC+iC*  x  Ln  ^  yW  +  ^BH+tf* 

X  Ln  for  the  parabolic  or  middle  part,  and  C% +CH+**\  x  *L* 

»  a^  x  ^   X  La  for  the  two  ends  ;  and  the  iutm 

of  thefc  two  exprcfllons  will  give  +  334**+ 3H_g  %  Ln 

far  the  content  in  inches,  *  being  as  *;8c3o8  *c.    Aad  the  quan- 
tity 
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Example. 

Required  the  content  of  a  cafk  whofe  length  is 
40,  bung  diameter  32,  and  head  diameter  24  inches. 

Here  488  x 32 2  -r 324  .32x24  +  313x24*  x  40  x 
•0000272=  1010*569,  which  being  divided  by  9 
and  by  11,  we  obtain  112*3  wine  gallons,  or  91*9 
ale  gallons  for  the  content  required. 

Chapter  VIII. 

Of  the  Ullage  of  Cap. 

The  ullage  of  a  calk  is  now  generally  underftood 
to  be  either  the  empty  part  or  the  part  filled,  of  a 
calk  which  is  not  quite  full. 

6  X  In 

■  *  ■ 

tity  '7*\**kC-  being  divided  by  231  gives  -000003/,  =^323 
the  multiplier  for  wine  gallons ;  and  fmce  231  is  to  282  as  9  to  11 
extremely  near,  ooc°272  wj|j  ^  tnc  muitjpijcr  for  ajc  gallons,  as 
in  the  rule. 

And  thus  have  a  rule  which,  although  it  be  not  the  beft  ac- 
commodated to  expedition,  hath  not  only  the  property  of  agreeing 
with  the  content  as  computed  from  the  method  by  four  dimenOons 
when  thofc  dimenfions  are  actually  taken,  but  alfo  agrees  furprizingly 
well  with  the  real  contents  of  cartes  ;  as  hath  been  proved  by  feveral 
caflts  which  have  actually  been  filled  with  a  true  gallon  mcalure, 
after  their  contents  have  been  computed  by  this  method. 

To  ftiew  its  agreement  with  the  fonr-diraeniion  method,  take  any 
one  of  the  examples  out  of  the  colleftiori  at  the  end  of  chapter  5,  as 
for  inftance  No.  14,  whofe  content  by  that  method  is  1 13*1  gallons; 
and  by  this  method  it  will  be  found  to  come  out  nearly  112.  Again, 
if  we  take  any  other,  as  fuppofe  the  laft  whofe  content  was  282-2, 
it  will  come  out  by  this  method  283*2.  So  then  in  thefe  two  al- 
liances, taken  at  random,  although  the  contents  be  very  large,  they 
agree  to  within  a  gallon ;  the  one  method  exceeding  in  the  former 
cafe  and  the  other  in  the  latter. 
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In  this  bufinefs  cafks  are  confidcrcd  as  in  two 
pofitions,  viz.  with  their  axes  either  parallel  or  per- 
pendicular to  the  horizon,  that  is,  either  Tying  a- 
long  or  (landing  upright  upon  one  end*  The  ullage 
of  a  calk,  either  Handing  or  lying,  may  be  deter- 
mined for  any  particular  variety  by  the  preceding 
parts  of  this  work ;  but  the  rules  thence  obtained 
are  too  complex  for  ordinary  praclice,  efpecialty 
for  a  lying  calk ;  I  mail  not,  therefore,  introduce 
thofe  rules  into  this  place,  but  fhall  content  myfelf 
with  putting  down  fuch  approximations  as  have 
been  found  to  accord  bed  with  expedition  and  ac- 
curacy, together  with  the  univerfal  method  by  three 
diameters,  which  is  not  only  fufficiently  eafy  but 
alfo  the  moft  accurate  for  this  purpofe. 

Problem  I. 

To  find  the  ullage  of  a  fiand'ing  and  lying  cajk  by  the 
lines  SS  and  SL  on  the  Jliding  rule. 

Rule. 

By  fome  of  the  preceding  chapters,  find  the 
whole  content  of  the  calk ;  then  for  a  cafk 

and  on  the  fame  joA  againft  the  wet  or  dry  inches 

on  N  is  a  number  to  be  referved ;  then  fet  i  oo  on 
B  to  the  referved  number  on  A,  and  againft  the 
whole  content  on  B  will  be  found  the  ullage  on  A ; 
and  this  ullage,  will  be  either  the  empty  part  or  the 
part  filled,  according  as  the  dry  or  wet  inches  were 
ufcd  in  Ending  the  reierved  number. 

E  x- 
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Example  I. 

Required  the  ullage  of  a  {landing  calk  whole 
length  is  40,  bung  diameter  32,  head  diameter  24, 
wet  inches  10,  and,  confequently,  dry  inches  30 
inches. 

By  the  laft  chapter,  the  content  was  nearly  92 
ale  gallons :  Hence,  having  fet  40  on  N  to  1 00  on 
55,  and  againft  10  on  N  found  23  on  S ;  I  then 
fet  100  on  B  to  23  on  A,  and  againft  92  on  B  find 
2T2  ale  gallons  on  J,  for  the  quantity  remaining 
in  the  calk. 

If  30  die  dry  inches  be  ufed,  the  relerved  leg- 
ment  will  be  found  to  be  767,  and  then  the  cor- 
refponding  ullage  is  70*2  for  the  gallons  drawn  off. 

And  the  mm  of  thele  two  parts  is  91*4  gallons* 
which  is  about  half  a  gallon  lefs  than  the  whole 
content ;  which  error  would  be  inconfiderable  if  it 
were  to  be  divided  between  the  two  parts  ;  but  in- 
ftead  of  that  generally  the  one  part  is  too  little,  and 
the  other  too  much,  by  which  it  happens  that  the 
error  in  each  part  commonly  exceeds  that  of  their 
fum. 

Example  II. 

♦ 

Let  the  dimenfions  and  content  be  the  lame  in 
the  cafe  of  the  lying  calk,  alfo  the  wet  inches  8, 
and  confequently  die  dry  inches  24. 

Having  fet  32  on  N  to  100  on  SLy  againft  8  and 
24  on  N  are  the  referved  fegments  17*8  and  82*5 
on  SL ;  then  having  let  1 00  on  B  to  92  on  A,  a- 
gainft  17*8  and  82*5  on  B  are  16*4  and  76  on  A> 

which 
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which  are  the  parts  filled  and  empty  refpectively, 
and  whofe  fiim  is  92*4,  near  half  a  gallon  too 
much. 

Problem  II. 
To  find  the  ullage  of  a  fianding  cajk  by  the  pen. 

Rule  I. 

Take  here  the  rule  in  chapter  5*,  ufing  the  *  dia- 
meter at  the  furface  of  the  liquor  inflead  of  the 
bung  diameter,  the  diameter  in  the  middle  between 
the  furface  of  the  liquor  and  its  nearefl  head  inflead 
of  the  middle  diameter,  and  the  di  fiance  between 
the  furface  and  neareft  head  inflead  of  the  length 
of  the  calk;  and  you  will  obtain  the  part  empty 
Or  filled  according  as  the  cafk  is  more  or  lefs  than 
half  full. 

Example. 

Taking  the  above  diameters  24, 2  7,  and  29  inches, 
and  the  wet  inches  10;  wefhall  have  24*    54  s  .  29 2 

x  10  x  TT-o-f.ro  =  4333  x  tvVo  o-  =  20*9  gallons  for 
ullage  required. 

Rule  II. 

As  the  fquare  of  the  length  of  the  cafk  is  to  the 
fquare  of  the  difference  between  t|ie  faid  length  and 

wet 


*  The  diameters  at  the  furface  of  the  liquor  and  in  the  middle 
between  it  and  the  neareft  head,  will  eafily  be  obtained  by  Append- 
ing a  pluomiet  by  a  rule  laid  over  the  middle  of  the  head,  fo  as  juft. 
to  touch  the  bulge  of  the  caflc,  and  then  meafuring  the  diftance  of 
the  firing  from  the  fide  of  the  cafk  at  the  furface  of  the  liquor  and 
in  the  middle  between  it  and  the  neareft  head ;  for  then  the  doubles 
of  thefe  mcafures  taken  from  the  bung  diameter  will  leave  the  faid^ 
required  diameters. 
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wet  or  dry  inches,  viz.  the  lefs  of  them,  fo  is  the 
difference  between  the  bung  and  head  diameters  to 
a  number  ;  which  being  taken  from  the  bung  di- 
ameter, will  leave  the  diameter  of  a  cylinder  of  the 
fame  length  with,  and  nearly  equal  to  the  part 
filled  or  empty,  viz.  the  lefs  of  them.* 

Example. 
Taking  the  fame  example  as  in  problem  I,  we 

,  ,   — 1*  8X30*  8x9 

have  as  40*  :40-io|  ::  32-24:———=  * 

4  J ;  and  32  —  4j  =  277  the  mean  diameter. 

Then  27*5 2  x  xo  x  '0027851  =21  ale  gallons  = 
the  ullage  required. 

Note.  The  number  '002785 1  is  the  conftant  mul- 

tiplicr  2to£*£-\ 

Problem  III. 
To  find  the  ullage  of  a  lying  cajk  by  the  pen. 

Rule. 

Divide  the  wet  inches  by  the  bung  diameter,  find 
the  quotient  in  the  firft  column  of  the  table  of  cir- 

6  Y  cular 


•  This  rule  is  founded  upon  the  reasonable  fuppofition  that  for 
the  fmaH  part  of  a  calk,  the  diameter  in  the  middle  may  be  confi- 
dered  as  a  mean  diameter ;  which  is  ftriflly  true  when  the  calk  is 
paraboloidal,  and  exceedingly  near  the  truth  when  parabolic-fpindu- 
lar ;  but  the  laid  middle  diameter,  as  given  in  the  rule,  is  computed 
from  the  latter  form,  becaule  the  rule  is  thereby  rendered  not  Only 
eafier  but  generally  more  exa&.   

Thus,  by  the  property  of  the  parabola,  I*  :  L—I\%  ::  B  —  H  : 

iL=L^  x  r^7|l ,  and  B  -  B-^-  X  ^=7}*  =  M;  where  B  is 

the  buns,  H  the  head,  and  M  the  mean  diameter,  alio  L  is  the 
length  o?  the  calk,  and  /  the  wet  or  dry  inches* 
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cular  fegments  (at  the  end  of  the  work),  and  take 
out  the  fegmcnt  {landing  oppofite  to  it,  then  mul- 
tiply this  fegment  by  the  whole  content  of  the 
cafk,  and  then  the  product  being  either  divided  by 
•785398  &c.  or  multiplied  by  1*2732395  will  give 
the  ullage  nearly.* 

Example. 

Taking  the  fame  ca(k  as  before,  whofe  length  is 
40,  bung  diameter  32,  head  diameter  24  ;  and  fup- 
pofing  the  wet  inches  to  be  8. 

By  chapter  7,  the  whole  content  is  nearly  92  ale 
gallons.  Then  T8T  =  }  =  '25 ;  oppofite  to  which,  in 
the  table  of  fegments,  is  the  fegment  *i5354621  » 
hence  92  x  '15354621  x  1*2732395  =  18  ale  gallons 
=  the  ullage  required. 

Scholium. 

Having  delivered  the  neceflary  rules  for  mea- 
furing  calks,  &c.  I  do  not  fuppofe  that  any  thing 
more  of  the  fubject  of  gauging  is  neceflary  to  be 
given  in  this  book ;  for  as  to  cifterns,  couches,  &c. 
tuns,  coolers,  &c.  coppers,  ftills,  &c.  which  are  firft 
fuppofed  to  be  in  the  form  of  fome  of  the  folids  in 
the  former  parts  of  this  work,  and  then  meafured 
accordingly,  no  perfon  can  be  at  a  lols  concerning 
them  who  knows  any  thing  of  fuch  folids  in  gene- 
ral ;  and  to  treat  of  them  here  would  induce  me  to 

a  long 

•  This  method  is  evidently  nothing  elfe  than  taking  the  whole 
content,  in  fuch  proportion  to  the  ullage  as  the  whole  bung  circle 
bears  to  the  fegment  of  it  cut  off  by  the  furface  of  the  liquor  ;  and 
is  nearer  to  the  truth  than  any  other  practical  rule  which  I  can  find. 
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a  long  and  tedious  repetition,  only  for  the  fake  of 
pointing  out  the  proper  multipliers,  or  divifors, 
which  is,  I  think,  a  reafon  very  inadequate  to  fo 
cumberfome  an  increafe  of  my  book. 

I  fhall  only  jufl  obferve,  that  when  tuns,  &c.  of 
oval  bales  are  to  be  gauged,  as  thole  bafes  really 
meafure  to  more  than  true  ellipfes  of  the  fame 
length  and  breadth,  they  ought  to  be  meafured  by 
the  equi-diftant  ordinate  method  delivered  in  fee- 
tion  2  of  part  4. 

And  that  when  calks  are  met  with  which  have 
different  head  diameters,  they  may  be  deemed  in- 
compleat  calks,  and  their  contents  confidered  and 
meafured  as  the  ullage  of  a  calk. 

SECTION  IIL 

Of  the  works  of  Artificers* 

THE  artificers  whofe  works  are  here  to  be  treated! 
of,  are  1  Bricklayers,  2  Carpenters  and  Joiners, 
3  Glaziers,  4  Mafons,  5  Painters,  6  Pavers,  7  Plalte- 
rers,  8  Plumbers,  and  9  Slaters  and  Tilers,  &c. 

Different  branches  of  artificers  ellimate  the  value 
of  their  work  by  meafures  of  different  Hzes,  fuch  as 
by  the  foot,  the  yard,  the  rod,  the  fquare,  &c.  but 
they  generally  take  the  dimenfions  in  yards,  or  feet, 
inches  and  tenths  or  eighths,  or  feet,  tenths,  and 
hundredths ;  which  lalt  is  certainly  the  belt  method 
of  taking  the  dimenfions,  becaufe  that  the  compu- 
tation will  be  performed  by  the  common  multipli- 
cation or  by  the  Hiding  rule  defcribed  below.  For 
taking  meafures,  the  moll  common  inftrument  is 

what 
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what  is  called  the  carpenters  rule,  of  which  it  will 
be  neceflary  here  to  give  a  defcription. 

Chapter  I. 
Of  the  common  or  carpenters  rule. 

This  inflrumcnt  confifts  of  two  pieces  each  of  a 
foot  in  length,  and  connected  together  by  a  fold- 
ing joint,  and  one  of  them  having  a  Aider  running 
in  it. 

The  one  face  is  for  taking  dimenfions  in  inches 
and  half-quarters  or  eighths,  the  whole  length  be- 
ing divided  into  inches  and  eighths.  Upon  this 
face  alfo  are  plain  fcales  divided  by  diagonals  into 
twelves,  for  planning  dimenfions  taken  in  feet  and 
inches. 

For  taking  dimenfions  in  feet,  tenths,  and  hun- 
dredths, the  edge  of  the  rule  is  adapted,  it  being 
divided  after  that  manner,  viz.  each  foot  into  ten 
parts,  and  each  of  thele  tenths  into  ten  parts  again ; 
that  fo  the  rule  may  fuit  the  different  inclinations 
of  meafurers,  viz.  thofe  who  ufe  twelves  and  thofe 
who  ufe  tens  j  but  as  I  prefer  the  latter  method,  for 
the  reafons  above-mentioned,  I  would  fain  perfuade 
all  meafurers  to  do  the  fame ;  and  therefore  in  the 
following  work  I  mall  take  the  dimenfions  and  make 
the  calculations  in  that  manner  as  well  as  in  feet, 
inches,  and  parts  by  crofs  multiplication.  For  the 
duodecimal  multiplication,  or  multiplication  of 
feet,  inches,  and  parts,  runs  all  their  notions  of 
the  parts  of  the  products  into  confufion,  habitua- 
ting them  to  account  thofe  parts  fquare  inches,  &c. 
which  are  really  quite  different  things. 
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Upon  one  part  of  the  other  face  are  four  lined 
marked  A,  C,  and  D ;  the  two  middle  ones,  U 
and  C,  being  on  a  Aider.  Thefe  four  lines  are  lo- 
garithmic ones,  the  firft  three  being  all  of  the  fame 
radius,  but  the  lad  of  a  radius  double  to  that  of 
the  former ;  fo  that  this  line  is  but  of  one  radius 
in  length  while  each  of  the  three  former  is  of  two ; 
or  the  divifions  on  it  anfwer  to  the  fquare  roots  of 
the  divifions  on  the  others;  that  is,  when  any  num- 
ber on  the  Aider  is  fet  oppofitc  to  its  root  on  Z>, 
then  alfo  are  all  the  other  numbers  oppontc  to  their 
fquare  roots :  it  is  neceAary  to  fhift  the  Aider  out  of 
its  natural  pofition  to  make  thefe  fqiiares  and  roots 
correfpond,  becaufe  they  begin  with  different  num- 
bers, D  beginning  with  4  and  the  reft  with  the 
number  1 .  Upon  the  line  D  are  marked  JVG  and 
AG,  the  wine  and  ale  gauge  points,  the  former  at 
17*15  and  the  latter  at  18*95,  to  make  this  inflru- 
ment  anfwer  the  end  of  a  gauging  rule.  This 
line  is  alfo  called  and  marked  the  Girt  Line,  be- 
caufe it  ferves  for  the  meafuring  of  timber. 

Upon  the  other  part  of  this  face  is  a  table  of  the 
value  of  a  load  or  50  cubie  feet  of  timber  at  all 
prices  from  6  pence  to  2  millings  a  foot. 

The  particular  ufes  of  this  inftrument  will  be 
feen  in  the  following  examples,  where  fuch  of  them 
are  wrought  by  the  rule  as  were  judged  neceAary 
to  explain  its  ufe. 


6JS 


Chat 
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Chapter  II. 
Of  the  different  meafures  ufed  by  different  artificers- 

*  •       *  * 

144  fquare  inches  =  a  fquare  foot, 

9  fquare  feet  =  a  fquare  yard, 
63  fquare  feet  =  7  fquare  yards  =  a  rood, 
1 00  fquare  feet  =  a  fquare, 

272  J-  fquare  feet  =  30^  fquare  yards  =  a  rod, 
perch,  or  fquare  pole. 

So  that  if  the  content  of  any  work  be  firft  com- 
puted in  feet,  which  is  generally  the  method,  it  will 
be  found  in  yards,  roods,  fquares,  or  rods,  by  di- 
viding die  feet  by  the  correfponding  divifors  9,  63, 

j 00  or  272;.  Inftead  of  the  divifor  63,  divide 

firft  by  9  and  then  by  7,  becaufe  9  times  7  make 
63.  You  eafily  divide  by  100,  by  only  cutting  off 
two  figures  on  the  right  hand.  To  divide  by  272^ 
firft  multiply  by  4  and  then  divide  by  9,  11,  and 

1 1  j  becaufe  272}  =  9XI'XU.    It  may  be  noted 

here  that  this  rod  is  the  ftatute  perch  ufed  in  land 
meafuring,  being  the  fquare  of  the  pole  of  j|  yards 
or  i6y  feet. 

The  above  denominations  are  thofe  by  which  mod 
kinds  of  work  arc  valued  ;  fome  particular  articles 
indeed  are  valued  by  the  foot  running  or  lineal 
meafure:  By  the  fquare  foot  are  valued  glazing 
and  mafoniy  ;  by  the  fquare  yard,  joinery,  painting, 
paving,  and  plaftcring;  by  the  fquare,  flating,  tiling, 
and  carpentry  or  floring,  partitioning,  and  roofing; 
and  by  the  rod,  brick  work.  The  rood  is  very  little 
ufed  except  in  fome  country  places  for  very  common 

ftone 
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ftone  walls:  but  it  may  be  noted  that  this  rood 
of  63  fquare  feet  is  not  the  rood  ufed  in  land  mea- 
furing ;  for  this  laft  rood  is  a  quarter  of  an  acre  = 
40  fquare  poles  =  10890  (quare  feet. 

* 

A  table  for  changing  hundredth  parts  of feet  into  inches 
and  partly  and  the  contrary ;  by  means  of  which  di- 
menfions  taken  in  one  of  thefe  may  be  readily  changed 
to  the  other. 


iCcntefms,  or 
hundredth 
parts  of  a 
foot 

i 

Inches. 

12  th  pts. 

Inches. 

8th  pts, 
or  half 
quar- 
ters* 

Cenceiins. 

■ 

1 

O 

I 

a 

I 

I 

2 

O 

3 

0 

2 

3 

O 

4 

0  . 

3 

3 

4 

O 

6 

0 

4 

4 

5 

O 
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0 

5 

S- 
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0 
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0 

6 

6 

7 

O 

10 

•  0 

7 

7 

8 

I 

0 

1 

0 

8 

9 

I 

1 

2 

0 

17 

10 

I 

2 

3 

0 

25 

20 

2 

S 
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33 

30 

3 

7 

S 
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42 

40 

4 

10 

6 

0 

So 

6 

0 

7 

0 

58  . 

7 

2 

8 

0 

67 

1: 

8 

S 

\  9 

0 

IS 

9 

7 

10 

0 

83 

90 

10 

10 

11 

0 

92 

100 

12 

0 

12 

•  0  1 

100 
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Example  I. 
If  it  be  required  to  change  44  centefms  into  inches 

and  I2ths.  -Againft  4  and  40  in  the  firft  column 

ftand  refpectively  6  parts  and  4  in.  10  pts  in  the 
iecond ;  then.the  fumof  theic  two  is  5  inches  4parts, 
the  number  required. 

• .  Exam  v  l  l  II. 

If  it  be  required  to  change  5  inches  and  {  or  6 

eighths  to  centefms.  Againft  6  eighths  and 

5  inches  the  third  column  ftand  refpcclivcly  6  and 
42  in  the  laft  cplumri ;  the  fum  of  which  is  48 
centefms. 

•  The  reafon  why  I  have  fct  8ths  in  the  third  co- 
lumn, and  not  i2ths,  is  that  the  meafurers  who  cal- 
culate by  1 2ths  take  the  dknenfions  in  8ths  and 
change  them  into  iaths,  becaufe  that  the  inches 
upon  the  rule  are  divided  into  8ths,  and  not  1 2ths. 

Note.  You  may  convert  centefms  into  inches  and 
parts,  and  the  contrary,  without  the  table,  by  the 
following  rule,  viz. 

Multiply  centefms  by  12  for  inches,  cutting  off 
two  figures  ;  and  multiply  thefe  two  figures  by  12 
again  for  parts,  cutting  off  two  figures  here  alfo. 
And  divide  8ths  or  I2ths,  with  two  cyphers  affix- 
ed, by  8  or  by  12  for  inches  ;  and  divide  inches 
by  12  for  centefms. 

Example  I. 
Thus,  taking  the  firft  example  above, 
r  44  centefms 

12     <-  ; 

Inches  5*28     That  is  44  centefms  =: 
12        5  inches  3  parts. 

Parts  3*36  Ex- 
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"f533 
1534 


07316155  W535 


•07323278  "1536 
•07330402  |"i537 

•07337529 
-07344658 
•07351788 
•07358921 

•07366056 

•07373-92  j'l  543 
•073803311-1544 

•°738747ih545 

•®7394<s»3|'1546 
•07401758 1- 1 547 

•074089041"!  548 

•07416052 

•07423203 

•07430355 
•07^7509 


Seg. area 

•07444665 
•07451823 
•07458983 
•07466145 
•07473309 
•07480475 
•07487643 
•07494812 
•07501984 
•07509158 

•o75'6333 
•07523511 
•07530690 
•07537872 
•07545055 
•07552240 
•07559427 
•07566616 
•07573808 
•07581001 
•07588195 

•07595392 
•07602591 
•07609792 
07616994 
07624 199 
07631406 
•07638614 
•07645824 

»53/l*07653°37 
•1538-07660251 
*i  539  ."07667467 
•1 540 1-07674685 
*  1 541 1*07681905 
•1542  '07689127 
•07696350 
•07703576 
•07710804 
•07718033 
•07725265 
•07732498 

•07739733 
•07746970 

•07754209 

•O7-di450 


•»549 
•1550 

•1551 
•'552 


Digitized  by  Google 


Circular  Segments. 


627 


fine 


Scg.  area 


•15531*07768693 

•i554''°7775938 
•1555-07783185 

•1556-07790433 
*>  557 1*07797684 
•1558  -07804936 
•I559''078iii90 
•1 560 '078 19446 
•1561  [-07826704 
•156*  -078339641 
•1563  *o784i2i6j 
•1564  '07848490 
•15651-07855756 
1 566:  -07863023 
1567  -07870292 
1568-07877564 
•15691-07884837 
•1570  '07892112 
•1571  [-07899389 
•1  572  [-07  906668 
*>573)*°79I3949 

•»574  •079-?,231 
1575-07928516 

-1576-07935802 

•1577-0794309° 
-1578 "079 50380 

1579  '-07957672 
•07964966 

•07972262 
•07979560 
•07986859 
•079941 6 1 
•08001464 
•08008769 
•08016076 
•08023385 
•08030696 
•08038008 
•08045323 
•0P052639 
•08059957 
•08067277 
Po 


•1580 
•1581 
•1582 
•1583 
•1584 
•1585 
•1586 
•1587 
•1588 
•1589 
1590 
1591 
1592 

••593 

*-594 

•595 
1596 

^592 


Vcrf. 
fine 


Seg.  area 


•08096576 
•08103905 
•08 1 1 1236 
•081 18569 
•08125904 
•08133241 
-08140580 
-08147920 
•08155262 
•08162607 1 
•08169953  1 
•08 17  7300  jj 
•08184650 
-08192002 
•08199355 
08206710 


^TiegTarea 


OK074599 
•08081923 
•08089248 


•1598 
•1599 
•1600 
•1601 
•1602 
•1603 
•1604I 
•1605 

1606 

1607 

1608 

1609 

1610 

16 1 1 

1612 

1613 

1614  •08214067!.  • 

1615  -08221426!^ 
•08228789!  • 
•08236150  • 
•08243514 
•08250880 
•08258248 
•08265618 
•08272990 
•08280364 
•08287739 
•082951 16 
•08302495 
•08309876 
08317259 
08324644, 
08332030] 
•08339418 
08346808 
08354200 
•08361 594 
•08368989 
•08376387 
•08383786 
•08391 187 
•c8 398590 
•08405994 
•08413401 
•08420809 


•1643 
1644 
1645 
1646 
1647 
1648 
1649 
1650 
1651 
1652 

l653 
1654 

1655 

1656 

1657 

1658 


•084282 19I 
•08435631 
•08443044 
•08450460 
•08457877 
•08465296 
•08472717 
•08480140 
•08487564 
0849499 1 J 
•08502419^ 
•08509849' 
•085 1728 1 
•08524714 
•08532149 
•08539587! 
•08547025 
•08554466 
•08561909 
•08569353, 
08576799 


1659 
1660 
1661 
1662 
1663 

1664  -08584247 

1665  -08591697 

1666  -08599148 

1667  -08606601 

1668  -08614056 

1669  -08621513 

1670  -08628972 
167 *  -08636432 

1672  -08643894 

1673  -08651358 

1674  '08658824 

1675  "08666292 

1676  -08673761 
,677  -08681232,, 
,678  -086887051 

1679  '08696180 

1680  -08703656 
1681.  087 1 1 134 

1682  -08718614 

1683  -08726096 

1684  -08733580 

1685  -08741065 
•1686  -08748552 

1687  -08756041 


1 

•1688, -08763532 
•1689  -08771024 
•1690  '08778518 
•1691  '08786014 
•1692  -08793512 
■  1693  -0880101 1 
•1694  -08808512 
•16951-08816015 
•  1 696  j  -08823520 
•1697-08831027 
•1698-08838535 
•1699-08846045 
•1700  -08853557 
•1701 
•1702 

•'703 
•1704 
•1705 
•1706 


•08861070 
•08868585 
•08876103 
•08883621 
•08891 142 
•08898664 
•1707  1*08906188 
•1708  -08913714 
• 1 709  '08921242 
•1710  '08928771 
•1711  -08936302 
•1712  -08943835 

,"7,3.'c^9513r,9. 
•17 14  '•08958906' 
•1715  -0^966444 
•1716  -08973983 
•1717  -08981525 
•1718  -08989068 
•1719  -08996613 
•1720  -09004160 
•  1 72 1  '09011709 
•1722  -09019259 
•1723  '09026S 1 1 
•1724  -09034364 
•1725  -09041920 
•1726  -090-59477 
•1727  -09057036 

1728  09064596 

1729  -09072159 

1730  -09079723 
1 7  3 1  -09087281; 


628 


en. 
fine 


A  Table  of 


Scg.  area 


TeTT 

fine 


Sc£.  urea 


•'733 

W73+ 

h735 
1736 

1737 
»733 
p739 
*>740| 
•1741 
.1742 

|'I743 

»744 

|'i745 
.1746 

•1747 

1748 


•09102425 


•09109996 
09117569 
09125143 

09  13 27  2D 
0914029^ 
•O9147377 
09155458 
•O9163O42 
•09170626 
•O917S2 13 
•09185301 
•09 I9339 I 
•O92OO983 
09208576 


Verl. 

fia3 


rerl.» 


•177* 

*»779 

•1780 

•178; 
•17S2 

•1783 
•1784 

•1735 

•1786 

•1787 

1788 

1789 

1790 


09444M5 


•094)0112  'l?iv- 
•o9+6,77^j.[-ii.-v--o/  -i ;;-  >: 

•o;+75+l5|  *  J' 

•09^30711  *iS.<  ;  ->,lzj: 

•09490727;  •  1 S  =9  J  /  J) 

•O949S385  •|2V>  '3/ 

•09506044  •Ij^i  -o> 

•095*373;  i'1 -3  * 
•0952136;  r;3S 

,  •09529^33.- tju 
•09536,59V:^-> 


0  >  *  9  J  > ;  j 

o;;v*.;m 
9  )  i  j  ) ' 


.la. 


i 


i3Vi 
•i  t> » » 
•  t3;c 

•i37- 
•t3;3 


1  !•  *  1 S 


1 3  7 ' 


1  > 


*;Q-3^>4 
■I0'4/J49 
* J  3i 55347 
■  4OJ03 146 

10 17^947 
•io:7:i;4; 
-ioi3  j-y  53 
•10191,35,' 
■1 02  n  1  >5 

10209974 

•^334^9 


•1751 
1-1752 

*l754 

|*"755 
•1756 

i'»757 
•1758 

|<I759 
1760 

1761 


09238966 
09246568 


•I79I  •  09544307,1- tS^  \-Jj'ji  1        •    <.!  -I3JJ.|2If 

'1792  •0955203'';'H37|  0)1 )  > y> ;  ■  i  r.z  •  toiy*o+i 

0993  >  >j  j  '3>.>  i'j:>»i>9 
10264679 
10272500 


09216171  -1793  -O95597o8,-i33 
•1749  -09223768  -1794  •0956738i|-i339j-099i437;  ; iS ^  4  j- 
•1750  -09231366  -1795  •09575055V1340, •09922121  i'l^  'S 


1796 
•797 


092541721-1798 


■0926 1777 
•09269384 
•00276993 
•09284603 
•09292216 
•09299829 

•093°74+5 
•09315062 


•09582731 1-1841 


762  -0932268 1 
1-1763  '0933030: 
P764  -09337924 
1765  -0934554s 
1*1766  '093531 74 
■1767  •093'K>802 

1768  -09368431 

1*1769  -09376062 
|'i77o  -09333694 

1771  -09391328 
IM772  -09398964 

•1773  -09400602 

•1774  -09414241 
1* 1 7 7 5  '09421882 

•1776  -09429525 
1-1777  -Q94;7^9 


•1799 

•  1800 

•  1801 
•1802 
•1803 

•  1804 

•  1805 
1806 
180 
1808 
1809 
1810 

■  18 1 1 
181 2 
•1813 

•  18 14 
•1815 
•1816 
•181 

•  iS  ib 

•1819 
•1820 
•1821 
•1822 


•09590409  j- 184.2 
•095980891-1843 


•O9929877. 
O9937629 

09945333 


■09605770.1-1844.  -09953138, 
°9^1 3453  "'345  -09960895. 


09621 138II*  1346 
09628824]- 1847 

O96365  l  ill*  l84« 


0^968654 
09976414 
O99S4I76 


•l886  '10230323 

•I887  -10288149 

1888  'I0295974 

1889  -10303802 

1890  -1031  I63I 
l89Ij-10319462 

1892  -I0327295 

1893  M0335I29 


•0964420l|-  1849;  -09991939  l394  10342965 
•0965I393I-I850  -09999704  -1895  -10350802 
•O9659  58  5!-  I85I,  '  1O0O747  I     •  1896  -I035864I 

•096672801-1852  • 1001 5240  •  1897  • 10366481 
•09674976!'  1853  •  10023010  •  1898  -10374324 
•09682674  •  18541  •  10030781  •  1899-10382167 


•09090374 
•0969S075 
•0970577B 
•0971348- 

•09-21 l.v;t 
•0972SS9/ 
•0973660' 
•097443'/ 

•09752029 

•0975974-, 

•09767460 
097751; 


1855 
1856 

•1857 
1858 

•1859 

•  i860 
1861 

•1862 

•  1863 
•1864 
•1865 
•1866 


097828971-1867 


10038555 

•  100  0330 
•10054106 

•  10061884 

•  10069664 
•10077445 
•10085228 
•10093012 

•  10 100799 
10108586 

•10116376 
•10124167 
•|0'3*9?9 


•  1900  • 10390013 
•1901  -10397859 

1902  *i04057o8 

1903  10413558 

1904  -10421409 

1905  •  10429262 

1906  • 104371 17 

1907  • 10444973 
1908-10452831 
1909' *  10460691 

•1910-10468552 

•  191 1 ,  - 10476411 
♦1912  -1048427! 


Digitized  by  Google 


Circular  Segments. 


629 


fine 


••9'3 
1914 

•1915 

•1916 

•1917 

•1918 

1919 

•1920 

•1921 

•1922 

•1923 

•1924 

•1925 

•1926 

•1927 

•1928 

•1 929 

•1930 

•w 

•1932 

M933 

•'934 

''935 
•1936 

M937 
•'938 
M939 
•1940 
•i94i 
•1942 

•943 
•'944 

•f945 
•1946 

'•947 
•1948 

•1949 

•1950 

1951 

•1952 

,J953 

,,954 

•f955 
1956 

tim. 


Scg.  area 


Verf. 
fine 


Scg.  area 


10492 144|*  1958 

•  105000 1 1 1*1959 
•105078801*1960 
•1051575 1 1-1961 
•10523623IM962 
•10531496  '1963 

*io53937i  ••964 
10547248  -1965 
•10555126  -1966 

•  10563006 
•10570887 

10578770 
10586655 
•10594541 
10602428 
10610318 
10618208 
10626101 


fine  j  Sc*-  w* 


1967 
1968 
•1969 
1970 
•1971 
•1972 

•'973 
••974 
••975 


'0633994  -1976 
10641890  '1977 
•10649787  M978 
•10657685  '1979 
•10665585  -1980 
•10673487  -1981 
•1068139c  -1982 
10689295  -1983 
•10697201  -1984 
•10705109  '1985 
107 13018  1*1986 
10720929  '1987 


•10728842 
•10736756 
1074467  j 


1988 
1989 
1990 


•10752588  1*1991 
•10760507 
•10768427 

•10776349 
•10784272 

•10792197 

•10800123 

•1080805 


•1992 

'•993 

••994 

••995 
•1996 

•1997 

•1998 

108159801*1909 

•I082391 1  J-2CC0 

•io83i844r200i 

|-20Q2 


IO8477I3 
I085565O 
IO863589 
IO87 1529 
IO87947I 
I 08874I4 
•IO895359 
•IO9O33O5 
•IO9I I253 
•IO9I92O2 

•10927 i 53 
•10935105 
•10943059  '2015 
•109510141*2016 
•10958971  • 
•10966930 
•10974890 
•10982S51 
•1 09908 1 4 
•10998779 
•1 1006745  -2023 
•11014713 
1 1022682 
1 1030652 
•  1 1038624 
1 1046598  I 
•11054573 
•1 1662550 
•1 1070528 
•1 1078507 
•1 1086489 

•1 1094471  r-2034 
•1 1 102456  P2035 


•2OO3  j'l  1206387 

•2004*1 1214392 


•2005 
•2006 
•2007 
•200H 
•2009 
•2010 
•201 1 
•2012 

•2013 

•2014 


2017 

2018 

•2019 
•2020 
•2021 


YcrT. 
fmc 


Scg.  area 


•1 1222399 
■1 1230407 
•U238417 
•11246428 
•11254441 
•11262455 
•1 1270471 
•11278488 
11286507 


•2O48  1  M  I568094 

•2049i'ii576i66 
•20soj-ii584239 
•2051 1-11592314 

•2052  i*I  1600390 
•2O53  |*I  1608468 
•2054  j'l  1616547 
•2055  ,'•!  1624O28 
•2056j'I  16327IO 
•2057*11640793 
2O58  j'l  1648878 


♦1 1294527 1  -2059!*i  1656965 

•I  1  202C4.GI  * 2060  *Il66cOCl 


302549r2O60 

•1 1 3 10572  ii-2o6i 
•1 1318597 1*2062 
1 1326623  1*2063 
113346501-2064 


2024 
•2025 
2026 
2027 
2028 
2029 
2030 
2031 
2032 
•2033 


2066 
2067 
2068 
2069 


•2075 
•2076 

•2077 


•II! IO44I 
•I  I  I 18429 
•I  I I264I7 
•II I344O7 
•I  I I42399 
•I  I  I  50392 
•III58387 
•II 166383 
*H17438l 
•I  I  182380 
•j  I  I9038  I 

•H1983S3 


2036 
2037 
/2038 
•2039 
•2040 
•2041 
•2042 
•2043 
•2044 
•2045 
•2046 

•3047 


11342679 
•1 1350710 
1 1358742 
1 1 366776 
11374811 
1 1382847^*2070 
•1 1390885 j -207 1 
•I  1598925  1*2072 
•I  14069661*2073 
•11415008  *2©74 
•1 1423052 
•1 143 1097 

•11439144, 
•114471931*2078 

•114552421*2079 

•!  14632941*2080 

•i  147 1346  /2081 

•11479401 

•! I487456 
•M4955M 

*H5°3572  -2085 
•11511632  *2o86 
•1 1 519694 
•11527757 

1 1535821 

1 1543887 

"5J-955 
1 1560024 


•1 1665053 
•1167314a 
•11681233 
•1 1689325 
11697419 


2065IM1705514 


•2082 
■2083 
•2084 


2087 
•2088 
•2089 
2090 
2091 


•11713610 

•  1 1 7  2 1 7  08 
•1 1729808 
•11737909 

•  1 1 74601 1 
1  -i 17541 15 
I'll  762220 

•11770327 

••>778435 
|*i  1786545 

•1 1794656 

•1 1802768 

•11810882 

•11818998 

•  1 1827 1 14 

•••835*33 
•11843352 

•11851474 

•1 1859596 

•1 1867720 

•11875846 

•1 1883972 

■11892101 

■1 1 9002  30 

■1 1908362 

'i  1916494 


•2002  *1  I9246 


2  8 


7U 


630 


A  Table  of 


Vcr:. 
fine 

Seg.  area 

Vcrf. 
fine 

Seg.  area 

•2093!"  1 1932764' 
•2094  Pi  1940901 
•209*1 11949039 
•2096 j 1 1957 '79' 
•2097/1 1965320 
•2098  •  1 1973462 

•2138 
•2139 
•2140 
'2141 
•2142 
1*2143' 

•1 2300310 
•1230852-* 
•12316730 
•12324933 
12333138 
•12341344 

Verf. 
fine 


•2099  1 1 98 1606  '2144: '12349551 
2100  11989752  -2145-12357760; 
•2101 ,- 1 1997899  •2146  -12365970  j 
•2102  -12006047  -2147  -12374182 1 
•2103-12014197  -2148-12382395) 
2104  -120: '348  -2149  -12390609  j 
2io5|*i2op5oi  -2150-12398825 

•2 106 ;•  1 203^655  -2i j  1  -12407042 

•2107  *1-346310  -2152  -12415261 
•2108  '12 f^67  -2153-12423481 
•2109/12063 125 '  -2154-12431702 

•21 IO  *1207  I  285 \ -21  55  I2439924 
•2111  -120794,46  '2156 '-12448  149 
•2112  •12OS70o8[-2157-I2456374 
•21 13  r*l 2095 772  '2158  'I  246460I 
•21I4|*I2  IO3938  j  *2I  59  '12472829 
•21I5!*I2II2I04 
21  l6,'I2I20272 


2117*12128442 

•21  i8.*i2i366i3 
•21191*12144785 
•2120  M2I52959 

*2I2l]*I2l6l  134 


•2l6o.  '1 248  IO59 


'2l6l 
'2l62 


•21«3 
-2184 
'2185 
•2l86 
•2187 
*2l88 
•2189 


Seg.  area 


•1 26707 19 
•1267898 1 
•12687245' 
-12695511 

•12703777 
-12712045 
•12720314 
•2i9oj-i2728585 
•2191  -12736857 


fine 


.•2122  -1216931 1  -2167 
j-2 123 1-12177489 1:2 168 
•2i24,'i2i85668  [-2169 


125 
2126 
2127 
2128 
2129 
•2130 
•2131 
-2132 

'2,33 
**»34 

2135 
•2136 

•2137 


12193849 
1220203 1 
•1221021 5 
•12218400 
•12226587 

''"34774 
12242964 
12251154 
•12259346 
•12267540 
•12275735 
•12283931 


12489290 
•12497522 
•2163  -12505756 

2164  -125 13991 

2165  -12522227 

2166  -12530465 
•12538704 
•12546945 
♦12555187 
•12563430 
•12571675 
•12579921 
•12588169 
•125964 1 8 
•12604668 
'12612919 
•1262 1 172 
•12629427 
•I2637682 
•12645939 

12654198 


2170 
2171 
2172 

»>73 
2174 

f2,7$ 
2176 

2177 

2178 

•2179 

2180 

2181 


12292129!. '2182  *i 2662 4 5^ 


•2228 
'2229 
•2230 
-223 1 
•2232 

•2233 
•2234 

•*-»35 

■.•2236 
•21921-12745131  '2237 
•2i93,-i2753405  -2238 
-2194  -12761682  -2239 
•21951-12769959  2240 
•2196  -12778238  -3241 
•2197  '12786518  -2242 
•2198, -12794800  -2243 
•2199^12803082  -2244 
•2200 -128 1 1367  '2245 
•2201  [-12319652  ,'2246 
•22021*12827939  ^2247 
•2203I-I2836228  -2248 
•2204  -12844517  '2249 
•2205  -12852808  1*2250 

•2206|'I28(lI10l|j'225I 
•2207  -12869394-2252 
*22o8  -12877689  -2253 
•2209  -12885986,  '2254 
•2210  'I2894283  '2255 
•22X1  '12902583 
•2212  -12910883 
•2213  -12919185 
•2214  -12927488 
•2215  -12935792 
2216*12944098 
•22I7|-I2952405 
22l8  '12960714 
-I2969024 

'"977335 
•12985647 

-12993961  -2267 

•13OO2276  *2268 

•13010593  ■ 

•1301891 1 
•13027230 

;.'3Q3555ol 


•2219 
•2220 
•2221 
•2222 
•2223 
-2224 
•2225 
•2226 

•2327 


2256 
•2257 
•2258 

•2259 
•2260 
•2261 
•2262 

•2263 
•2264, 

•2265 1 
•2266 


2269 
•2270 
2271 
•2272 


Seg.  area 

•13043872 
•13052195 
-13060520 
•  1 3068846 
•13077173 
1308550X 

13102162 

131 10495 
•13x18828 
•13127164 
•13135500 
•13143838 
•13152177 
•13160517 
•13468859 
•13177202 
•13185546 
•13*93892 
•13202239 
-13210588 

13218937 
•13227288 

13235641 

'  13HJ994 

,|3l52349 
•13260705 
•13269063 

*I33774« 
•1 3285782 

•13294143 
-13302506 
•13310870 
•13319:36 
•13327603 
*"333597" 
••3344340 
X3352711 
•13361081 
•13369456 

•13377831 
•13386206 

"J3394S84 
•13402962 


Digitized  by  Google 


Circular  Segments. 


631 


fine 


beg.  area 


•23 
•2274 
•2275 
•2276 
•2277 
•2278 
•2279 
•2280 
•2281 
•2282 
•2283 
•2284 
-2285 
•2386 
•2287 
•2288 
•  2289 
•2290 
•3291 
•3292 
•2293 
•3294 
•2295 
•2396 
•3397 
•2398 
•2299 
•2300 
'2301 
•3303 

•2303 
•2304 
•2305 

•2306 

•2307 

•2308 
•2309 
•2310 
•331 1 
•2312 

•*3'3 
*23'4 
•2315 
•2316 
•3317, 


Vcrl. 
fine 


•134197*3  '23'8 
•13428105  '2319 

»3+36489[*232o 

"  13444*7  4p321 
*I345326of2322 
•134016481-2323 
•13470037  2324 
•13478427  "2325 
♦13486819  -2326 
•13495212  -2327 

"I35°3'>of>  '2328 
•13512001  '2329 
•13520398  2330 
•13528796  1*2331 

«3537'95|-2332 
••3545595  j'2333 
•»3553997|i-2334 


Seg.  area 


7e7I7 
fine 


area. 


♦13562400  ,  2335 
•1357080?  -2336 
•13579211  1-2337 
•13587618  -2338 
•I3596036S-2339 
•13604435  -2340 
•13612846  '2341 
•13621259  2343 
•13629672  '2343 
•13638087  -2344 
•13646503  -2345 
•13654920-2346 

»3663339  '2347 
•13671758  -2348 
•13680180  -2349 
•13688602  '2350 
•13697026  -2351 

•I3705451  *2352 
•«37'3877  2353 
•13722304  -2354 

•»373°733  '2?55 
•13739163  2356 

>3747S95fi-23S7 
;37s6o27i-235b 

•13764461 12359 

•13772896^-2360 

•I378>333  l*2361 
•  13789771^3362 


.13798210 
•13806650 
•1381 509 1 

• »3Ba3534 
•13331978 

•13840424 
•13848870 
•13857318 
•13865767 
•1387421** 
13882669 
•13891 123 

•I3899577 
•13908032 
•1 49 1 6489 

•  H924947 
•14933406 

•  14941867 

•  14950328 
•14958791 

14967256 
•14975721 
14984188 

•  14992656 

•  14001 126 
•14009596I 


2364 

3365 
2?66 

2367 

236S 

2369 

•2370 
•2371 

2372 
2373 
2374 
2375 
•2376 

2377 
•2378 

2379 
2380 
2381 

•2382 

•2383 
2384 

"2385 
•2386 

2387 
2388 


VeTT 
fine 


•2400 
•2409 

•2410 
2411 
•2412 

•24-3 

•2414 

•24M 
•2416 

•2417 
2418 

•24»9 


1401806^11-2389 
•  14026541  (-2390 


•14035015  2391 

*»404349'  '2392 
•1405 1968  '2393 

•14060446-3394 
•14068925  2395 
•14077406  '2396 
14085888  -2397 

•409437I  *2398 
•14102855  -2399 
•141 1 1341 
•  141 19828 
•14128316 
•14136805  2403 
•141452961-2404 

•'4iS3787|-2405 
•141622811-2406 
•141707751-2407 


2400 
2401 
2402 


•14179270 
•14187767 

•  14196265 
•14204764 
•14213265 
•14221767 

•  14230270 
•14238774 
•14247279 
•14255786 
•14264294 

14272803 
•142813141I  2420 

14289835 
•14298338 

14306852 
•14315368 
•14323884 
•14332402 
•14340921 

•'434944' 
•14357963  -2429 

1 436648 5 [• 2430 

•14375009 

•»4383535 
•14392061 

•14400589 

•«4409"7 
•14417647 
14426179 
•14434711 

•»4443245 
14451780 
14460316 
14468854 
•'4477392 
'448  593 2  r  2444 

''4494473!' 2445 
•14503015 

•14511559 
•14520103 
•14528649 
•14537»97 
14545745 
'4554394 


•2421 
1*2422 

•2423 

2424 

•2425 
•2426 

•2427 

•2428 


2431 
'2431 
>433 
•24341 

•2435 
•2436 

•2437 
•2438 
•2439 
•2440 

•2441 
•2442 

2443 


•2446 

•2447 
•2448 

•2449 

•2450 

•2451 

•2452 


Seg.  arc. 

•14  56284  s; 
•14571397 

•'45799*° 
•14588505 
•1459706c 
•14605617 
•1461417$ 
•14622735 
•14631295 
•14639857 

•  14648419 
• 146569S4 

14665549 
•14674115 
•14681683 
•1469 1 2 52 

•  14699822 
' 14708391 
•1471696c 
•14725540 
•14734114 
•I 474269 1 

•  1475 1268 
•14759846 

•  14768426 
•14777007 
•14785589 
•14794172 
•14802757 
•1 48 1 1342 
•1 48 19929 
•14828517 
•14837107 
'14845697 
•»48542Hy 
•1-4862882 
•14871476 

•  14880071 
•14888667 
•14897265 
•14905864 
•14914464 

14923065 
•I4931667 
•14940271 


632 


A  Table  of 


fine 


ScS-area     fo£  SeS'arca  *£' 


'2+53 

2454 

3455 

*456 
•2457 

2458 
•2459 
•2460  [• 

•2461  !• 
2462  • 
3463 |- 
2464 • 
2465;. 
•3466  • 

2467  !• 
2468 1- 

.2470 
•34"  \ 
.3472 

•2473 
•2474 

•2475 
2476 

•2477 
•2478 

•2479 
2480 

2481 

2482 

2483 

2484'- 

•2485  • 

•2486  • 

•2487  • 

•2488  • 

•2489  • 

•2490  • 

*249V 
•2492  !• 

•2493  j* 
•2494 1* 

•2495 1 
•2496  ^ 

•2497. 


149488751*2498 
14957481  -2499 
14966068  '2500 
14974696: -2501 
14983306' -2502 
14991917 1-2503 
1 5000528  '2504 
1 5009141  "2505 
15017755  ('2506 
1 502637 1  1-2507 
15034987  -2508 
15043605  '2509 
15052224  '2510 
15060844  -2511 
15069465,  -2512 
150780881-2513 
1 508671 1  j -2514 

15103962-2516; 
15112589^2517. 

15121217  1*2518 
15129847  -2519 

I5'38477  '2520 
15147109  -2521 
»5IJ5742;,2522| 
15164376) -2523 
15173011; -2524 
15181648, "2525; 
15190285  1*25261 


S«g.  area 


•i53373°3  '2543 
•15345961  '2544 
•1535462 1  -2545 

•15363282  -2546 

•1537*944  -2547 
•15380607  -2548 
•1 538927 1  -2549 

•'5397937  *25S° 
•15406603  -2551 

•-54I5*7,j,2551 
•15423940-2553 

•i54326io|-2554 
•15441281-2555, 

•1 5449954, *2556i 
•15458627]  -2557, 

•15467302  -2558' 
•15475978  -2559, 
•15484655  -2560 

'•5493333  -*561 
•15502012  -2562 

T5510692  -2563 

•155-9374  -2564 
•15528056-2565 
•15536740 

•15545425 
•15554111 
•15562798 

•I557i487 


Verf. 
fine  I 


Seg. 


2588 
2589 
2590 
•2591 
2592 

•2593 

•2594 

•2595 
•2596 

•2597 
•2598 
•2599 
•2600 
•2601 
•3602 


15198924-2527; 
15207564  "2528 
15216305  -2529 
15224848  - 2530 

•5*3349«  '2531 
1 5242136 1*2532 

i525078i|'*2533 

15259428  -2534 

15268077-2535 

152767261-2536 

1 5285376 1*2537 

15294028  ;-2 53}*: 

15302681 1*2539 


15311334 
15319989 

•532B646 


•2540 
•2541 


15580176 
•15588867 

•15597559 
•15606252 

•15614946 

•15623641 

•i5632337 
•15641035 

•i5649733 

•i5658433 
•1 5667 1 34 

•15675836 

•15684539 

'  iS693243 

•15701949 
•15710655 

•*5719363 


2566 
•2567 
•2568 
•2569 
•2570 

•2571 
•2572 

•2573 
•2574 

•2575 
•2576 

•2577 

•2578 

•2579 
•2580 

•2581 

•2582 

•2583 
•2584 
2585 
2586 
2587 


•15728071 
•15736781 

•»5745492 
•157542.05 
•15763918 
•15771632 
•15780348 
•15789064 
•15797782 
•15806501 
•15815221 
•15823942 
•15832665 
•15841388 
•158501 13 
•158588381-2603! 
•158675651-26041 
•15876293^2605. 
•1 5S8  502  2;! -2606' 
•158937521*2607; 
•15903483  *26o8 
•15911215 
•1 59 19949 
•15928684 

•15937419 
•15946157 

•15954894 

•15963633 

•15972373 
•  1 598 1 1 1 4 

•15989856 

• 1 5998600 

•16007345 

•16016091 

•16024837 

•16033585 

•16042334 

•1 605 1 084 

•16059836 

•16068588 

•16077341 

•16086096 

•16094852 

•16103608 

•16112366 


6121125 
6129885 
6138646 
6147409 
6156172 
6164937 
6173702 
6182469 
6191237 
6200005 
6208775 
6317546 
6226319 
6235092 
6243866 
6252641 
6261418 
62701-96 
6278974 
6287754 
6296535 
6305317 
6314100 
6322884 
6331669 
6340456 

6349243 
6358032 
6366821 
6375612 
6384404 
6393196 
6401990 
6410785 
6419581 
6428379 
6437177 
6445976 

6454777 
6463578 

6472381 

6481 184 

6489989 

6498795 

6507602 


Digitized  by  Google 


Circular  Segments. 


*33 


fine 

•2693 
•2634 
•2635 
•2636 
•2637 
•2638 
•2639 
•2649 
•2641 
,•264,2 

•2643 
•2644 
C645 
•2646 
.2647 
•2648 
.2649 
•2650 
•265 1 
•2652 
•2653 
•2654 
.2655 
•2656 
•2657 
•2658 
•2659 
•2660 
•2661! 
•2662 
•2663 
•26641 
•26651 
•2666 
•2667 
•2668 
•2669 
•2670 
•267 1 
•2672 

•2674 
•2675 
•2676 

•2677 


•16516410  '267s 
•16525219  '2679 

•1653^029  *26t^ 
'1654284O  "2681 
•1655165!  '26H2 

•16560^65  -2683 
•1,6569280  ,*26»4 
•16578095  .'2685 
•16586912  -26t>6 
•^6595729  -2687 
•16604548! '2688 
•16613368  -2689 
•16622188;  "2690 
•  1663 10101  "2691 
•16639833! -2692 
•166486571-2693 

•1665  748  2  "'2094 


Seg.  arc. 


Vcrf. 
fine 


Scg. area 


Vcrf. 
fine 


Scg.  area 


•16913-, o ' -2-23  -173.5455  -76^  •  1  7  7  *  5  ' 1  1 
•  1 69 a  1 7 2 7  ■  •  i 7 . •  1 ; 3 1 j   J •  * ; 69 ;  •  1 7 ;  24060 

•1693 1 5KS|  '2;  j  :<  733' 2  3  *-  77oJ*I7>330,° 
•1094044; 

•16949304 


16950  if. 5 


•2:20, 

-  7 
:  3 


•i/3..o.o; 

•735?9; 
1736689 1 


•77!'y 


1 . .  - 


•-7  73  ' '  77  3«>-r>5 


:74 


•2729 
•2730 
•273  1 
'2732 

•2733  ''7+o^535f  "277*  -17^040+4 


1 77655 19 

•i7'375ico|  •2775|',7777774 

86730 


•17384711  |-2770  -i778673o 
•'7393622  '2777;  i77956ft7 


•16975890 
•16984754 
•1 69936 1 9 
•17002485 

•17011352  !-2734  •1741144^  -2779  -17813603 
•17020221  j'2735:'"7420363  -2780  -17822563 
'i 7029090  -2736  -1742927^ 

•1.7037960  ,-2737  -i743s,y5 
•17046832  -273S  '17447113 

.  '«7°557°4  '2/39  '»745"03i 
1666630811*2695  -17064578  -2740  -17464951 
16675136 --2696  -17073452  -2741  ,,7473b72 
•  16683964 'j-2697  -17082328  -2742  '17482793 
•16692793-2698  -17091204-2743  '17491716 
•16701624  -2699  -17100082  -27441*17500040   27891  -17903245 
•16710455 
•167 19287 1 
•16728121 
•16736956 
•16745791 
•16754628 
•16763466' 


2781  -17831524 
^782  -17840486 

27^3  •'7^4944* 

2784  -17858412 

2785  -17867377 
2786^17876342 
2787-17885309 
2788.M7894277 


•2699-17100082  -27441*17500040  ■27^9  -17903245 
•2700  1710M901  *2745|'i7509565  -27901-17912215 
-2701  -17117840  -2746  -17518490  -2791  '17921186 


-2702  -17126721  -2747 

2703  ••7I356o3'*274y 

2704  -171444*6-2749 

•2705  •i7I53370i;*275° 
2706  •171622541*2751 

167  7  23O5, "-2  707  M7I7II4O  -2752 


•I7527417  -2792 

•>753''345  -2793 
•-7545274  '2794 
''7554203-2795 
'»7j63'34r "2796  '17966054 
•17572066  -2797, -17975030 

1678  1 145}  '2708  ^ 17 180027  '2  753  *I7  580999  -2798  -17984008 


•I793«>,57 
•17939130 
•17948104 
17957079 


16789986^2709 -17188915  -27541-17589933  -2799 
16798828,1-2710  -i7i978o4,-2755  '17598867 :  -2800 


•1680767  1 1|'271 1 

•1681651 5  -2712 
•16825360^ 
•16834207 
•16843054 
•16851902 
•16860752 
•16869602  J-27 18 
•168784541-2719 
-1688  £3061-2720 
-16896 160 1-272 1 
•1690501 ;  1-272; 


17206694  -2756 
•17215585-2757 
•17224477 

•1723<37> 
•17242265 

•1 7251 160 

•17260056 

•17268953 

•17277852 

•17286751] 

•17295651 


2758 
•2759 
•2760 
•2761 
•2762 
•2763 
•2764 
•2765 
•2766 


'73Q45531- 2767 


17607803  -2801 
17616740,  -2802 
17625678  -2803 
17634617,  -2804 
,7643556lf2805 
7652497  1  2806 


•17661439 
17670382 
17679326 
1768827 1 
17697217 


•2807 
•2808 
•2809 
2810 
281 1 


•17706163  /2812 


17992986 

•  1 800 1 966 

•  1  Fo 1 0946 
•18019928 

•  18028910 
•18037894 
-18046878 
•18055863 
•18064850 
•18073837 
•18082825 

•  18091815 
•18 100805 
•18109796 


7X 


<*34 

fine 


A  Ta BLE  0/ 


•2814 
•2815 
•2816 
•2817 
•2818 
•2819 


Seg. 


'r 


vcrT: 

fine 


•181 18788 
•18127781 
•18136775 
•18145771 
18154767  , 


2858 
•2859 
•2860 
•286: 
2862 


•18163764  -2863 
•18172762  "2864 
•2820/14181761 ,  -21865 
•2821  '1819076,  -2866 
•2822  '18199762  '2867 
•2823  '18208763  -2868 
•2824  '18217766  ^869 
•2825  8226770' -2870 
•2826  '18235775  '2871 


Seg.  area 


Vcrfi 
fine 


•2!**  2  7  "18244781 
•2828-18253787 
•2829*18262795 
^2830  '18271804 
•2831  ,-18280813 
•2832  -182898*4 
•2833  -18298835 
•2834  -18307848 
•2835  '183 16861 
-2836  -18325876 
•2837  -18334-891 
1*2838  -18343907 
1*2839  -18352925 
1-2840  -18361943 
1*2841  -18370962 
1*2842  -18379982 
1*2843  -18389004 

;-2844  -18398026 

1*2845  -'8407049! 
1*2846  -18416073 
.'2847-18425098 
••28481-18434124 
•18443150 
•18452178 
•18461207 
•18470237 
'18479267 
•i84882(;9 


,•2849 
1*28  50 
1*285, 
-2852 


,•2854 

1*2855 
;*2856 


'8497 


•18506365 


•28-7  -18515400! 


•2872 

•2873 

•2874 

•2875 

•2876 

•2877 

•2878 

•2879 

•2880 

•2881 

•2882 

•2883 

•288a 

•2885 

•2886 

•2887 

•2888 

•28891 

•2890J 

-2891] 

•2S92 

•2893 

•2894 

•2895 

•2896 

•2897 

•2898 

•2899 

•2900 

•2901 

•2902 


18524435 
18533471 
18542509 
18551547 
18560586 
18569626 
18578667 
18587709 
18596752 
18605796 
•18614841 f 
•18623887 « 
18632934 
'18641981 
•18651030 
•18660080 
•,8669130 
•18678182 
•18687234 
"18696287 
•18705342 
•18714397 

•••3723453 
''8732510 

•18741568 

•18750627 

•18759687 

•18768748 

•18777810 

•18786872 

•18795936 

18805001 

1 88 1 4066 

18823 1 32 ! 
18832200 
18841268 . 
•88503m 

'8859407' 
18868479 

18877CW 


Seg.  area 


•2903  "18932002 
•2904  -18941080 
•2905  '18950160 
•2906  '18959240 
•2907  •  1 896832 1 
•2908  '18977404 
•2909  '18986487 
2910  '18995571 
•2911  '19004656 
•2912  -19013741 
2913  '19022828 
2914-190319.16 
•29 15] -19041 005 
•2916  '19050094 
•2917  •  19059 1 84 
•2918  M9068276 
•2919  •  1907 7 368 
•29201-19086461 
•292i|'i9095555 

♦2922;*I9104650 

•2923*19113746 
•2924  M9I22843 

•29251-19131941 

•2926^19141040 

•2927  •«9,50,39 
•2928  '19159240 
•2929  -19168341 

•2930  -'9177443 
•2931  -19186547 

•2932  M9195651 
•2933  *,92°4756 
•2934  '^213862 
•2935  -19222969 
•2936  -19232076 


1  fine 


Seg.  area 


5  3 

18886623 
18895697 
18904772 
189,3848 
i89229J4 


•2937 
•293S 

•2939 
•2940 

•294J 

■2942 

■2943 

•2944 

2945 
2946 

2m 


M9241 185 
•19250295 
•19259405 
•19268517 

•'9277629 
•19286742 
•19295856 

■'93°497- 
•1 93 14087 
19323204 


•2948  -19341440 
•2949  ''9350560 
•2950  -19359680 
•2951  19368801 
•2952  -19377924 

•2953  ''9387047 
•2954  -19396171 
•2955  '19405296 
•2956  -19414421 

•2957  -19423548 

•2958  -19432676 
•2959  -19441804 
•2960  -19450933 
■2961 1*  19460064 
•2962  '-19469195 
•2963  -19478327 
•2964  -19487460 
•2965  -19496594 
1*2966  -19505728 
•2967  -19514864 
,•2968  -19524001 

•2969  19533,38 

•2970  -,9542276 
,•2971  -1955,4,5 
,•2972  1-9560556 
'2973  -19569696 
-2974  -'9578838 

•2975f''958798i 
•2976  -19597,25 

•2977  -19606269 

•2978  -196,5415 

•2979  -19624561 

•2980  -19633708 

2981-19642856 

983  •  19652005 

•19661 155 

■19670305 

•19679457 

•,9688609 

•19697763 

•19706917 

•19716072 

•19725228 

••9734385 


•2983 
•2984 
•2985 
•2986 
•2987 
•2988 
•2989 
•2990 
•2991 

992  1*19743,543 


*2t 


Digitized  by  Google 


Circular  Segments. 


63* 


•2993 
•2994 
•290 

:99* 

•2997 
•299 

■2999 

•3000 

•3OO ! 
*3002 
•3OO3 
•3OO,. 
•3OO5 
•3006 
•3OO7 
•3OO8 
•3OOy 
•3OIO 
•3OI 
•30I2 

'3OI3 
•3014 

•301> 
•3016 

•3017 

•301s 

.3019 

•3020 

•3021 

•3022 

•3023 

•3024 

•3025 

•3026 

•3027 
•3028 
•3029 
•3030 

•303 1 
•3032 

'3°33 
•3034 

'3°35 
-3036 

•3037 


Scg. 


are  . 


19752701 
•19761861 
•19771021 
I9780182 

'9789344 
19798507 
•19807671 
19816836 
19826001 
19835 168 

'9844335 
'98535°3 
19862672 

19871842 
1988101 3 
19890185 

•9899357 
1990853 1 

19917705 
19926880 
19936056 

i9945233 
'99544" 
19963589 

19972769 
199819.49 
19991130 
20000313 
20009495 
20018679 
20027864 
20037049 
20046236 
20055423 
2006461 1 
2007380c 
20082990 
20092  IS  1 

20101372 
201 1056s; 
•201 19758 

■20! 28952 
•2OI38147 

•201473J3 
•20JJ6539 


vcn. 
line 


area 


•3038 

•3039 

3°40 
•3041 

h3°42 
'3°43 
*3°44 
3045 


•20165737 

•20'74935 
•20184134 

•20193335 
2020253? 

•20211737 

20220940 

•20230143 


Vcn.  e  I  Vert'..  c  | 

line  I  beS'  arca  I  fmc    Seg-  area 


•3046  -20239348 
3047  -20248553 
•3048  -20257759 
•3049  -20266966 
•3050  -20276173 
-3051  -20285382 
•3052  -20294591 
•3053  -20303802 


3054 

'3055 
•3056 

'30J7 

•305* 
•3059 

•3060 
•3061 
•3062 
3063 
•3064 
3065 
3066 
•3067 
-3068 
•3069 
■3070 

■3°7i 
•3072 

•3°73 
3°74 
3°7S 
?°7f' 

3077 
307  m 

3°79 
30S0 
303  1 
3082 


20313013 
20322225 
'2033 143N 
•20340651 
•203 49866 I 
•2035908 1 
•203^8297  I 

•203775H 
20386732 

203959-51 

•20405170 

•20414391 

•2042361 2 

•20432834 

•20442057 

•20451281 

•20460505 

•20469731 

•2047X957 

•20488184 

•20497412 

•20506641 

•205 1 58-0 

•20525101 

°534-332 
•20543564 

•20552797 

2056203 1 

20571265 


*3°*3 
3084 

•3085 

3086 

3087 

•3088 

•3089 

•3090 

•3091 

•3092 

'3093 

3094 
•3095 

•3096 

•3097 

•3098 

'3°99 
'3 100 

•3101 

'3102 

•3103 

*3'04 
•3105 

■3106 

•3107 

•3 1 08 

*3,09 
"31 10 

•3111 


!*2058o5o  1 1*3 128  f  "20996946 
1-20589737  [-3 129, -2 10062 19 


•205989741-3130 
•206082121-3131 
•2o6i745iJ-3i32 
•20626690  -3133 
•20635930'  -3134 
•206451721-3135 
206544141-3136 
•206636571-3137 
•20672900 1*3138 
-20682145  -3139 
•206913901-3140 
♦207006361*3141 
•20709883  -3142 
•20719131-3143 
•20728380' '3144 
•20737629; -31451-21 154697 

•20746879  -3146  -21  1^3984 

•31471-21173272 

'3'4S 
•3149 


•21015493 
•21024767 
•21034043 

•21043319 
•2105259 
•2106187,, 
•21071 153 

"2  I08043 
■2IO89713 
2109899^ 
21  lo827< 
21  I  17558 
2II26842 
21 I36126 
21 1454  I  I 


2O75613I 
•2O765382 
•2O774635 
•20783889' -3  150 

•20793i43j-3iSi 
•208023981*3 1 52 


3112 

3"3 
3114 

3"  '5 
;i  16 

3 1 '7 
•3118 

•3119 
•3 1 20 
•3121 
•3122 

'3 '33 
•3124 

"3I2S 
•3126 

"3'27 


20811654-3153 
•2002091 1 1.-3154 
•20830169,  -3155 
•20839427  -31.56 
•20848687  "3157 
•20857947-3158 
• 20867 20S  '3159 
•20876469  -3160 
•20885732-3161 
•20894995  '-3162 


•20904259  -3163 
•20913524-316. 
20922790  -3165 
■20932057  -3166 
20941324  3167 
•20950592-3168 
2095986 1  *3 169 
209691 31 1-3 1 70 
209784021-3171  -2 1^96410 
20987673 |-3i72 )-2  i  ;o>7  '8 


•21:82560 
•21 19 1849 
•21201 139 
•2 1 2 10430 
•21219721 
•21229013 
•21238307 
•21247600 
•21256895 
•21266191 

•2»2754*7 
•21284784 

•21294082 

•21303380 

•21312680 

•21321980 

•21331281 

•21340583 

•21349886 

•21359189 

21368493 

•ti37779,M 
2138710.; 


A      die  of 


T77T 

fine 


 TerT 


'3*71 

•3'7  5 
•3176 

'3 '77 
•3,17b 

*3»79 
'31S0 
•3181 
•3182 

•3184 

•3*85 
•3166 

•3187 

•3188 

•3189 

•3 190 

'V9l 
•319a 

"3 '93 
'3'94 

•3'95 
•3 196 

•3,97f 
•3i98( 

*3I99 
•3200I 

•3201 

•3202 

•3*°3  ! 
•3204 

'3*°5 
•3206 

•3207 

•3208 

•3209 

•3210 

•3211 

•3212 

*32,3 
•3214 

'32,5 
•32  r6 

'3^7 


415026^ 

4*433 f 

43  3  M 

44^955 
452266 

461578 

470891 

480205 

489519 

498834 

508150 

5 '7467 


526784  -3230 


•3218 
•3219 
•3220 

J22I 
•3222 

'3  "3 

•52*4 
•3225 

'3226 

•3227 

•3228 
•  3229 


536103 

54542* 
554742 

564062 

5733y4 
582706 

592029 
601 352 
610677 
620002 
6293  28  i 
638655 


6479*^!  •  3*43 


'323' 
'3232 
•3233 
'3l34 
3235 
•3236 

3237 
•3238 

3239 
•3240 

•3241 
3242 


Seg.  area 


V'-tJ". 


65751 1 
66664c 
675970 
685301 
694632 
703964 

7'3*97 
72263 1 

731966 

741301 

750637 

759974 

7' 93 1 1 J 

77^650 

787989. 

797329 

806669 

81601 1 

8*53531 


3*44 

•3245 
•3246 

•3247 
•3248 

•3249 
•325° 
•325' 

3252 
•3253 

3254 

3255 
•3256 
•3257 
•325!- 

•3259 
•3260 
•326 1 
•3262] 


•  2 1 834696 
'2184404O 

•2  18533^4 
'2 1862729 
•21872076 
21881422 
•2 1890770 
•2 I9OOI l8 
*2 I909467 
•2 191 88 1 7 
•21928168  jj 

•2'9375'9| 

-.21946871:, 

•2195622411 

•21965577 

•21974932IJ 

•2 19842871 

2i993643! 
•22002999 


Seg.  area 


3263 
•3264 

•3 

•3266 

3267 

•3268 

•3269I 
"3270 

327« 
■3272. 

•3273 
•3274 
3275 
3276 

•3277 
3278 

'3279 
•3280 
•3281 
•3282 
•3283 


"220I 2357 
•2202 171 5 
•2203IO74  '  328.J 
•22040433  [-328  5 
•22049794  3286 
•22059155-3287 
•220685i7[-3288 
•22G77879'j,3289 
•22087243^3290 
•220966071-329 
•22 105972 
•22115337 
•22154704 
•22134071 
•22143439 
•221528071 

•22l62I',7j"3298 

•22171547 

•22180918 

"2  2  I99661 
•22209C3 1 
•222 1840^ 
'22227783 
•22237158 

•22246534 


•2225.5911 
22265289, 
22274667 
•22284046 
•22293426 
•22302806 
22312 187 
•22321569 
22330952 
•22340336 
•22349726 
•22359105 
•22368490 
•22377877 
•22387264 
•22396652 
•2240604O 
•22415430 
•22424820I 
•22434211 
•22443602 
•22452994 
•22462387 
•22471781  J* 
•22481175  • 
•22490571  • 
•22499966 
•22509363 
•225187611 
•22528159' 

22537557 
■22546957 
•22556357. 
•22565758I 
•22575 j6o 
•22584562 
•22593966 
•22603370 
•22612774 
•22622 1 "9 
■22631586 

22640992  D 
■22650400  j 
•226^9808 
•22669217 


fine 


Seg. 


™i  ea 


3308 

3309 
3310 

3311 
33'2 

33»3 
33>4 
33l5 
33l6 
33'7 
33 18 
33  »9 
3320 
3321 

332* 
3323| 
33*4| 

'3325 
3326 

■3327 
•3328 

3329 

333° 
•333 1 

3332 
3333 
3334 
3335 
3336 
3337 
333* 
3339 
334° 
334i 
3342 
3343 
3344 
3345 
3346 
3347 
334* 
3349 
3350 
33  5 1 
Mil 


22678627 
•22688037 
•226974+8 
•22706860 
•22716273 
•22725686 
•2273510© 
•22744514 

■22 7 5 393° 
22763346 

•22772763 
■227821S0 

•22791599 
•2280101B 
•22810437 
•22819858 
•22829279 
•23838701 
•22848123 
•22857546 
•22866970 
•22876395 
•22885820 
•22895246 
•22904673 
•22914101 
•22923529 
22932958 
•229423^* 
•2295 18 18 
•22961249 
•22970681 
■229801 13 
•229S9546 
•22998980 
•23008415 
•230 1 7850 
•23027286 
•23036722 
•23046160 
•23055598 
•23065037 
•23074476 
•23083916 
23093412 


Digitized  by  (jOOQle 


Circular  Segments. 


Verf. 
fine 


•3353 

'33^4 

•3355 

*3356 

•3357 

•3358 

'3359 
•3360 

.3361 

*336* 
•3353 
'3364 
*3365 
•3366 

*3367 
•3368 

*3369 
•3370 

*337* 
3372 
•3373 
l3374 


Seg.  area 


Vcrl'. ! 
fine 


•23102799 
'231 12241 
•2312 1684 
•23131 128 
•23140572 
•23150017 
•23159463 
•23168909 
•23178356 
•23187804 
•23197253 
•23206702 
•23216152 
•23225602 
•23235054 
'23244505 
23253958 
2326341 i 
23272866 
23282320 
23291776 
•23301232 


•3375  -23310689 
•3376  -23320146 
'3377  -23329604 
•337»  -23339063 

'3379  -23348523 
•3380  -23357983 
•3381  -23367444 
3382  -23376905 

3383!-*338636* 
33841-2339583 1 


3385 
•3386 

3387 
•3388 

3389 
339° 
339' 
3392 
3393 
•3394 
*3395 
*3396 
3397 


•23405294  3TJ- 

234H759  '3431 
•23+24224  3432 
•23433689  -3433 
•23443156  -3434 
•23452623  3435 
•23462090  "3436 

•2347J559  '3437 
•23481028  3438 

•23490498 [• 34 39 

2 3499 968  J -3440 

235°9439[*344» 
•23518911  -3442 


•3398 

'3399 
•3400 
•3401 
•3402 

•3403 
•3404 

■3405 
•3406 

•34<>7 
•3408 

•34°9 
•3410 

34'» 
•34*2 

•3413 

"34>4 

•3415 

'34'6 

•34'7 
•3418 

•34'9 
•3420 

•342i 
•34" 
*3423 
•3424 
•3425 
•3426 

•3427 
•3428 

•3429 
*343( 


Seg.  area 


Verf. 


'3443 
•3444 
'3445 
'3446 
'3447 
■3448, 
'3449 
•345°, 
345' 


•23528384 
•23537857 

•23547331 
•23556805 

•23566280 

*23575756 
•23585233 
•23594710 
•23604188 
•23613666 1*3452 
•236231461-3453 
•23632626|*3454 
•23642106  J- 3455 
•23651587 
•23661069 
•23670552 
•23680035 
•23689519 
•23699004 
•23708489 

'237'7975 
•23727461 

'  2  3736949 

'23746437 

•23755925 
•23765414 

•23774904 
•23784395 

•23793886 
•23803378 
•2381287 1 
•23822364! 
•23831858 
•23841352 
•238508481-3477 
•23860343-3478 
•23869840  -3479 


Seg.  ar 


ca 


Verf.  e 
fine  I  Sc«' 


'  ea 


•3456 

•3457 

•3458 

3459 
•3460 

*3461 
•3462 

3463 
•3464 

3465 
•3466 

•3467 
•3468 

"3469 
•3470 

•3471 
•3472 

'3473 
*3474 
'3475 
•3476 


879337 
•23888835 
•23898334 
•23907833 

,239'7333 


•3480 

•348i 

•3482 

•3483 
3484 


•23926833  -3485 
•23936334  -34»6 
•239458361-3487 

7  Y 


•23955339 
•23964842 

•23974345! 
•23983850 

•23993355I 
•24002861 

•24012367 

•24021874 

'24031382 

•24040890 

•24050399 

•24059909 

•24069419 

•24078930'1 

•24088442 

•24097954 

•24107467 

•241169801 

•24126494! 

•24136009 : 

•24145525L 
•241  5  5041  J! 

•24164558 

•24174075 

•24183593 
•24I93II2 
•24202631 
'24212151 
•24221672 
•2423II93 
•24240715 
•24250238 
•24259761 
•24269285 
•24278809 
•24288334 
•24297860 
•24307386 
•24316913 
•24326441 

•243359<59 
•24345498 
•24355028 

•24364558 
•24374089 


3488  -24383621 

3489  -24393153 

3490  '24402685 

3491  -24412219 

3492  -24421753 

3493  -24431288 

3494  -24440823 

3495  ' 2445°3  59 

3496  -24459895 

3497  -24469432 

3498  -24478970 

3499  -24488509 

3500  -24498048 

3501  -24507588 

3502  -24517128 

3503  -24526669 

3504  -24536210 

3505  -24545753 

3506  -24555295 

3507  -24564839 

3508  -24574383 

3509  -24583928 

3510  -24593473 

3511  -24603019 

3512  -24612566 

3513  -246221 13 

3514  -24631661 

3515  -24641209 

3516  -24650758 

3517  -24660308 

3518  -24669858 

3519  24679409 

3520  '24688961 

3521  -24698513 

3522  -24708066 

3523  -24717619 

3524  -24727173 

3525  -24736728 

3526  -24746283 


3527 
3528 


24755839 
•24765396 


3529  -24774953 


353° 

3531 
3532 


•24784511 
•24794069 
•2480*628 


638 


A  Tab l e  of 


Vcrf. 
fine 


ScS-  arca  |  fine 


•3533 
*3534 
•3535 
•3536 
•3537 
*3538 

•35391 
•3540 

■354»! 
'3542 
•3543 ' 
'35+4 
•3545 
•3546 
•3547 
•354» 
•3549 
•355o 
•355i 
•3552 
•3553 
'3554 
'3555 
•3556 
'3557 
•3558 

'3559 
•356o 

•356i 
•356a 

•3563 

•3564 
•3565 

•3566 
•3567 
•3568 
•3569 
•3570 
•357i 
•3572 

"3573 
•3574 
•3575 
•3576 

•S577 


24813187 
24822748 
24832308 
24841870 
•24851432 
■24860995 
•24870558 
■24880122 
•24889686  ;-3586 
•24899251 1/3587 
•24908817  '-3588 


•3578 

•3579 
•3580 
•3581 
•3582 

*3583 
•3584 
•35R5 


24918383 
•24927950 
•24937518 
•24947086 
■24956655 
■24966224 

•24975794 
■24985365 

•24994936 
•25004508 

•25014080 

•25023653 

•25033227 

25042801 

25052376 

25061951 

•25071527 

•25081 104I 

•25090681! 

•25100259 

•25109837 

•251 19416 

•25128996 

•25138576 

•25148157 

•25157738 

25167320 

25176903 

25186486 

•25 196070 

•25205654 

25215239 

25224824 


Seg. area 


Vcrf. 
fine 


Seg.  arca 


•25243997 
•25253585 
•25263173 
•25272761 
•25282350 
•25291940] 
•25301530 
•25311121 
•25320713, 
•25330305J 
•25339898 

3589  '253494911 
•3590  -25359085; 

•3591  -253686791 

•3592  -25378274! 

•3593  -25387870 

•3594  -25397466 
"3  59  5 1 '25407063 
,'35961*25416660! 
l'3597|*25426258 

•3598|*25435857 

1*3599  '25445456 
•3600-25455055 

•3601  ,-25464656 

*36o2!'25474257 

H-36o3'-25483858 

|*36o4,*2549346o 

"•36051*25503063 


•3623 
•3624 
•3625 
•3626 
•3627 
•3628 

•3629 
•3630 
•3631 

•3632 
•3633 
•3634 
3635 


•25676009  '3668 
•25685622  -3669 
•25695237  -3670 
•25704851  -3671 
•25714467  1-3672 
•25724082  1-3673 
•25733699  !*3674 
•257433-6  1*3675 
25752933  '3676 


Vcrf.:  o 
fine 


•252344I I  f'3622 


3606 1*255 12666 
•3607  -25522270 

•25531874 

•25541479 
•25551085 

•25560691 

•25570297 
•25579905 
•25589512 
•25599121 

•25608730 
•25618339 
•25627950 

•25637560 
•25647172 
•25656783 

•25666396 


3608 
•3609 
•3610 
•361 1 
•3612 

•3613 
•3614 
•3615 
•3616 
•3617 
•3618 

•3619 
'3620 

•3621 


•25762552  -3677 

•25772170  -3678 

•25781790  -3679 

•2579i4io[.368o 
3636|'258oio3oJ'368  1 
3637 ,258 10651 1-3682 
36381-25820272  -3683 
3639  -25829895  1.3684 
3640-258395171-3685 

3641  -25849141 1-3686 

3642  '258j8764'-3687 
'3643-258683891-3688 
•3644  -25878014  -3689 

25887639H690 
353971651*3691 
25906892  '3692 


3645 
•3646 
•3647 
.3648 
•3649 
•3650 
•3651 

•3652 
•3653 
3654 


•259*6519 
•25926147 

•25935775 
•25945404 

•25955034 
•25964664 

5974294 


•3655  '25983925 


3656 

•3657 
•3658 

•3659 
•3660 
•3661 
•3662 
•3663 
•3664 
3665 
•3666 
•3667 


25993557 
26003 '89 
26012822 
26022455 
26032089 
26041724 
26051359 
26060994 
26070630 
26080267 
•26089904 
26°99542| 


•3693 
3694 

,3695 
•3696 

•3697 
•3698 
•3699 
•3700 
•3701 
•3702 
•3703 

•3704 
•3705 
•3706 

•3707 
■3708 

•3709 
•3710 

•37-* 
•3712 


•26109180 
•26118819 
-26128459 
•26138099 

•26147739 
•26157381 

•26167022 

•26176664 

•26186307 

'26195950 

•26205594 

'26215239 

-26224884 

-26234529 

•26244175 

•26253822 

'26263469 

•26273117 

•26282765 

•26292414 

•26302063 

•2631 1713 

•26321363 

'26331014 

•26340666 

•26350318 

•26359970 

•26369623 

•26379277 

•2638893 1 

•26398586 

•26408241 

•26417897 

•26427553 

•26437210 

•26446868 

•26456526 

•26466184 

•26475843 
•26485503 

•26495163 
-26504824 
•26514485 
•26524147 
•26533809 


Digitized  by  Google 


Circular  Segments.  639 


fine 


■37'3 

•3714 

•3715 
•3716 

•3717 
•37,8 

•3719 
•3720 

•3721 

•3722 

•37*3 

•3724 

•3725 
•3726 

•3727 
•3728 

.3729 

'373° 
•373i 
•3732 
*3733 
•3734 
'3735 
*3736 
•3737 
'3738 
•3739 
•374o 
•374i 
•3742 
•3743 
•3744 
•3745 
'374^ 
•3747 
•3748 
'3749 
•375o 
•375i 
•3752 
*37S3 
'3754 
'3755 
•3756 

"3757 


Scg.  area 


VcrT. 
fine 


Seg.  area 


•26543472 
•26553135 
•26562799 
•26572463 
■26582128 
•26591793 
26601459 
'2661 1 1 25 
•26620792 
26630460 
26640128 
26649796 
26659465 
26669135 
26678805 
•26688476  j 
•26698 1 47 1 
■26707818 1 
26717491 
26727164 
26736838 
'26746511 
26756186 
26765861 
26775536 
26785212 
26794889 
26804566 
26814243 
26823921 
•2683360 1 
26843280 
26852960 
26862640 
•26872320 
26882001 
26891683 
26901365 
26911048 
26920731 
26930415 
26940099 
26949784 
26959469 
•26969155 


•3758 

•3759 
•3760 

•376i 
•3762 

•3763 

•3764 
•3765 

•3766 

3767 

'3768 
3769 

3770 

3771 
3772 

3773 
3774 
3775 
3776 

3777 
•3778 

3779 
378o 
3781 
3782 

3783 

3784 

3785 
3786 

3787 
3788 

3789 

379° 

3791 
3792 

3793 
3794 
3795 
3796 
3797 
3798 

3799 
3800 

3801 


TeTT 
fine 


•3803 
'3804 
•3805 
•3806 
•3807 
3808 
•3809 
•3810 
•3811 

•J8l2 

3813 
•38H 
•3815 


•26978841 
•26988528 
•26998216 
•27007903 
•27017592 

•27027281 

27036970 

•27046660 

•27056350 

•27066041 

•27075733 
•27085425 

'27095 1 X7L 
•271048101-3816 

•271145031-3817 
•27124198  -3818 
•27133892 
•27143587 
•37153282 
•27162978 
•27172675 
•27182372 
27192069 
27201767 
2721 1466 
27221165 
27230864 
27240565 
27250265 
27259966 
•27269668 
•27279370 
27289072 
27298775 
27308479 
27318183 
27327887 
27337592 
27347298 
•27357004 


Seg.  area 


VerT 
fine 


•3819 
•3820 
•3821 
•3822 
•3823 

•3824 
3825 

•3826 

3827 

•3828 

•3829 

•383° 
•3831 

•3832 
•3833 
•3834 
•3835 
•3836 

•3837 
.3838 

•3839 
•3840 

3841 
3842 


273667108*3843 
•27376417  -3844 
•27386125  -3845 

•27395833  ,3846 
3802  -27405541  -3847 


•27415259  '3848 

27424959  '3849 
27434669  -3850 

•27444380 1-3851 

•27454091  1*3852 

•27463802  -3853 

•274735H  h854 
•27483226  ;-3855 

'27492939  1*3856 
•27502653  -3857 
•27512367  -3858 
•27522081  "3859 
•27531796  -3860 
•2754151 1  i -3861 
•27551227  -3862 
•27560943  -3863 
•27570660  -3864 
580377-  -3865 

•27590095  *3«66 
•27599813  '3867 
•27609532  '3868 
•27619251 1*3869 
•27628971 1*3870 
•27638691-3871 
27648412  J'3872] 

•3873 

•3874 

•3875 
•3876 

•3877 
•3878 

3879 
•3880 
3881 
3882 
•3883 
3884 
3885 
•3886 

3887 
•3888 

3889 
•3890 
•3891 
•3892 


Seg.  nrca 


•27658133 
•27667855 

•27677577 
•27687300 

•27697023 

•27706746 

•27716470 

•27726195 

•27735920 

27745645 
2775537' 
27765098 

27774825 

27784352 
27794280 
27804008 

27813737 
27823466 
27833196 
27842926 


27852657 
27862388 
1-27872120 
•27881852 
•27891585 
•27901318 
•2791105 
•27920785 

'2793°52< 
•27940255 
•27949990 
27959726 
•27969463 

•27979199 
•27988937 
•27998675 
•28008413 
28018152 
28027891 
28037630 
•28047370 
280571 1 1 
•28066852 
28076594 
28086336 
28096078 
•28.105821 
•281 15564 
•28125308 
•28135052 
•28144797 
•28154542 
•28164288 
•28174034 
•28183781 
•28193528 
■28203275 
•28213023 
•28222772 
•28232520 
•28242270 
•28252019 
28261770 
28271520 
28281272 


640 


A  Table  of 


Verl'. 
fine 


3893 
■3894 

.3895 

•3896 

•3897 

•3898 


,  Vcrf. 
ScS-arca  fine 


•28291023 
•28300775 
•283 10528 
•28320281 
•28330034 
•28339788 

*3899 1'283493+2  , 
•3900  "28359297 

•3901 1"28369052 

•3902 1*28378808 

•3903  ,'28388564 

•3904';-2839832i 

•3905, -28408078 

•39o6i-284i7835 

•3907-28427593 

•39o8(-2843735i 

•3909  -26447110 

•39101-28456870 

•391 1  .-28466629 

•3912-28476389 

•3913  1*28486150 


Seg.  area 


Verf. 
fine 


•3914-28495911 

3915  -28505673 

3916  -28515435 
•3917  -28525197 
•3918  -28534960 
•3919  -28544723 
•3920-28554487 
•3921  ,-28564251 
•3922  -28574015 
•3923  -28583781 
•3924  -28593546 
•392  5L286o33i2 
•3926  -28613078 
•3927  -28622845 
•3928  -28632612 
•3929  28642380 
•3930  -28652148 
•3931  -28661917 
•3932  -28671686 
•3933  28681455 
•3934  28691225 
•3935  -28700995 
•3936  '28710766 

•3937  h8720537 


•3938  -28730309 
•3939  -28740081 
•3940-287498531 
•3941  [-28759626 1 
•3942  ,-28769400 

•3943 r 28779173 

•3944(-28788948 
•39+5 1*28798722 
•3946  ,-28808497 
•3947-28818273 
•3948  -28828049 
•3949  -28837825 
•3950  -28847602 
•3951  -28857379 
•3952  -28867157 
•3953  -28876935 
"3954  '28886713 
'3955  28896492 
•3956  -28906272 
•3957  -28916051 
•3958  -28925832 
•3959  -28935612 
•3960  -28945393 
•3961  -28955175 
•3962  -28964957 

*3963  -28974739 
•3964  -28984522 
•3965  -28994305 
•3966  ^29004089 
•3967  -29013873 
•3968  -29023657 


3969 
•3970 
•3971 

3972 

3973 

3974 

3975 
.3976 

3977 
'3978 

•3979 
•3980 
•3981 
•3982 


29033442 
29043228 
•29053013 
29062799 
29072586 
29082373 
29092160 
29101948 
291 1 1736 
29121525 
29131314 
291 4 1 104 
29150894 
20 160684 


3983 
•3984 
•3985 

•3986 

3987 
3988 

•3989 
•3990 
•3991 

3992 
•3993 
•3994 

•3995 
•3996 

"3997 
•3998 

3999 
•4000 
•4001 
•4002 
•4003 


Scg.  area 


Vcrf. 
fine 


29170475 
29180266 


4028 
4029 


•4030 
•4031 
•4032 

•3033 
•4034 
•4035 
•4036 

•4037 
•4038 

•4039 


•29190057 
•29199849 
-29209642 
•29219435 
•2922922b 
•29239022 
•29248816 
•29258610 
•29268405 
•29278200 
•29287996!  -4040 
•29297792I  -4041 
•29307589! -4042 
•293173861-4043 
•29327183-404 
29336981 
29346779 
29356577 
29366376 
•40041-29376176 
•40051-29385976 
•40061-29395776 
•40071-29405576 
■40081-29415378 
•4009j-29425i79 
•40io;-2943498i| 
•4oii:-29444783| 
•4012-29454585 
•40i3t  '29464388 
•4014-29474192 


Seg.  area 


•4015 
•4016 
•4017 
•4018 
•4019 
•4020 
•4021 
•4022 
•4023 

•4024 
•4025 
•4026 

'4027 


•29483996 
•29493800 
•29503605 
•29513410 
•29523215 
•29533021 
•29542827 
•29552634 
•29562441 
•29572248 
•29582056 
•29591864 


29601673II4072 


•4045 
•4046 
•4047 
•4048 

-4049 
■4050 
•4051 
•4052 

•4053 

"4°54 

•405S 
•4056 1 

-4057 
•4058 

•4059 

•4060 

•4061 

•4062 

•4063 

•4064 

•4065 

•4066 

•4067 

•4068 

•4069 

•4070 

4071 


•29611482 
•29621291 
•29631 101 
•2964091 1 
•29650722 
•29660533 
•29670344 
•296801 56 
•29689968 
•29699781 
•29709594 
•29719407 
•29729221 

'29739035 
•39748850 

•29758665 
•29768480 
•29778296 
•297881 12 
•29797928 
•29807745 
•29817562 
•29827380 
•29837198 
•29847047 
•29856835 
•29866655 
•29876474 
'291886294 
'298961 14 
•29905935 
•29915756 
•29925578 
29935400 
•29945222 

•29955045 
-29964868 

•29974691 

•29984515 

'29994339 
•30004164 

•30013988 

•30023814 

•30033639 

•30043466 


4 


Digitized  by  Googl 


Circular  Segments. 


641 


fine  |Sa«'area 


•4073  -3005329* 
•4074  '300631 19 
•4075  -30072946 
4076  -30082774 


Vcrf. 


fine'  Se8-  area 


•41 18  ,-30495  866 
•41 19  '30505709 
•4^0-30515553 
•4121-30525397 


•4077  -30092602  j|*4i22  30535242 
•4078  '30102430  1*4123  -30545086 
•4079  -301 12259  |*4»24  '30554932 
•4080  '30122088 1  '4125  '30564.777 
•4081  -30131917, /4126, -30574623 
•4082  -30141747  (-4127  -30584469 
4083  -30151577  |'4i28|'505943i6 
•4i29j'3of)04i63 


Vert*. 
.  fine 


•4084  '30161408 
•4085  -30171239 
•4086  -30181070 
•4087-30190902 
•4088-30200734 
•4089  -30210566 
•4090  -30220399 
•4091/30230232 
•4092, -30240066 
•4093  -30249899 
•4094-30259734 
•4095  -30269568 
•4096  -30279403 
•4097  -30289239 
•4098  -30299075 
•4099-30308911  -4144  '3°7 $'909 
•4100  -30318747  -4145  -3076176 1 
•4101  -30328584  -4146  -30771614 
•4102  -30338421  -4147  '3078*467 
•4103  -30348259  -4148  •3°79I321 
•4104  ,-30358097  -4149  '30801175 


•413a 

*4*3* 

*4'32 

•4U3 

•4134 

'4'35 
•4136 

•4137 
•4138 
•4i39 

•41401-307x2502 

4141-  30722353 

4142-  30732205 
4*43'/3°74*057 


30614010 
•30623858 
•30633706 

*3o643J54j'4 
•30653403  ■ 

•306&3252 

•30673 101 

•30682951 

•30692801 

30702651 


4105-30367935 

•4106  -30377774 
30387613 


•4107 
•4108 
•4109 
•41 10 
•4111 
•4112 

*4»*3 
•4114 

•41 1 5 

•4116 

'liil 


4150  -3081 1029 
■4151  [-30820884 
•41521-30830739 


•30397452  ,'4-S3 
•30407292  I -4 1 54 

•30417132-4155 
•30426973  1-4156 

•30436813  ,-4157 
•30446655  \ji5fc 
•30456496  -4159 
•30466338  1-4160 
•30476i8o»-4i6i 
■30486023  (-416; 


30840594 
30850450  -4199 
30860306  -4200 
30870162  !*420I 
30880019  ,-4202 
30889876  '4203 
'3o899733["4204 
■3090959 1 8-4205 
-309194491-4206 
•309293071-4207 


63 
64 

6; 

66 

67 
68 

69 
70 
7* 
72 
73 
74 

75 

76 

77 
78 

79 
80 

81 


4182 
4 


Seg.  area 


3 
\? 
'3 
"3 
"3 
*3 
•3 
3 

■3 

■  -1 
•> 

•3 

'3 

83  "3 

84-  3 

85-  3 
86,-3 

87i'3 
88-3 

89'-3 

90/3 

9V3 

92  '3 

93  "3 
94i*3 
95,*3 
96-3 
97|'3 
98  -3 


•30939166 
•30949025 
•30958884 
•30968744 
•30978604 
•30988465 
•30998325 
008186 
018048 
027910 
P37772 
047634 

°57497 
067360 
077223 
087087 

09^95 1 
106816 
116681 
126546 
136411 
146277 
156143 
166009 
175876 

*85743 
195611 

205478 

215346 
2252 1 5 
235084 

244953 
254822 

264692 

274562 

284482 

294303 
304174 

314045 

323917 


Vcrf. 
fine 


'3 
•3 
•3 
•3 
"3 
•3 
"3 
'? 
'3 


•4208 
•4209 
-4210 
•4211 

l*42I2 

•42*3 
•4214 

•4215 
•4216 

•4217 
•4218 

•4219 
•4220 
•422I 
•4222 
•4223 
•4224 
•4225 
•4226 
•4227 


Seg.  are* 


333789 
343661 

353534 
363407 

37328° 


4220 
•4229 
•4230 

•4231 

•4232  j'3 

•4*33 1  "3 

•4234|3 

•4235  i'3 
•4236-3 

•4237*3 
•4238  '3 

4239  "3 
•4240  -3 

4241  -3 

4242  *3 

4243  '3 

•4244  '3 

•4245  3 
•4246^3 

•4247*3 
-4248  ,'3 

4249  j*3 

4250  i 
•425'  '3 


383 '53 
393027 
402902 
412776 
422651 
432526 
442402 
452278 
462154 
472030 
481907 
491784 
501661 

5,,539 
521417 
531296 

54**74 

55*053 
560933 

570812 

580692 

590572 

600453 

610334 

620215 

630096 

639978 

649860 

r>59743 
669625 

679509 

689392 

699276 

709159 

719044 

728928 

73b8*3 
748698 

758584 

768470 

778356 

788242 

798129 

808016 

817903 1 


642 

fine 


A  Table  of 


Seg.  area 


•4253  -31827791. 
•4254  -31837679 

•4255  '3,847567 
•4256  -31857455 

•4257  -3186734/, 

•4258  -31877233 

•4259  -31887123 

•4260  '31897013 

♦4261  -31906903 

•4262  -319*6793 

•4.263 1- 319266X4 

.42641-31936574 

•42^51-31946466 

•4266  -3*956357 

'4267  -3 19662.59 

.4268  '31976141 

-4269-1*3 19H6033 

•4270  -31995926 

•427  1  -32005b  19 

•4272  -32015712 

•4273  -32025606 

•4274  -32035500 

.4275  -32045394 

276  -32055289 

•4277  -32065183 

4278  -32075078 

•4279  -32084974 

4280  -32094869 

4281  -32104765 
•4282-321 14661 

4283  -32124558 

4284  -32134455 

4285  -32144352 

4286  -32154249 

4287  -32164147 

4288  -32174045! 

4289  -3218394; 
•4290  -32193842 
•4291  -32203740 
•4292  -32213640 
•4293  -32223539 
•4294  -32233439 
•4295  -32243339 
•4296  -32253239 
I-4297, -32263139 


VerT. 
fine 


•4296 
•4299 
•4300 

"43°  1 

•4302 

•4303 
*43°4 
'43°5 
•430') 

•43°7 
•4308 

'43°9 
•4310 

'43 11 
•4312 

•43-3 

'43'4 

•45 '5 
•43.0 

•43'7 

•43 18 
•4319 

•4320 

'4321 
•4322 
*4323 

'4324 

4325 
•4326 

4327 
.4328 

4329 
•^33° 
•433' 

4332 

'4^33 

'4334 

"4335 

'433* 

'4337 

'433' 

'4339 

•434c 

'434  - 
'4342 


Seg.  area 


VerT 
fine 


•3227304o|-4343 
•32282941-4344 


32292843 
•3230274 
•32312646 
•32322548 

•323324S' 
•32342354 
•32352257 
•32362160 
•32372064 
32381968 
•32391872 
•32401776 
•3241 1681 
•32421586 

3243 1 49' 
'3244«397 

'3245,3°3 
•32461209 

•3247-1-5 
•32481022 

•32490929 


Seg.  area 


4345 
•4340 

4347 
'4348 

'4349 
•435° 
•435- 
•4352 
•4353 
•4354 
•4355 
•4356 

'4357 

"435s 

'4359 

43r'°j 
•4361 

•4362 

•4363 

•43<54 
•4365 


32500*36  4366 


•325'0741 
•32520651 

-3253°559 
•3254046^ 

,3255°37<fl 
•32560285 

•32570194] 

•32580104 

•3 2590c 1 3 

'335r992.- 
•32^  c.9^3. 
-32619744 
•326296^ 
•32639-r ,- 
32649477 
•326593^, 
•32^69301 

•3267921 : 
•326S9115 
•3269905S 
•3270895I 


436; 
•4368 
•4369 

■4370 
4371 
•4372 
•4373 
•4374 

*437? 
•4376 

•4377 

•43/8 

-1379 
4380 

•43*. 

••3*2 
43  K  3 

'4?*:4 

•4^6 
•4387 


•32718864 
•32728777 
•32738691 
•32748605 
•32758529 
•32768434 

•3277834* 
•32788263 

•32798179 

•32808094 

•32818010 

•32827926 

•32837842 

•32847759 

•32857670 

•32867593 

32877510: 

•32887428 

'32897340 
32907264 

•32917182, 

•32927101 

•32937020 

•32946939 
•32956858 

•32966778 

•32976698 

•32986618 

•32996538 

•3 30064 59 1 

•330163801 

•33026301 

33036223; 

•33046144 

•33056066 

•33065988 

•33075911 

•33085834 

"33°95757 
■3310568c 
33 1 1 5603 

•33I25527 
33'3545' 
33'45375 
33-55299 


Seg.  area 


4388  -33165224 


•4389 
•4390 
•4391 
•4392 

4393 
'4394 

4395 
4396 

4397 
4398 

4399 
4400 

•4401 
44°  2 
4403 


•33I75M9 
•33185074 

•33195000 
•33204925 
•33214851 

•332*4777 
•33234704 
'3324463° 
•33254557 
33264484 

33274412 

■33284339 
•33294267 

'333°4'95 
33314124 


4404  '33324052 

'4405; -3333398 1 
•44061-33343910 


•4407 
•4408 

•4409 

•4410 

•4411 

•4412 

•4413 
•4414 

'44*5 
•4416 

•4417 
•4418 

•4419 

•4420 

•4421 
•  4422 

•4423 
44--' 
4425 
4426 

•4427 
•4428 

•4V29 

"443° 
'443' 
•4432 


'33353840 
-333°3769 

•33373699 
•33383629 

33393559 
•33403490 

•33413420 

•3342335.1 
•33433282 

•33443214 
•33453146 
•33463078 

•334730'0 
■33482942 

*33492875 
*  1  ro '  So- 

*33S 1 274J 
•33S22674 

•33532607 
•33542541 

•33552475 
•33562409 

•33572344 
•33582279 

33592213 
•33602149 


Digitized  by  Google 


Circular  Segments. 


.Ven". 
fine 


*4433 

"4434 

'4435 
4436 

•4437 

•443* 

"4439 
•4440 

'444 » 
•4442 
•4443 
444+ 
"4445 
•4446, 

•4447 
*444* 
'4449 1 
•4450 

'445' 
'44J2 
H453 
•4454 
•4455 
*4456 
•4457 
•445* 

•4459 
•4460 

•446i 
•4462 
•4463 
4464 
•4465 
•4466 
•4467 
•4468 
•4469 
•4470 

•447 1 

•4472 

•4473 

"4474 

'4475 
•4476 

•4477 


Scg.  area 


Vcri. 
fine 


bc&- ATCA  fine 


33612084  -4478  -340594©')  *4523 
33622020  '4479  '34069352  '4524 
"3363»955  '448o  -340792971-4525 
•33641892  -4481  '3408924;  -4526 
•336$  1828  -4482  -34099189  -4527 

•33661764  /4483'*34io9'3''  '4528 
[•33671701  •4484  -341190^2  -4529 
•33681638  '4485  -34129029  -4530 
•3369'575  '4486  -34138976  -4131 
•33701513  -4487  -54'4«923  *4532 
*337"45°  -44*"  '34*5**7°  '4533 
•33721388  -4489  •34i688l8  |-4534 
-33:31326  -4490  -34'7«765  *4>35 

•3374'265  *449i  ,34'887'3  l*4$3° 
•337.rI203  -4492  -3 4 198662  -4537 
1-33761142  -4493  -34208610  -4538 
•33771081-4494  -34218558  -4539 
33781020  -4495  -34228507  -454<y, 
•33790959  ;-449^  *3423s456  *454i; 
•33Soo899  '4497  "34248405  '4542 
•33310839  -4498  '34258355  '4543 
•33820779  .-4 ,99  -34268304  -4544 
,3383°7,9  ,45oo  -34278254  -4545; 
•33840660  -4501  -34288204  I *4 546,' 
•33850601  -4502  -34298154  '-4547 
33860542  -4503  -34308105  -454«j 
•33870483  -45of  34318055  -454i>| 
33880424  -4505  -34328000  -4550 

33890366  -450'.  -34337957  *455' I 
23900308  -4507  -34347908;  -4552, 
33910250  -4508  -34357859  -4553! 
33920192  -4509 j-34367su  *45 54- 
3393°'34  •55'°|-3  ».?777*3  '4<5$:' 

33940077  -4511  -3  f3s77' 5  '4 5  5'' 
33950020  -4512  -34397667  -4557 

339599631-4513  -34407619  455b 
33969907 


Scg.  area  J  finc'  Seg.  area 


•34507»54j'4568|-34955289 


•4569 
•4570 
•4571 
4572 

4573 


*349f,525 

"349752'5 
•34985178 

•34995 '41 

•35OO5  lOi 

'4574  35015068 

4575  -35025031 

457°  -3^034995 

45/7  -35044959 
4578  -35054924 

4J79  -350^888 


I  4514 
'33V79850  -4515 
'339^9794  -4516 

'3'999738 1*4517 
'340096821*45 18 

•3  ;0 1 9626  -45  19 

'340?957i  -4520 
■34039516' -4521 


•344'7572 
•34427525 
*3443747« 
•3444743' 
•344573g4 
•344673?K 
•3447729' 
•34487345 
•34497 -VV 


M55V 
•4560 

•4561 
•4562 

*4  563 
•4564 

•4565 

,'4S66 

•4567 


34517108 
•34J27063 
•34537O10 

•34546973 
•345  56928 1 

•34566883" 

•34576839 
•34586795 

•345967  5' 
1*34606707 

-34616663 

•34626620  •45<k-o  35074853 

•34636577  j'458'  •35°^4^'7 
•346465341-4582  35094782 

•34656.^91  -4583  35104747 
•346M>448  -4584  -35114713 
•34676406  -4585.  35 12407b 
•34686363  -4586  35134644 
'3469632'  •**5S7  •3?'44609 
•34706279  -4588  -35154575 
•34716237  -4589  •35,6454i 
•34726196  -4590  -35i745°8 

•34736'54  '4591  *35'84474 
•34746i 13  -4592  -35194441 

■34756072  -45V3  -35204407 

•34766031  -4594  *352'4374 

'3477599'  "4595  *3522434»  I 
-34785950  -4596  -35234308 

'347959'°  "4S97  "35244276 
•34805870-4598  35254243 
34815830  4599  -35264211 
34825790,  -4600  -35274179 
34835750-4601  -35284147 
34845711-4602  -35294115 


34855672 
34865633 

34s75594 
34885555 
34895516 
•5490547P 
34915440 
34925402 
'34935364 
349453 


4603-353040*4 

4604  -3^314052 

4605  -35324021 
•4606  -3533'99^> 
•4607  -35343958 
''♦608, -3  535  v^8 
•4609  '35163897 
•46101-35373866 
V>i  11-353^3836 
•46»zl,3539;8of» 


644 

Veri*. 
fine 

•4613 

•4^4 
•4615 
•4616 
•4617 
•4618 
.4619 
•4620 
•4631 
•4622 
•4623 
•4624 
•4625 
•4626 
•4627 
•462s 
•462*, 
•4630 
•4631 
.4632 

•4r,33 
•46  3  4 

•4^35 
•4636 

•4637 

•4638 

'4639 
•4640 
•4641 
•46+2 

*4643 
•4644 

•4645 
•4646 

•4647 

•4648 

•4649 

■4650 

•4651 

•4652 

'4653 
•4654 
•4655 

•46  5  6 


A  Table  of 


Scg. 


area 


•35403776 

,354I3746 

'354237l6 

'3J433686 

*3S443657l 
•35453628 

•35463598 
•35473569 
'35483541 
•35493512 
'355°3483 
'35513455 
•35^3427 
'35535399 
5554337  « 
35553343 

35  5^33  >  5 
•3J57328H 
•3 $5*3260 

•35593233 
3 J603206 

•35613 179 

35623I53 
•35633126 

*35643°99 

'35r>53073 

•35663047 

•35673021 

•35682995 

•35692969; 

•35702944 

•35712918J 

•35722893 

•3573286^ 

•35742843 
•3575281S 

•35762793 
•35772769 

•35782744 
•35792720 
•3  5802696 
•35812672 
•35822648 
•35832644 
•30842600 


TerT 
fine  j 

4658 

4659 
•4660 
■4661 
4662 
4663 
4664 
4665 
4666 
4667 


Scg.  area 


Terr: 

fine 


Seg,  area 


•35852577  -4703 
•35862553  -47041 
•35872530  -4705  | 
•35882507  -4706 J 
.35892484  -4707 
•35902461  "4708 

•359»2439  '4709 
•35922416  :47lo 

•3593*394  *47»» 
•35942372  '47!2 

•35953349  '4713 
•35962327  -4714 

•359723061-4715 

•35982284-4716 

•35992262-4717 

•36002241 1-4718 

•3601  22  19 i  -4 719 

•3602219S:  -4720 

•360321771-4721 

•36042156! -4722 

•36o52i35j-4723 


•4669 
.4670 
•4671 
•4672 

4673 
•4674 

•4675 

•4676 

•4677 

■4678 

•4679  -36062115  [-4724 
•4680  -36072094  '4725 
•4681  -36082074-4726 
•4682  -36092053  "4727 
•4683  -36102033  -4728 
•4684  -36 1 12013  -4729 
•4685  -36121993  -4730 
•4686^36131973  .473! 
•4687-36141954  -4732 
•4688  -36151934  -4733 
4689 
4690 
469 1 
'4692 
•4693 
■4694 
•4695 
■4696 
■4697 
•4698 
•4699 


36161915^4734 
36171895^-4735 
•361818761-4736 
•36191857  1-4737 
•3620183*  -4738 
36211820  -4739 
36221801 1-4740 

•474» 

•4742 

'4743 

•4744 

•4745 
•4746 

•4747 


36231783 
36241764 
36251746 
36261728 

4700  '36271710 

4701  -36281691 
•4702  '36291673 


^eTivT  

fine  I  bcS*  wca 


30301656 
3631 1638 
36321621 
36331603 
36341 586 
36351569 
36361552 

36371535 
36381518 
36391501 
36401485 
3641 1469 
36421452 
36431436 
36441420 
36451404 
36461388 

3647 1 37 2 

36481357 
36491341 

36501326 

36511310! 

36521295 

36531280 

36541265 

36551250 

36561236 

36571221 

36581206 

36591 192 [ 

36601178 [ 

36611163 ' 

36621 149 

36631135 

36641 12 1 

36651 108 

3666 1 094 

36671080 

36681067 

36691053 

36701040 

36711027 

367210J4 

3673100! 

36740988 


•4748  -36750976 
'4749  36760963 
•4750  -36770950 
36780938 
36790925 
36800913 
36810901 
36820889 
36830877 
36840865 
36850853 
36860842 


•475 1 
•4752 
•4753 
•4754 

•4755 

•4756 

•4757 
•4758 

•4759 
•4760 
•476r 
•4762 

'4763 
•4764 

•4765 
•4766 

•4767 

•4768 

•4769 

•4770 

•477i 
•4772 

•4773 

•4774 

'4775 
•4776 

'4777 
•4778 

•4779 
•4780 

4781 

•4782 

•4783 
•4784 
•4785 
•4786 

•4787 
•4788 

4789 

479° 

*479* 
•4792 


•36870? 
•36880819 
•36890807 
•36900796 
•36910785 
•36920774 
•36930763 
•36940752 
•36950741 
•36960730 
•36970720 
•36980709 
•36990699 
•370006^ 
•37010678 
•37020668 
■37030658 
•37040648 
•37050638 
•37060628 
•37070618 
•37080609 
•37090599 
•37100590 
•371 10580 
•37120571 
•37130562 
'37'40553 

'37 »50>44 
•37*60535 
•37170526 
•37180517 
•37190508 


Digitized  by  Google 


Circular  Segments. 


Vcrf. 
fine 

'4793 

•4794 

M795 
•4796 

'4797 
•4798 

•4799 
•4800 

•4801 
'4802 
•4803 
•4804 
•4805 
•4806 
•4807 
•4808 
•4809 
•4810 
•48 1 1 
•4812 

•48 '3 
•4814 

•4815 

•4816 
•4817 
•4818 
.4819 
•4820 
•4821 
•4822 
•4823 
•4824 
•4825 
•4826 
♦4827 
♦4828 
•4829 
•4830 
•4831 

■483* 

•4833 

'4834 

•4835 
•4836 

•4837 


Scg.  area 


Verf. 
fine 


Scg.  area 


•37200500 
•37210491 
•37220483 
•37230474 
•37240466 
•37250458 
•37260450 
•37270442 
•37280434 
•37290426 
•37300418 
•37310410 
•37320403 

'3733°J95 
•37340387 
•3735€>38c 

•3736°373 
•37370365 

'37  3803  588*48  56i'378 
•37390351 

•37400344 

•37410337 

•374^0330 
37430324 

•374403J7 
37450310 

37460304 
•37470297 
•37480291 

37490284 
•37500278 

37510272 
•37520266 
•37530259 

•37540253 
37550247 
•375602422-4874 
•37570236-4*75 
•37580230" 
•37590224 
•37600219 
•37610213 
•37620208 
•37630202 
•37640197 


4838:37650192 
4839-37660186 
48401*37670181 
•48411-37680176 
•4842 1-37690171 J 
4843 '37700166 
■4844-37710161 

4845-  37720156 

4846 -  37730152 

4847;-37740'47 
48481*37750142 
4849-37760138 

4850,-3777oi33 
485*1*37780129 

•4852*377901*4 
4853  '37800120 
*4854|  378ioii6 

48551*3782011 1 
4856,'37830i07 
•4857''37840i03 

48581-37850099 
4859i'3786oo95 

4860*37870091 
4861-37880087 
•48621*37890083 
■4863, -37900080 
4864-37910076 

*4865* 37920°72 


Verf. 
fine 


N883 
4884 

•4885 
•4886 

•4887 
•4888 
•4889 
•4890 
•4891 
•4892 

•4893 
•4894 

•4895 

•4896 

•4897 
•4898 

•4899 
•4900 

•490* 
•4902 

•4903 
•4904 
•4905 1 
•4906 
•4907 
•4908 
•4909 
4910 


4866,- 37930069  -4911 


4867;37940o65 
48681-37950062 
4869*37960058 


4870 
1*4871 

1*4872 
•4873 


4876 
4877 
487^ 
4879 
488c 
4881 
4882 


•4912 

•49 1 3 
•4914 

•491 5 
•4916 

•4917 


•37970055 
37980051 

37990048 
38000045  E -4918 
-38010042 
38020038 
38030035 
•38040032 
38050029 


38060026 
38070023 
38080020 
'38090018 


•4919 
•4920 
•4921 
•4922 

•4923 
•4924 

*4925 
•4926 

•49_27_ 


■38100015 

•381 10012 

'38120010 

•38130007] 

•38140004] 

•38150002' 

•38159999 

•38169997 

•38179994 

•38189992 

•38199990 

•38209988 

•38219985 

•38229983 

•38239981 

•38249979 
•38259977 

•38269975 

•38279973 

•3828997 1 

•38299969 J 

•38309967 

•38319965 

•38329963 

•38339961 

•38349960 

•38359958 
•38369956 

•38379955 

•38389953 

•38399952 
•38409950 

•38419949 
•38429947 

•38439946 
•38449945 

•38459943 
•38469942 
•38479941 

•38489939 
•38499938 
•38509937 
•38519936 

•38529935 
131539934 


Seg.  area 


•4928  -38549933 
•4929  -38559932 
•4930  *38569931 
'493*  '38579930 
'4933  "38589929 
'4933  •3859992K 
'4934  -38609927 
•4935  -38619926 
•4936  -38629926 
•4937  -38639925 
•4938  -38649924 

•4939  '38659923 
•4940  -38669923 

•4941  -38679922 

•4942  -38689921 

'4943  -38699920 
'4944  -38709920 

*4945  '387i99'9 
•4946  -38729919 

*4947  •38739918 
•4948  -38749918 

'4949  -387599' 7 
•4950  -38769917 

'4951  *387799l6 
•4952  '38789916 

'4953  '387999'5 
•4954  -38809915 

•4955, -38819914 

•49561-38829914 

•4957i*388399>3 
•4958  ,-388499 1 3 

4959,*388599>3 
•49601*38869912 


•4961 
•4962 
•4963 
•4964 
•4965 
•4966 

•4967 
•4968 
•4969 

•4970 
•4971 

•4972 


•38879912 
•38889912 
•38899912 
38909911 
38919911 
3892991 
38939911 
38949910 
38959910 
38969910 
38979910 
38989910 


8  A 


< 


646      A  Table*?/" Circular  Segments. 


VcTiT 

fmc 


•4973 

'4974 

•4975 
•4976 

•4977 
•4978 

"4979 


c  Vcrf. 
Seg.  area  ^ 


,38999909 
•39009909 
•39019909 
•39029909 
•39039909 
•39049909 
.39059909 


Sez.  area     r       Seg.  area 
Jl  line  0 


•4980  ;*39o69909  8*4987 
•4981  '-39079909 1*49^8 
•4982  |-390«S99o8 
•4983  i'39°999o8 
'49^4 1  '39 '  09908 
*4985  |,$9II99°y 
•4986  -39129908 


•4989 
•4990 
•4991 
•4992 

•4993 


Vcrf.  ^ 
fme  I  SeS' area 


•39139908 

-39149908 

■39159908 

•39169908 

•39179908,' 

•39189908  I 

'39' 999°8 


'4994; -39*09908 
•4995; -392 1 9908 
•4996-39229908 

•4997; -39239908 
•4998|'39*499°8 
'4999  f  39 1 59908 
•5000  '-39269908 


In  the  preceding  table,  each  number  in  the  column 
of  fegments  is  the  area  of  the  circular  fegment  whofe 
height  or  verfed  fine  of  its  half  arc  is  the  number  im- 
mediately on  the  left  of  it,  the  diameter  of  the  circle 
being  1,  and  the  whole  area  '78539816.  This  table 
is  here  extended  to  ten  times  the  length  which  it  had 
ufually  been,  the  diameter  being  divided  into  ten  thou- 
fand  equal  parts  inftead  of  one  thoufand :  And  this  fize 
of  it  alio  allowed  me  to  carry  each  number  out  to  eight 
places  of  figures  inftead  of  fix;  for  when  the  diameter 
is  divided  into  only  one  thoufand  parts,  the  proporti- 
onal part  for  the  figures  in  the  verfed  fine  beyond  the 
third  will  not  give  the  area  true  beyond  the  6th  figure; 
but  in  this  table  it  is  always  found  true  in  the  8th  place. 

Rule  the  8th  to  the  circular  fegment  in  page  io8  ex- 
toadd  there,  when  a  fegment  greater  than  a  femicircle  is 
plains  the  ufe  of  it ;  to  which  it  may  only  be  necefTary 
to  be  found,  fubtracl  die  quotient  of  its  verfed  line  di- 
vided by  its  diameter  from  1 ,  then  fubtracl  the  tabular 
fegment  which  correfponds  to  the  remainder  from 
•78539816  the  whole  tabular  circle,  and  the  remainder 
will  be  the  tabular  fegment  correfponding  to  the  feg- 
ment required,  and  which  mull  then  be  multiplied  by 
the  fquare  of  the  diameter. 
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